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INTRODUCTION 



Among processes studied by various natural sciences (mechanics, physics, 
ecology, etc.), an important place is occupied by oscillation processes. By now, 
numerous efficient methods for the investigation of oscillation phenomena de- 
scribed by lineal - and nonlinear differential equations have been developed and 
mathematically justified [AVK, Bib, BNF, KBK, LiR, MiR, Nei, Pero, Plil, Pros, 
FiS, Hal2]. It turned out that, among these methods, the most efficient are asymp- 
totic methods, in particular, the averaging method, the method of integral mani- 
folds, and iterative methods developed by mathematicians of the Kiev Mathemat- 
ical School (Krylov, Bogolyubov, Mitropol’skii, Samoilenko, and their disciples) 
[Bog, BoZ, BoMl, BoM2, BMS, GGP1, GGP2, GoP, Gre, GrRl-GrR3, KrB, 
Kul, Luc, Lyk, LyB, MaS, MaT, Mitl-Mit4, MiLo, MiLy, MiSl-MiS5, MSK, 
MSM1, MSM2, MiK, Par, Pere, PeA, Petl-PetlO, PeL, PeP, Saml-SamlO, SaPl, 
SaP2, SPel-SPe7, SPetl, SPet2, SaR, SaS, SaT, SSh, TeA, Tro, FBKCY, SVL, 
SSY], 

The foundations of the averaging method were laid in works of the founders 
of celestial mechanics in the times of Lagrange and Laplace. The idea of this 
method is as follows: Using a special operator, one replaces the system of dif- 
ferential equations under investigation by another system (the so-called averaged 
system). The averaged system, on the one hand, should be simpler in a certain 
sense than the original one, and, on the other hand, it must describe the main fea- 
tures of the phenomenon under investigation. In this case, there naturally arises 
the problem of justification of the averaging method, i.e., the problem of finding 
efficient estimates for the norm of the difference of solutions of the original and 
the averaged equations on a finite or an infinite time interval. 

Although the averaging method has been used for the solution of numerous 
problems for almost two centuries, the problem of its justification remained un- 
solved for a long time. Only in the 1930-1940s, beginning with Fatou’s work 
[Fat], the first fundamental results were obtained in this direction. Thus, Bogo- 
lyubov showed [Bog, Mit2] that, for systems of the standard form, the averaging 
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method is closely related to the problem of the existence of a change of vari- 
ables that enables one to exclude the time variable on the right-hand side of the 
system. Furthermore, Bogolyubov investigated systems of equations of higher ap- 
proximations whose solutions approximate the solutions of the original system of 
equations to within values proportional to integer powers of a small parameter e. 

The averaging method was further developed by Mitropol’skii and other au- 
thors for various classes of differential equations with large and small parameters. 
In particular, it was extended to equations with nondifferentiable right-hand sides, 
integro-differential and stochastic differential equations, partial differential equa- 
tions, and lineal - differential equations with slowly varying parameters that de- 
scribe nonstationary oscillation processes. These results are presented in [Mit2]. 
Mitropol’skii and Samoilenko developed the axiomatic theory of the averaging 
method [MiS4], which includes the classical version of the averaging method and, 
in particular, leads to the method of normal forms [Bryl]. Important results on the 
problem of justification of the averaging method were also obtained in [Aku, Vol, 
VoM, ZaL, MiK, Plo, P1B, P1Z, P1L, Sami, Sam5, Fil, Khal, Kha2, KhF], 

The last decades were marked by the extensive investigation of multifrequency 
nonlinear systems of differential equations appealing in various problems of clas- 
sical and celestial mechanics, radio engineering, and physics. In this connection, 
the development of algorithms for the asymptotic integration of oscillation sys- 
tems with many degrees of freedom and their mathematical justification has be- 
come an urgent problem. 

In the case of systems with constant frequency vector, this important problem 
was solved by Mitropol’skii and Samoilenko in [MiSl-MiS5, Sam2-Sam4], In 
particular, they thoroughly investigated an important phenomenon appealing in 
multifrequency systems, namely, quasiperiodic oscillations. 

For systems with variable frequency vector, the best-studied cases are the one- 
and two-dimensional cases, which were investigated by Arnol’d [Arn2, Arn4], 
Bakhtin [Bak2], Neishtadt [Neisl], and Pronchatov [Pron], In the works indi- 
cated, efficient estimates were obtained for the error of the averaging method on a 
finite time segment and for the measure of the set of initial data for the equations 
under investigation for which the resonance phenomenon takes place. If the num- 
ber of frequencies is greater than two, then the investigation of oscillation systems 
leads to considerable difficulties because, in this case, the structure of resonance 
surfaces is very complicated [Arn4], Certain problems of justification of aver- 
aging schemes in multifrequency systems and their applications to the solution 
of practical problems were studied by Anosov [3], Bakhtin [Bakl], Grebenikov 
[Gre], Neishtadt [Neis2], Plotnikov [Plo, P1L], and Khapaev [Khal, Kha2], 
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The problem of averaging in Hamiltonian systems has been fairly thoroughly 
studied. Note that, for such systems, a solution of the averaged equations for slow 
variables is always stationary. Kolmogorov [Kol] and Arnol’d [Arnl] solved the 
problem of the stability of Hamiltonian systems on an infinite time segment, and 
Nekhoroshev [Nekl , Nek2] obtained an exponential estimate for stability time for 
almost all Hamiltonian functions. 

The averaging method is often used for the solution of boundary-value prob- 
lems appealing in the simulation of the behavior of real processes and in problems 
of optimal control. In the course of investigation of such processes, in many cases 
it is rather difficult to specify initial data that uniquely describe the process (the 
Cauchy problem), but it is possible to determine the values of some parameters of 
this process at certain times by using various devices. There is a fairly rich theory 
of multipoint boundary-value problems for ordinary differential equations devel- 
oped in works of many authors [Boi, VaK, VaB, VaD, Gab, DmK, ZhK, Kig, LeL, 
Luc, Pta, SaR, ChH]. This theory is based on both analytic methods, by using 
which one studies the problem of the existence and uniqueness of solutions and 
their continuous dependence on parameters, and numerical methods, which enable 
one to calculate approximate values of solutions. Analytic and numerical meth- 
ods arc often combined, which allows one to efficiently solve the problem of the 
existence of solutions and their construction. An extensive bibliography on this 
problem can be found in [SaR]. Applications of the averaging method to the solu- 
tion of boundaiy- value problems were studied by Akulenko [Aku], Chernous’ko 
[Che], Bainov and Milusheva [BaM], Plotnikov, Zverkova, and Bardai [Plo, P1B, 
P1Z], and others. 

Another powerful and convenient method for the investigation of nonlinear 
systems of differential equations is the method of integral manifolds. The first 
deep results on integral manifolds of toroidal type were obtained by Krylov and 
Bogolyubov [Bog, BoMl, KrB] in the process of justification of asymptotic meth- 
ods in nonlinear mechanics. Later, the ideas of these works were generalized in 
[BoM2] and extensively developed in the study of differential equations in various 
functional spaces. They also affected the character of new developments in per- 
turbation theory for toroidal manifolds and led to deep results of Diliberto [Dill, 
Dil2], Hale [Hall], Moser [Mosl-Mos5], Sacker [Sacl, Sac2], and Sell [Sell, 
Sel2], 

A new impulse toward the development of the theory of perturbations and 
stability of invariant manifolds was given by the concept of Green function in the 
problem of invariant tori of a linear extension of a dynamical system on a torus, 
which led to new results in this theory [Sam8]. 
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The method of integral manifolds was extended to systems of differential 
equations with slow and fast variables (in particular, singularly perturbed ones), 
impulsive systems, systems close to integrable ones, etc. Important results con- 
cerning the existence and properties of integral manifolds can be found in the 
monographs of Bakai and Stepanovskii [BaS], Bibikov [Bib], Mitropol’skii and 
Lykova [MiLy], Pliss [Pli2], Samoilenko and Perestyuk [SaP2], and Strygin and 
Sobolev [StS], 

In the present work, we investigate multifrequency nonlinear systems of ordi- 
nary differential equations of the form 



dx 

dr 



a(x,ip,T,s), 



dip 

dr 



u(x, T ) 
£ 



+ b(x,ip,r, e), 



( 1 ) 



where x and cp are n- and m-dimensional vectors, respectively, r is “slow” 
time, £ is a small positive parameter, and the real vector functions a, b, and 
t o belong to certain classes of smooth functions 27r -periodic in ip. Systems of 
this type appeal - in the course of investigation of oscillation processes in numer- 
ous problems of mechanics, electrical engineering, biology, etc. [GrR2, GrR3, 
Mit3, Mit4, Hal2]. The main problem arising in the study of properties of solu- 
tions of system (1) is the problem of resonance relations between the components 
of the variable frequency vector lo(x, t). Here, the resonance case is understood 
as the case where the scalar product of the vector uj(x. r) and a nonzero vec- 
tor with integer-valued coordinates turns into zero or becomes close to zero for 
certain values of x and r. This leads to the appearance of slowly varying har- 
monics in the Fourier series on the right-hand sides of Eqs. (1) and generates the 
problem of small denominators [Ami, BMS, GrR2], At present, there is a fairly 
complete and rich theory of one- and two-frequency systems. Note that, in the 
case of two-frequency systems, the resonance surfaces form, generally speaking, 
a collection of level surfaces; therefore, the main effect in these systems is the 
passage through resonances in the course of evolution. If an oscillation system 
has a greater number of frequencies, then its solutions can stay in a neighborhood 
of resonance surfaces for a fairly long time or intersect these surfaces at arbitrar- 
ily small angles, which substantially complicates the investigation of oscillations. 
The case m > 3 has been studied to a significantly lesser extent than the one- 
and two-frequency cases, and, therefore, the investigation of various aspects of the 
theory of multifrequency nonlinear oscillation systems is an urgent problem. The 
present monograph is devoted to the solution of certain problems in this theory. 
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In Chapter 1, we establish uniform estimates for certain oscillation integrals 
depending on parameters, which arc used in the proof of new theorems on the 
justification of the averaging method. The averaged (with respect to all angular 
variables p) system corresponding to system (1) has the form 



dx 

— =a{x,T,e), 



dp 

dr 



u(x, t) 
£ 



+ b(x,T,£), 



( 2 ) 



where 



2tr 



2ir 



[a; b ] = (27 r) m J ... J a(x, p , r, e) ; b(x, p, r, e) 



dpi . . . dpn 



The averaged system (2) is simpler than (1) because it does not contain oscillation 
terms on its right-hand side, and, therefore, for the construction of its solution, one 
can use numerical methods with step greater than in the case of (1). The problem 
of the justification of the averaging method reduces to the proof of the estimate 



x(r,e) -x(r,e) || + || p(t,e) -p(t,e) || < Ce a 



or 

|| x(r, e) — x(r, e) || < Ce a 

for all t € I. Here, C and a are certain positive constants, x(0,£) = x(0,e), 
p(0,e) = p(0,£), and either I = [0 ,L\, or I = [0, T(e)] (T(e) — > oo as 
£ — > 0), or I = [0, oo). We obtain efficient estimates for partial derivatives of the 
difference of solutions of systems (1) and (2) with respect to the initial data, prove 
an analog of Banfi-Filatov theorem [Fil, Ban], and investigate multifrequency 
systems of higher approximations. 

Chapter 2 is devoted to the application of the averaging method to the solution 
of boundary-value problems. In the case of oscillation systems with oj = 
we prove the solvability of two-point boundary-value problems and establish the 
quantitative dependence of the norm of the difference of solutions of original and 
averaged problems on the value of the small parameter e. Combining the averag- 
ing method with the solution of boundary-value problems, we prove the existence 
of solutions of system (1) defined on the entire axis the slow variables x(r, e) of 
which arc uniformly bounded. It is important to note that this result is established 
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without using the method of integral manifolds, which requires additional restric- 
tions on a multifrequency system. The solvability of multipoint boundary- value 
problems in the case oj = lo(x, t) is studied, and the existence of solutions of 
boundary- value problems with parameters is proved. 

In Chapter 3, we establish conditions for the existence of an integral manifold 
of system (1) in the case where the frequencies of the system depend on r. The 
smoothness properties are studied, estimates for partial derivatives of the func- 
tion defining the integral manifold arc obtained, and a theorem on the conditional 
asymptotic stability of an integral manifold is proved. In a small neighborhood of 
an asymptotically stable integral manifold x = X (r/qr, e), we decompose the 
equations for slow and fast variables, i.e., we construct a change of variables 

x = y + X(tp,T,e), ip = ‘ip + &(y,ip,T,E ) 



that reduces system (1) to the form 



dy 

dr 



y (y, '•P, 



dtp 

dr 



+ b (X(y>,T,e),'0,T, e). 



The results obtained are used for the investigation of a system of weakly connected 
oscillators with slowly varying frequencies. 

In Chapter 4, we study the behavior of a dynamical system 



- = X(x), x€R n , (3) 

in a neighborhood of a toroidal manifold M tilled by a quasiperiodic trajectory 
of the system. By passing to local coordinates, we establish conditions for the 
reducibility of system (3) in such a neighborhood to a system with quasiperiodic 
coefficients and investigate the smoothness of the corresponding change of vari- 
ables. We prove a statement on the exponential attraction as t — > oo of a solution 
of system (3) originating in a small neighborhood of the invariant manifold to the 
corresponding solution of this system that lies on M. We also establish the in- 
variance of the behavior of trajectories of a dynamical system in a neighborhood 
of the manifold M under small perturbations of system (3). The results obtained 
arc extended to the case of discrete dynamical systems. 
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The present monograph is based on the investigations carried out by the au- 
thors themselves [Petl-PetlO, Sam5-Sam7, Sam9, SPel-SPe7] and in collabora- 
tion with their disciples [PeL, PeP, SPetl, SPet2]. 

The authors hope that the ideas and methods proposed in this monograph will 
be further developed and applied to new classes of problems in the theory of non- 
linear oscillations. 




1. AVERAGING METHOD IN OSCILLATION 
SYSTEMS WITH VARIABLE FREQUENCIES 



1. Uniform Estimates for One-Dimensional 
Oscillation Integrals 

In the present section, we study properties of oscillation integrals of the form 

T t 

X(r,e) = J /(£)expj^y a(z)dz^ dt, t£[0,L], (1.1) 

o o 

where /(r) = (/i(r), . . . , /„(r)), fj(r) and a(r) are real functions, j = l,n, 
L is a positive constant, £q > e is a positive small parameter, and i is the 
imaginary unit. Integrals of this type appeal - in the study of oscillation phenomena 
in various problems of classical and celestial mechanics, physics, and engineering 
[Arn2, Arn3, Gre, Mit4]. In [P1L, Sam5, SPe3, SPe4, Khal, Kha2], estimates of 
integrals of the type (1.1) were considered for the justification of the averaging 
method in multifrequency systems with slow and fast variables. 

In what follows, we investigate the dependence of oscillation integrals on the 
value of the small parameter e and on properties of the functions /(r) and o(r). 
The analysis of integral (1.1) shows that, for f(r) f 0, an estimate of T(t. z) 
substantially depends on the character of zeros of the function a(r) . In particular, 
if a(r) = 0 and fj(r) = 1 for any r £ [0,L] and certain j , then ||X(L,e)|| > 
L. In what follows, unless otherwise stated, the norm of a matrix is understood as 
the sum of the absolute values of its elements. 



Theorem 1.1, Let a(r) £ L y P > 1 , let f(r) £ C'} () L , , and let a(r) 
have zeros of multiplicity not higher than p on [0,L], Then there exist a constant 
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£\ > 0 and a constant c\ > 0 independent of e such that 

I|X (t, e)|| < cieJ'+i (1.2) 

for all t G [0. L\ and £ G (0,£i], 

Proof. It is known [Sam5] that, under the assumptions made above, ait) 
has finitely many zeros t\ < f 2 < ... < t s of multiplicities rq, r 2 , . . . , r s , 
respectively, on [0, L\\ here, rj < p for all j = 1, s. Since 

|a (r ' } (tj) | = >0 Vj = M, a^(t) = 

taking into account the continuity of the functions a^ r A(t) we establish that there 
exists a number S > 0 independent of j and such that 

|a( r ^(t)| > -c^ > C 2 = - min c ^ 

2 2 j 

for |f — tj\ < 6, t G [0,T]. We choose 5 < - min (tj+ 1 — f,) and denote 

2 i<j<s— l 
s 

by B{t ) the set (J [tj — 5, tj + <5] Cl [ 0 , r] and by A(r) the closure of the set 
o = i 

[0, r]\5(r). Then [0,r] = A(t)UB(t) and, furthermore, the function a(t) is 
nonzero at every point of the set A{r). Therefore, 

min |a(t)| > min |a(t)| = C 3 > 0 (1.3) 

teA(r) teA(L) 

and the inequality 

|a (r ^(t)| > c 2 (1.4) 

holds on each segment Tj = [tj — 5 , tj + e>] n [0, r], j = 1, s, of the set B(t). 
It follows from (1.4) that the function ai rj ^ l, (t) vanishes on Tj at at most one 
point tij; moreover, for t G Tj\[ti.j — P, ti.j + p) and 0 < p < min{l;5}, 
the inequality |a( r t _ 1 )(t)| > c 2 /r is satisfied. If does not change its 

sign on Tj, then, as 1 1 . j , we choose, respectively, the left or the right endpoint 
of this segment, depending on whether the function \a <rj ^ ] > (t)\ is increasing or 
decreasing. We assume that Tj Cl [tij — p, + p] belongs to the set A(tj,p ) 
and use analogous arguments for the functions l = 0, rj — 1 . As a result, 

we establish that the set A(tj,p) consists of d\(t,j, p) < 2 P — 1 segments of 
length not greater than 2 p, and the set B(tj,p), which is the closure of the set 
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Tj\A(tj, n), consists of fi) < 2 P segments on each of which the following 
inequality is true: 

\a(t)\ > c 2 E p ■ (1-5) 

Note that the function a^l)(f) does not change its sign on each segment of the set 

B{tj , ft)- 

We represent /(r, e) in the form of a sum, namely. 



/(r,e)= J F{t,e)dt + Y^(^ J 

A(t) i A(Tj,L 



F(t,e)dt + J F(t,e)dt ), (1.6) 

3 A(rj,n) 



where F(t, e) is the integrand of I(r, e ) . According to the definition of the set 
A(t 3 , /j), we have 



F(t, e)dt 



A{Tj,n) 



< 2 [r( 2 p - 1 ) max ||/(f)|| = cfV 
[ 0 ,LJ 



(1.7) 



Let [a, ff\ be a segment from the set B(tj, fi). Then, integrating by parts and 
taking (1.5) into account, we obtain 



0 



F(t, e)dt 



= £ 



i S-(». 



a(z)dz 



< e 



( 2 



V 



cilF 



+ 



, (i) (t)i 



a 2 (t) J [o ,L] 



dt max || /(f) || 



+ £ 



C 2 li p 



;II/ (1) (0II*- 



Since a^^(f) does not change its sign on [a,/3\, the relations 



° (1) wi 

aHt) 



dt = 



dr 1 



dt \a(t ) 



dt 



< 



1 1 



a{( 3 ) a{a) 



< 



C2E P 



yield the estimate 



0 



F(t , e)dt 



< 



4 max || /(f) || + (f 3 - a)max||/ ( 1 ) (f)|| 



C 20 p L [ 0 ,L] 



[o ,L] 
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Thus, 



J F(t,e)dt 



2 p r 

< — 4max II f(t)\\ + Lmax 
c 2 L [0,1/] [o ,L\ 



ii/ (1) («)ii 



egL 



-p 




c/i 



-p 



( 1 . 8 ) 



It remains to estimate the first term on the right-hand side of equality (1.6). 
Since the function a(t) satisfies inequality (1.3) on every segment of the set 
A(t), we establish the following estimate by integrating by parts: 



/ F(t,e)dt. 
A(t) 



< 




max || /(f) || + Lc 3 max||/ (1) (f)|| 



e 




(1.9) 



Combining (1 .7) — (1 .9) and using (1.6), we get 

||/(r,e)|| < sc^fj, + sc^egL~ p + c^e ( 1 . 10 ) 

for all r€ [0,1], e G (0, £o]j and 0 < gt < min{l; 5}. It is clear that the last 
estimate is the best order estimate with respect to e in the case where e = g v+ 1 . 
Setting 



Cl = (4 1] + cf } )s + cf and eq = min|e 0 ; (^Y }, 

we deduce (1.2) from (1.10). Theorem 1.1 is proved. 

We now consider an oscillation integral of the form 

t+r _ y 

I\(t, t, t,s) = J f(y)exp{^ J(\,u(z))dz}dy, ( 1 . 11 ) 

t t 

where r£ [0,1], t G R = (— oo; oo), t e R, A = (Ai, . . . , X m ) is a positive 
nonzero m-dimensional vector, m > 2, co(t) = (uq(t), . . . , ia m (t)) £ C^ _1 , 
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p > m, f{t ) = (fi(t), . . . , f n (t)) £ Cft, (A, a;) is the scalar product of vectors, 
and L is a positive constant. 

In what follows, we establish sufficient conditions that guarantee the uni- 

i 

form estimate \\I\(t, t, r, e) || < cep with a constant c independent of A. In 
the case m = 2, the behavior of integral (1.11) is determined by the inequality 
\\I\(t,t,T,s)\\ < C\fe [Arn4, Neisl]. In the case m > 3, the investigation of the 
behavior of integral (1.11) as £ — > 0 becomes more complicated because there 
appeal - resonance relations between the components oj v {t) of the vector ur(t) 
[Bakl, GrR2, Kha2], 

By Wp(t) and (t) we denote the matrix 
and its transpose, respectively. 

Theorem 1.2. Let \\{Wp (t)W p (t))~ 1 Wp (t)\\ be uniformly bounded by a 

constant o\ and let the functions u>u ^(i), v=\ ,m, j = l,p, be uniformly 
continuous for t £ R- Then one can indicate constants E\ > 0 and a 2 > 0 
independent of A. t, t, r, and £ and such that the following estimate holds for 
all A / 0, t G fi, t E R. r£ [0, L \ , and £ £ (0, £ 1 ] : 

II t , e ) || 

< <T 2 e» [(1 + TTYii) max \\f(y)\\ + max \\f {1) (y) ||1 . (1.12) 

LV || A|| / [t,t+L] || A|| [t,t+L\ 

Proof. For an arbitrary vector A = (Ai, . . . , A m ) f 0, we consider the 
obvious equality W p (t ) A = O. where 

m 

Q. = (fi 0 , . . ),Tlj = ^2 A = (A ,w (i) (f)), j = 0 ,p - 1. 

U=1 

Hence, we get 

\m > iiaii ii«(f)FF p (f))- i w p T (f)ir i > M 

a 1 

which implies that, for every y E R and A f 0, there is an integer r = r(y, A), 
0 < r < p — 1 , for which 

l(W r >(S))l = max |(A,a,‘%))| > M (1.13) 

0<J<P-1 pa i 
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Since the functions Uv\t), v = 1, m, j = 0,p — 1, are uniformly continuous 
on the entire axis, it is obvious that we can choose a constant <5 > 0 independent 
of y, A, and j and such that the following inequalities hold for any y e [y - 
S,y + 5} and j = 0, p — 1 : 

|(W r) (y))| > |(A,w (j) (y))| < 4|(A,u/%))|. (144) 

Zpai 

Indeed, according to the definition of uniform continuity, for every v = 1 , m and 
j = 0,p — 1 there exists 5„ 1 > 0 such that, for any ?/ , y" G R satisfying the 
inequality \y' — y"\ < 6„\ the following estimate is true: 

I ^v\y') - ^u\y ”) I < oi = 7T-- C 1 - 15 ) 

2pcri 

Denote 6 = min 5„ \ Then estimate (1.15) is valid for || y' — y" \ <6, 0 < j < 
p — 1, and 1 < v < m, and the relations 

m 

I (A ,w W (y) - w 0) (y))| < ^2 |A„||u fy\y) - to^\y)\ < oT||A||, 

v=\ 



which arc true for \y — y\ <5 and j = 0,p — 1, lead to inequalities (1.14) 

T 

We denote by s the integer paid of the number — 
integral (1.1 1) in the form of a sum, namely. 



L\ 

s < — J and represent 



S _1 t+25(k+l) t+T 

l(t,t,T,s) = Y] J Fdy + J Fdy, (1.16) 

fc=0 t+26k t+2Ss 

where 

y 

F = f(y) exp [if (A, lo (z)) cfo j . 

t 

To estimate the integral 

r+25(fc+t) 

Pk= J Fdy , (1.17) 

t-\-26k 
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we use inequalities (1.14) and the methods used in the proof of Theorem 1.1. As 
a result, we obtain 

\\Pk\\ < \(2 p -2) fi + max || /(y) || 

L or||A|| J [t,t+L] 

+ £A* 1-P max ||/ (1) (y)|| (1.18) 

CTl || A|| [t,t+L] 

for r(t + 25k + 5, A) > 1 and 0 < p < min{l, A} . If r(t + 25k + <5, A) = 0, 
then, integrating by parts, we get 

ll^ll < =r^( 1 + 4 <5)e ma * ||/(y)|| + ^^e m ax ||/ (1) (y)||. (1.19) 

cri || A|| [t,t+L] cn || A|| [t,t+L\ 

Analyzing relations (1.17) and (1.18), we conclude that, in the case where 
l_i p ~ 1 < 2 P (1 + 4<5) 1 , integral (1.17) satisfies inequality (1.18) for all r(t + 
25k + 5, A) > 0. The same inequality is also satisfied by the last integral on the 
right-hand side of (1.16). Therefore, for 

e = li p , 0 < e < ei = min je 0 ; { 1 + 4 $ ) ^ }> 



relation (1.16) yields inequality (1.12) with the constant 



/ „ 2 P+1 2(5 \ ( L 

" 2 =( 2 r - 2 + ^r + ^)( 1+ M 



Theorem 1.2 is proved. 



Corollary 1. If ||A|| = 1, i.e., A is an arbitrary point of the unit sphere, then 
inequality (1.12) yields a uniform estimate of the integral 'I\ of the form 

\\l x {t,t,T,£)\\ < 2o 2 £r [max ||/(y)|| + max ||/ (1) (y)|| • 

Corollary 2. If A = k = (£q, . . . , k m ) is an arbitrary nonzero vector with 
integer coordinates, then, for <73 = 2(72, estimate (1.12) takes the following form: 

\\lx(t,t,T,£)\\ < a 3 £r max ||/(y)|| + max ||/ (1) (y)|| . (1.20) 

J t,t+L\ 1 1 A' 1 1 [t,t+L] 
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Note that estimate (1.20) is often used in what follows for the investigation of 
properties of solutions of oscillation systems on finite and infinite time intervals. 

Let us analyze in more detail the conditions imposed on the function oj(t) = 
( lui(t ), . . . , 0 o m (r)) in Theorem 1.2. Assume that t = t = 0, T £ [0,4 e C 
(0,£o]i A f 0, and Za(0,0,t, e) = T\(t, s) in integral (1.11). Since tu(r) £ 
C[o^l ] > we conclude that the functions v = 1. m. and their derivatives 

up to the order p — 1 inclusive are uniformly continuous and bounded on [0, L\ . 
Thus, the condition of the boundedness of the matrix ( Wj ( r ) W p ( r) ) ~ 1 Wp ( r ) 
is equivalent in this case to the condition det (Wp (t)W p (t)) f 0 Vr £ [0, L\. 
To calculate the determinant of the product of the matrices Wp (r) and W p (t), 
we use the Binet-Cauchy formula [Gan, Lan] 

det (Wp (t)W p (t)) 

( wi(t) ... w^ _1) (r) \ / u>i (r) 

= det ... I 

\ w m (r) ... wir^r) / \ 1 ^(r) 

0<fel<fc2<-..<fem <P~ 1 

where 

A fcl ... fcm (r) = det (ui kj \r))W =1 . 

It follows from the above relations that 

det (Wj ( t)W p (t)) + 0 Vr £ [0, L\ 

if and only if at least one mth-order minor of the matrix W p (t) is nonzero at 
every point t £ [0, L\. Thus, the following statement is true: 

Theorem 1.3. Suppose that lu(t) £ Cf~\, P > m, /(r) £ and, 

at every point r £ [0,L], at least one mth order minor of the matrix W p (r) is 
nonzero. Then, for all A f 0, r £ [0,L], and e £ (0,£o] (^0 is sufficiently 
small), the following estimate is true: 

\\Ix(t,e)\\ < [(l + A) „,ax ||/(t)|| + pj max ||/ (1 >MII , 

where the constant if 2 is independent of A, r, and e. 



w m (r) 

Wm'V) 
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The above analysis shows that the conditions 

\^u\t)\<c Vt e R, o = l ,m, j = 0,p, 

| det (Wp {t)W p {t))\ > c > 0 Vr G R, 

(where c and c arc certain constants) guarantee the uniform continuity of the 
functions uj\P (t). : u = Lm. j = (),/> — 1. on the entire axis and the uniform 
boundedness 



\\(Wp (t)W p (t)) 1 Wp(r) || < c = const Vr S R. 

The following question arises: Is the assumption on the boundedness of the func- 
tions oj v (t) and their derivatives necessary? The following example shows that, 
generally speaking, the answer to this question is negative: For all t € R, con- 
sider the functions 



u>i(t) = sinr, U 2 (r) = cost, (r) = 



r, rG[7r,oo), 

7t — sinr, re(— oo;7r). 



It is obvious that us(t) is not bounded for any r G R, and the functions w v (r), 
u = 1, 2, 3, and their derivatives up to the second order inclusive arc uniformly 
continuous on the entire axis. By direct calculation, one can easily verify that 

{ — r, r e [7r, oo), 

-7T, T<E(-00,7r), 



||(Wf (r)W 3 (r))- 1 W 3 T (r)| < 6 + - Vr € R. 

7 r 

Hence, the indicated collection of functions aq(r), tU 2 (r), and a,’;> ( r ) satisfies 
all conditions of Theorem 1.2. 



Remark 1 . If p = m, then 

det (W^(r)W m (r)) = (det ^(r)) 2 . 

Therefore, in this case, the condition that the Wronskian determinant of the func- 
tions cui(r), . . . , LOm ( t ) is nonzero on [0, L\ is a sufficient condition for finding 
an efficient estimate for the oscillation integral I\(t, e). 

We now assume that this condition is not satisfied at finitely many points of 
the segment [0, L\ and investigate how this assumption affects the estimate of the 
oscillation integral. 
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Theorem 1.4. Suppose that f(r) E CL f , , ui(t) E Cl ^ L ] 1+r , and the func- 
tion A (r) = detW m (r) has zeros of multiplicity not higher than r, r > 1, 
on [0, L]. Then one can choose constants <74 > 0 r// 2 <r/ e 1 E (0,£o] indepen- 
dent of X, r, and e and such that the following inequality holds for all A / 0, 
r E [0, L], and e E (0,^] : 

l|/A(r, e)|| < * 4 ** [(l + p|| ) ll/MII + K IlC’MIl] • (1.21) 

Proof. Under the assumptions made above, the function A(r) has finitely 
many zeros 0 < t\ < 72 < . . . < r s < L of multiplicities rq, r 2 , . . . , r s , rj < r 

Vj = l,s, on [0, L]. We fix an arbitrary positive () < min (r,-+i — r,) and 

2 i<j'<s-i 

divide the segment [0, r] into two sets of points A At) and BAr) such that 

S 

b s( t ) = U fo “ A + ^ n [°» T \ 

3 = 1 

and ATr) is the closure of the set [0, t]\.Bj(t). It is obvious that the set ATr) 
consists of d\ < s + 1 segments on each of which we have A (y) f 0. Then, 
by virtue of the continuity of A (y), the following inequality holds for all v e 

M t ) : 

|A(y)| > min | A (y) \ > min \A(y)\ = Cg > 0. 

y£Aj( t) y^Aj(L) 

We now consider an arbitrary nonzero vector A = (Ai, . . . , A m ) and write 
the following identity for it: 

(A,w(y))A i0j i(y) + (A,w (1) (2/))A ? : 0i2 (y) 

+ ... + (X,J m - 1 \y))A i0 , rn (y) = X i0 A(y), ye[0,L], (1.22) 

where |Aj 0 | = max|A^|, A i 0tU (y) is the cofactor of the element w-" y ) in 

the determinant A(y), and |A, 0)1/ (y)| < M = const Vy E [0,L], Differentiat- 
ing equality (1.22) rj < r times with respect to y, we get 



(A,w(y))A i0) ij(y) + (A,w (1) (y))Aj 0; 2j(y) 

+ . . . + (X,J m ~ : l+r ^(y))A i0 , m+rjd (y) = A i0 A^(y). (1.23) 
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Here, A, 0 jj(y), l = 1 , m + r ? , can be linearly expressed in terms of A U)M {y), 
o = l, m, and their derivatives with respect to y up to the order iy , and, there- 
fore, 






Vi 0 = l,m, l = l,m + rj, j = l,s, ye[ 0 ,L\. 

Since |A^ r ^(r ? -)| = cP^ > 0, it follows from (1.23) that there exists an integer 
qj = qpTj, A), 0 < qj < m — 1 + rj, such that 






max |(A,w^(t 7 ))| > 

0<Z<m-l+r,- 



\K\c u) 

( m + p)M 



> 



m(m + p)M t <j<s 



(j) _ 

mm c yj> = a 5 



It follows from the last inequality and the condition of the continuity of the func- 
tions LUv\y), v = l,m, l = 0,m — 1 + r, y £ [0, L], that the following 
estimates hold for all y £ [tj — 5, tj + <5] n [0, r\, 0 < l < m — 1 + rj : 

|(A,u^%))|>^ 5 ||A||, |(A,u;«(y))|<4|(A,u;fe)(y))|, j = lfs, (1.24) 

where 6 > 0 is a certain constant independent of A and j. 

We set 5 = min{<5,<5} and represent the integral I\(t,s ) in the form 



I\(t,£) = j F(y, 0 , X,e)dy+ J F(y, 0, A, e) dy . (1.25) 

A s (t) B s (t) 

For all y £ A$(t), we have |A(y)| > c$ > 0, and the set A$(t) consists of 
d\ < s + 1 segments. Consequently, according to Theorem 1.2, we get 



J F(y,Q,\,e)dy 

A s(r) 



< (J^e-rn 





max||/(r)|| + mTTT ™ax ||/ (1) (r) || 
[o A || A || [o ,l\ 



(1.26) 



where the constant <jq is independent of A and £ if £ G (0, £,] (s l is suffi- 
ciently small). 
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The set B$(t) consists of ^ < s segments on each of which inequalities 
(1.24) are satisfied. Using the scheme of the proof of Theorem 1.2, we obtain 



J F(y,0,X,s)dy 

Bg(r) 



< s 



( 2 m+r - 2)n + 



^m+r+l 



05 



s/i 



1 — (m+r) 



os „ 

X max ||/(r)| + +-£+-<”+'> max ||/<'>(t)||. (1.27) 

[o ,L\ 0-5 1| A|| [o ,L\ 



We set 



e = fi m+r , 



<74 — (7(5 + S 



om+r-1 or 

2 m+r - 2 + + — 

(75 (75J 



£ j < min 



1 \ m+r 



2m+r 

1+45 



m+r 
m+r — 1 



Then, combining inequalities (1.26) and (1.27), we deduce estimate (1.21) from 
(1.25). Theorem 1.4 is proved. 



The example of the integral I\(t, e) for r e [0,1], /(r) = 1, and 

, _2 in- 2 . 

+ r ) = ( 1)T ’ +’•••’ (+3+T’ rm " 1+r )’ A = (0,...,0,m + r), 



shows that estimate (1.21) cannot be improved in order with respect to e under 
the assumptions made in Theorem 1.4. Indeed, in this case, r = 0 is a zero of 

(yj~l -|- f — \ J ! 

multiplicity r of the function A (r) = t' and 



\h(n,£) | = 



e® 



-y m+r dy 



> 



,.m+r 



COS 



1 1 / 7T \ m+r 



^-2 T1 = 2 1 3,' 



1 

m+r 



o 



Tl = 



TVS 

Y 
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2. Justification of Averaging Method 

for Oscillation Systems with uo = uj (r) 



Consider the nonlinear system of ordinary differential equations 



dx 

dr 



a (x, cp,r, s), 



dip 

dr 



£ 



+ b{x,(f,r , e), 



(2.1) 



where x = (x\, . . . , x n ) G 22, p = (<pi, . . . , ip m ) G R m , n > 1, m > 2, 

r G [0,1], L is a positive constant, (0,£o] 3 e is a small parameter, 22 is a 
bounded domain, and R m is the m-dimensional real Euclidean space. 

Let uj(t) G CL L y l > m — 1. Furthermore, assume that the function 
c(x, ip, r, e) = [a(x, ip, r, s);b(x, ip, r, s)] is continuously differentiable with re- 
spect to (x, p,r) G 22 x R m x [0, L] for every fixed e G (0, £o]> 27r -periodic in 
each variable (p v , v = 1, m, and such that 



sup | 
G 



Col 





dc 0 




dc 0 


+ sup 
G 


dx 


+ sup 
G 


dr 



|| fc||>0 



sup ||Cfc|| + 
. G 




( SU P 
V G 



dc k 

dx 



+ sup 
G 




m q 



< <Ji = const, q > 0. 



( 2 . 2 ) 



Here, G = 22 x [0 ,L] x [0, £o] ) Cfc = c(x, t, z) are the Fourier coefficients of the 
harmonics exp {i(k, p) } of the Fourier expansion of the function c(x, p, r, e), 
and k = ( /;: i , . . . , k m ) is a vector with integer coordinates. 

The following conditions arc sufficient for the validity of (2.2): 



c(x,<p,T,e) G Cfi(G,cr), 

q 

—c(x,ip,T,e) G C l ^(G, a), 



^ c{x,<p,T,e ) G C l *(G, a), 
min {h - 1; l 2 ] h } >m + q, 



where a) denotes the set of functions f(x, p. r, e) that, for every fixed 

e, have partial derivatives up to the order l inclusive continuous with respect to 
x,p, and r, and uniformly bounded by a constant a on the set (x, p, r. s) G 22x 
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R m [0,L] x [0,£o] = G. Indeed, under this assumption, the following estimates 
hold for all k / 0 [BMS]: 



am 



sup ||c fc || < p^jj 77 ) sup 



G 



G 



dc k 



dr 



am 12 

< n , , sup 



dcr 



dx 



< 



am 6 

¥¥' 



Consequently, 



E 11*11’ 
0 



sup ||Cfc|| s 
G 



< am ll ^ \\k\\ q ll < am 11 ^ s q ll 



fc^o 



5 = 1 






OO °° 

< arn h 2 m J2s q - ll+m - 1 < arn h 2 m (l + f t q ~ h+m - l dt\ 

S=1 ^ | ' 



= am h 2 m ( 1 + 1 ) 

V <i — q — mJ 



E 

k^O 



11*1 



q - 1 



sup 

G 



dci. 



dr 



+ sup 
G 



dci. 



dx 



< cr2 r 



m ■ 



1 + 



1 

h ~ q ~ m + 1 



+ m li ( 1 + 



1 

(3 - q - m + 1 



In the proof of the last inequalities, we have used the fact that the number of Tri- 
dimensional vectors with integer coordinates whose norm is equal to s does not 
exceed 2 m s m ~ 1 [GrR3], 

Along with (2.1), we consider the following system averaged over all angular 
variables ip : 



dx _ . 

— = a{x,T,£), 



dip 

dr 



u(t) 

£ 



+ b (x, t, e ) , 



(2.3) 



[a(x,T,e)]b(x,T, e)] 



27 r 27 t 

(2tt )~ m J ... J [a(x,ip,T, e), 
0 0 



b(x,ip,T,e)} dipi . . . dip m = [ao(x,r, e); bo(x, r , e)] = c 0 (x,r,e). 



where 
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For Eqs. (2.1) and (2.2), we specify the initial conditions 

x\ r=0 = yeV icP, p\ T=0 = i/>€ R m , (2.4) 

where T>\ is a certain domain, and denote by (x(t, y, e); <p(r, y, ip, e)) and 
(x(t, y, e);^(r, y,ip,e)) solutions of problems (2.1), (2.4) and (2.3), (2.4), re- 
spectively. 

Theorem 2.1. Suppose that the following conditions are satisfied: 

(i) det (Wp (t)W p (t)) 0 Vr G [0, L] for certain minimal p > m, p < 

l + 1 ; 

(ii) condition (2.2) is satisfied for q = 0; 

(iii) for all r G [0, L\, y G D\, and e G (0,£o]> the curve x = x(r,y,e) lies 
in V together with its p-neighborhood. 

Then one can find a constant ai independent of e and such that, for suffi- 
ciently small £q > 0 and every r £ [0,1], y G V 1 , ip G J? m , mid e G (0, £o]> 
the following estimate holds: 

\\U{T,y,ij},£)\\ < cr 2 e 1/p , (2.5) 

where U = (x(r,y,ip,£) - x(r, y, e); <p(r, y, ip, e) -Tp(r,y,ip,£)). 

Proof. Since the right-hand side of system (2.1) is smooth, a solution of the 
Cauchy problem (2.1), (2.4) exists. Denote by [0,T), T = T{y,ip,e), the max- 
imum half-interval of the segment [0, L] for which the curve x = x(j. y, ip, £) 
lies in the p-neighborhood of the curve x = x(t. y, e). Then Eqs. (2.1) and (2.3) 
and the Gronwall-Bellman lemma [FiS] imply that, for any r G [0, T), 



T 

\\U{T,y,ip,e)\\ < e aiL sup V [ c k (x(t,y,e),t,e) 

T£[0,L] k ^ 0 J 



x exp{?'(fc, 0)} exp \ - / (k,u(z))dz\ dt 



0 
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uj (z) dz. 
o 

Note that, under the conditions imposed on the functions oj(t) and /(f) = 
Cfc(x(f, y, e), f, e) exp{*(fc, 0)}, all conditions of Theorem 1.3 are satisfied. Con- 
sequently, using this theorem for the estimation of each integral on the right-hand 
side of the last inequality, we get 



0 = <p(t,y,ip,£) - - 



1 



J c k (x(t, y, e),t, e) exp {i(k, 6)}dt 
o 



< ( 72£P 



G 



2 + sup ||6(x, r, e)|| ) ( 1 + sup || a(x, r, e 



G 



X (sup ||Cfe|| + 77777 sup 
G ||«|| G 



dc k 



dr 



+ 77777 sup 
\\k\\ G 



dc k 



dx 



\\U(T,y,ip,£)\\ < e aiL (2 + <7i)(l + ai)a 1 a 2 er = ct 2 £p Vr G [0,T). 



Let (7 2 £q < -p. Then inequality (2.5) implies that x(T,y,i/j,£) G V together 

with its -p -neighborhood. Therefore, T = L and estimate (2.5) holds for all 
r e [0, L\ . Theorem 2. 1 is proved. 



We now study in more detail the dependence of the function U(T,y,'ip,£) 
on the initial data y and ?/>. Below, using properties of oscillation integrals, we 

8 d 

establish estimates for the partial derivatives U and — y U, which arc sub- 

ay dip 

stantially used in the Chapter 2 for the solution of boundary-value problems. For 
this puipose, we impose on c(x, <7, r, e) a stronger restriction than (2.2). Assume 
that the function c(x, <7, r, e) is twice continuously differentiable with respect to 
x, (7, and r for every fixed e, and its Fourier coefficients satisfy the inequality 



sup 1 1 cq 1 1 + sup 



d c 0 
dr 



+ sup 



dc 0 

dx 



n 

+ ^2 sup 

3= 1 



d 2 c 0 

dxdxj 
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+ 



+ 



E[ 

0 

1 



sup ||cfc|| + sup 



sup 



d 2 c k 

dxdr 



3 = i 



dc k 




dc k 


dr 


+ sup 


dx 




d 2 c k 


w 




sup 


dxdxj 


)J 


< 



(2.6) 



Here, the supremum is taken over all (x, r, e) G G. 



Theorem 2.2, If conditions (i) and (iii) of Theorem 2.1 and inequality (2.6) 
are satisfied, then, for all r G [0, L], y G V\, G R m , and £ G (0,£o] (where 
So is positive and sufficiently small), the following estimate holds: 



d 

dy 



U{T,y,fi,e) 



+ 



d 

dfi 



U{r,y, ip, e) 



1 

< &3£ p , 



(2.7) 



where the constant <73 is independent of e. 



Proof. First, we establish estimates for the first-order partial derivatives with 
respect to y and ip for a solution of the Cauchy problem (2.3), (2.4). The smooth- 
ness conditions for the right-hand side of system (2.3) yield 



x(r,y,£) = y+ / a(x{t,y,e),t,£) dt, 



dx(r,y,£) [d _ dx{t,y,e) 

— ~ = E " + j giWXt,y,e),t,e) — 



dt, 



whence 



d x{r,y,£) 



dy 



< n + ui 



dx(r,y, e) 



dy 



dt. 



Solving this inequality, for all r G [0,1], y G 'D\ and e G (0, cq] we get the 
estimate 



dx(r,y,£ ) 
dy 



< ne aiL , 



which, together with the first equation in (2.3), yields 



(2.8) 



_d_ dx(r, y, e) 
dr dy 



< na\e aiL . 



(2.9) 
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Since 



<p(t, y, ip, e) 



T T 

ip + J b(x(t,y,£),t,e)dt + - J u>(t)dt, 
0 0 



we have 



dp{r,y,ip,£) 

dy 



< La\ne ClL , 



dp{r,y,ip,£) 

dip 



= m, 



_d_ dp(r,y,ip,£) 
dr dip 



d 


dp{r,y,ip ,£ ) 


dr 


dy 



< a\ne aiL 



(2.10) 



for all t € [0, L\, y G Pi, ip € R m , and e G (0, £o]. 

We now differentiate Eqs. (2.1) and (2.3) with respect to y. Then we obtain 



the following integral equation for 



d_ 

dy 



U{r,y,ip ,£ ) : 



d f d 

— C/(r, y, ip, e) = J A(x(t, y, ip, e ) , <p(t, y, ip, e) , t, e)—U(t, y, ip, e)dt 



r r d d _ I d _ 

+ J [g^c 0 (x(t,y,ip,£),t,£) - —co(x(t,y,e),t,s)\ —x(t,y,e)dt 



j d d _ 

+ J Q^c(x(t,y,ip,£),ip(t,y,ip,£),t,£) —x(t,y,£)dt 



f d d 

+ J Q^c(x(t,y,ip,e),(p(t,y,ip,£),t,£) —Tp(t,y,ip,£)dt, (2.11) 



where 



c(x,ip,t,£) = c(x,<p,t,£) - c 0 (x,t,e), 

A(x, p, t, £) = (J^ c (x, (p,t,£);J^c (x, p, t, e)) . 

Taking into account the estimate for the error of the averaging method (2.5) and 
condition (2.6), we obtain the inequalities 
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j \ d d _ I d _ 

J i dx c °( a ^’ y ’ £ )> ^ £ ) _ ^ c °(®(*» Vi £ )> £ )J y, £ )^ 



< ai<J2nLe aiL £p , 
\\A(x,ip,t ,£) || < CTi 



( 2 . 12 ) 



for all r e [0, L], y € Pi, f> € R m , and e G (0, £o]. 

We estimate the last two integrals on the right-hand side of (2.11) with the use 
of Theorem 1.3 for A = k and conditions (2.6) and (2.8)-(2.10). As a result, we 
obtain 



dc dx 
dx dy 



dt < ^2 -^- c k{x{t,y,ip,£),t,e)-^-x(t,y,£) 



Similarly, 



x exp{z(/c, 9)} exp j- J (k, u (z)) dz | dt 
o 

A 

< d 2 £P ^2 [ SU P fff 2ne criL (l + a\) 






d 2 c k 

dxdr 



(7 1 > SUp 



d 2 c k 
gP dxdxj 



< 3(1 + ai)a\a 2 ne <JlL £p . 



-yf- dt < naja 2 (l + 2L + Laf) e Lai £p. 
dtp dy 



In view of (2.12)-(2.14), Eq. (2.11) yields the integral inequality 



-U(r,y,ip,£) <ai \\—U(t,y, ip, £) dt + £pa 2 , 



whose solution satisfies the estimate 



(2.13) 



(2.14) 



(J j J, 1 

—U(T,y,ip,£) < a 2 e ai £p =a 3 £f 



(2.15) 
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V(t, y,ip,£) e [0,L] x Pi x R m x (0,£o]- Here, 

q_ 2 = no ! [<r 2 + ct 2 (3 + 4<ji + 2<tiL + cJiL)]e ,7li . 

d 

Let us estimate the norm of the matrix — — U(t, y, ip, e). Since 

dip 

d _ d 

— x (r, y, e) = 0, — Tp (r, y, ij>, e) = 



it follows from Eqs. (2.1) and (2.3) that 



5 



9 



—U(T,y,ip,e)= / A(x(t,y,ip,£),v(t,y,i/i,£),t,£) — U(t,y,ili,£)dt 



dip 



dip 



r d 

+ J g^c(x{t,y,ip,£),(p(t,y,ip,£),t,£)dt. 



This yields 



9 r i 

— C/(r, y, ip, £) < 2(n (1 + c7i)a 2 e LCT1 £p = ct 3 £ 



(2.16) 



Combining (2.15) and (2.16), we get estimate (2.7) with the constant 03 = 03 + 
. The smallness of £0 > 0 is determined by the possibility of the application 
of Theorems 1.3 and 2.1. 



Remark 2. If p = m, then the condition det (W^ (t)W p (t)') / 0 We 
[0,L] can be reduced to the condition A(r) = det W m {r) / 0. If the function 
A(t) has zeros of multiplicity not higher than r on the segment [0. L\, then, 
using Theorem 1.4, instead of estimates (2.5) and (2.7) we obtain estimates of the 
form 



\\U(T,y,ip,£)\\ + 



d_ 

dy 



U{r,y,ip,£) 



d_ 

dip 



U(r,y,ip ,£ ) 



1 

< 04£ m + r . 



The investigation of oscillation systems becomes more complicated if A(r) 
is identically equal to zero on some segment [a,(3\ C [0,L], In this case, the 
solution of system (2.1) may deviate from the solution of the averaged system 
(2.3) at time Ar = L by a distance proportional to unit, i.e., the scheme of 
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averaging over all angular variables is, generally speaking, inapplicable. As an 
example, we consider the Cauchy problem 



dx 

dr 



1 - cos(<^i + <y ? 2 - ¥>3), 



dipi 

dr 



cut(r) 

5 

£ 



d(f 2 _ 1x2 (r) _ cui(r) +w 2 (r) 

dr s' dr s 



x{0) = 9 ?i( 0 ) = ip 2 (0) = </? 3 (0) = 0 



(where wi(r) and w 2 (r) are twice continuously differentiable functions on the 
segment [0, 1] ) and the corresponding problem averaged over all angular vari- 
ables p> 1, ip 2, and 993, namely, 

dx _ dJp l _ uj\{t) dxp 2 _ ^2 (t) dip 3 _ (r) + W2 (t) 

dr ' dr s ’ dr s ' dr s 

*(0) = ^r(O) = ^ 2 (0) = V 3 (°) = fl- 
it is obvious that x(t) = r, x(r) = 0 , A (r) = 0 Vr € [ 0 , 1 ], and | x ( l ) — 
x ( l )| = 1 . Hence, the condition A (r) = 0 leads to the violation of the efficient 
estimate of the error of the method of averaging over all angular variables on the 
segment [0,1]. 

In this case, it is convenient to perform averaging over a paid of angular vari- 
ables. Below, we describe this method in brief and give its justification. 

Assume that 



|A(r)| > 0-5(0: - r) ri Vr G [0, a), 

|A(r)| > cr 5 (r — f3) r2 Vt<e(/?,L], 

A(t) = 0 VrG[a,/ 3 ], ( 2 . 17 ) 

where n , r 2 , and 0-5 arc certain positive constants. The linear dependence of 
the functions lo\ (r), . . . , tu m (r) on the segment [a,fi\ is a sufficient condition 
for the validity of the identity A(r) = 0 Vr e [o- , ff\. Further, we assume 
that there exist h < rn linearly independent vectors k <j > = 
j = 1 , h. with integer coordinates for which 



{k^\uj{r)) = 0 Vr £ [a, /5] . 



( 2 . 18 ) 
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Without loss of generality, we can assume that the /ith-order minor 7 in the left 
upper corner of the matrix K = colon (k^ L \ ... , k (h> ) is nonzero. Denote 

K = colon , . . . , ,e h+ i, . . . ,e m ), 



where e v is a basis vector of the space R m . Then, in the variables 

Kcp= 0;6>), ^ = Oi 

@ = (^ 1 ) • • • 1 @m—h) = {}Ph -\- 15 • • • 1 

<P=- (S^ + S 2 9 ), 

7 

where S 1 and S ' 2 arc matrices whose elements are integer numbers, system (2. 1 ) 
takes the form 

dx dib 1 

= A(x,i/},9,t,£), — = - Ku(t ) + B(x,ip,9,T,e), 

dr dr e 

dO 1 

— = -u(t) + C(x,ip,0,T,e). (2.19) 

dr s 

Here, 



w(t) = (u; ft+ i(r), . . • ,w m (r)), 

H(x, ip, r, e) = a ^c, + ^<S 20 , r, e) , 

H(x, ip, t, e) = Kb ( x , -Slip + r, e) , 

V 7 7 / 

C(x,ip,e,T, e) 

= (b h+ i(x, -S\ip + -S 2 9 ,t,e),. . . ,b m (x, -Siip+ -S 2 9,T,e)\ 

V \ 7 7 / \ 7 7 // 



The corresponding system averaged over all variables 6 has the form 

“ 7 “ = A(x,ip,9,T,£), < j~ = ~ A'o;(r) + B(x, ip,T,e), 

dr dr e 



d9 1 

— = -U{T) + C(x, 1 p,T,£), 
dr e 



(2.20) 
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where 

2-7T7 2n r y 

[A; B;C} = (2Trj) h - m J ... j A(x, 

o o 

C(x, fi,e,T,£) d 6 1 . . . dO m _ h . 

Theorem 2.3. Suppose that the following conditions are satisfied: 

(i) there exists a solution (x(t, e); e); 9(t, e)) of the averaged system 

(2.20) that lies in V x R m together with its p-neighborhood Vr G [0, L\, 

e g (o, e 0 ]; 

(ii) w(T)eCJJ-[; 

(iii) conditions (2.2) for q = 1, (2.17), and (2.18) are satisfied and, further- 
more, 

det (wjf (r) ff jX 0 Vr G [a, /?] . (2.2 1) 

Then there exist constants £* > 0 and o§ > 0 such that V(r, e) G [0, L] X 
(0,£o] (^o < £*), the following inequality holds: 

v(t,ti,s) 

= ||x(r,ri,£) — x(t, e) || + ||V>(t,ti, e) — e)ll 

+ || d{r,Ti,e) -9 (t,£)\\ 

< a 6 g(T,Ti,£), (2.22) 

where (x(r, n, e); tp(T, n, ^); 0 (t, n,e)) is a solution of system (2.19) that co- 
incides with the solution (x(r, e); i/>(t, e); 9(t, e)) of the averaged system (2.20) 

i 

for t = n G [0,L] and, furthermore, g(r, t\,e) = e m + r , r = max{ri;r 2 }, 
for all t G [0,L] Ti 0 [ce, /3] nnJ 

{ 1 

rG[a,/3], 
r G [0 ,L]\[a,P], 

for n G [a,/?]. 
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Proof. Denote 

F(x,ip,0,T,e) = [A-B-C] 

= ^2 F k{x,T,e) exp exp {-(Sf 0)}, 

F k (x,r,e) = [a k (x,T,£);Kb k (x,T,e)], 

F(x,i/>,t,e) = Y F k (x,T,£)exp^-(Sfk,^ = [A-,B;C]. 

Sj k = 0 ^ 

Here, Sf and ,3’J arc the transposed matrices. Using inequality (2.2) for q = 1, 
one can easily obtain the estimate 

l\F(x,l/),0,T,£) - F(x,1p,9,T,£) || < <J 7 (\\x - x\\ + IIV’ - 1 p\\ + \\e - 0||), 

*7 = ^11^112.(171 + IIS, II + 1^114 
which, together with Eqs. (2.19) and (2.20), yields 

T 

v(t,ti,e) < c t 7 I / v(t , Ti,£) cft| 

Tl 

T 

+ X] | / F k {x(t,£),t,£) 

Sjfc^O Tl 

x exp | — (Sfk, i/)(t, e))| exp j — (Sjk, 9(t, e))| df . (2.23) 

Let ti € [a,/?]. Then inequality (2.21) and the identity Ku(r) = 0 arc satisfied 
for r € [cr, /5] , i.e., U(r, e) arc slow variables. Therefore, each integral under 
the sum sign on the right-hand side of (2.23) can be interpreted as an oscillation 
integral. Setting 

t 

9(t, e) = 6(t, e) J uj (z) dz, 

Tl 

fk(t , e) = F k (x{t , e) , t, e) exp { - (Sf k, f>(t, e) ) | exp j - (Sf k, 6{t, s ) ) | 
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and using estimate (1.20) for p = m — h, we get 



n(r, ri, e) < dr v(t,Ti,e)dt | + £[ (1 + cr i)||^|| sup \\F k \\ 



+ sup 
G 



d „ 

m Fk 



+ <7 1 SUp 
G 



d „ 

7T- Tfc 
OX 



O %£ 



1 

m — h 



< (77 



T 

j v(t,Tl,e)dt + (1 + (71 ) (71 1 1 A' 1 1 (786 



1 

m — h 



where <7g is a constant corresponding to the constant (73 in inequality (1.20). The 
last inequality proves the following estimate for all r 6 [a, /3\ and t\ 6 [ck, /3] : 



v(t, ri,e) < (1 + cri)||/T||(78e' T7i:/ £ m -'* . 



(2.24) 



Now let r e [0, a) and n 6 [a,/?]. Then, taking into account condition 
(2.17) for r £ [0, a) and inequality (1.21) for p = n and using (2.23), we get 

n 

v(r,Ti,e) <0-7 J v(t,Ti,e)dt 

T 

a 

E [| / F k{x{t,e),t,£) exp{i(k,<p(t,e))} 

T 

t 

xexp j- f (k,Lo(z))dz^t 



+ 



Sf 



>dt 



+ 



n 

n _ t 

' ?T 1 



f k (t,£)exp^^-^Sjk, j uj(z)dz S j } 



dt 



n 



n 



< (77 J v(t,Tl,e)dt + £m-h(l + (7l)<7l||iT||<7 8 

T 

+ £ m+r l (1 + <7l)<7l |jiT||(7 9 , 
t 

<p(t,e) = e)-,6(t, e)) j u(z)dz, 
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or 

v(t,ti ,£ ) < (1 + (T\)(T\\\K\\{(T% + ag)e (T7L (£^ K +£ m+r i) (2.25) 

for all r £ [0,a). Here, <79 is a constant corresponding to the constant <74 in 
inequality (1.21) for p = r\. If r £ (/?, L], then u(t, Ti,e) also satisfies an 
estimate of the form (2.25) with rq replaced by r 2 and, possibly, the constant 
<79 replaced by another constant cr 9 . Taking this fact and inequalities (2.24) and 
(2.25) into account, for all n £ [a, /?] and r £ [0, L\ we obtain estimate (2.22), 
where 

CJ 6 = 3(7i(l + cri)(cr 8 + (79 + a 9 )||/i||e cr7Z/ . 

The smallness of £0 > 0 is determined by conditions for the validity of inequal- 

-J— 1 

ities (1.20) and (1.21) and by the estimate 7fjc ( ™ +r < -p, which guarantees 
that the solution of system (2.19) under investigation does not leave the domain 
V x R m V(r,e) £ [0,L] x (0, ero] - For T i C [0, L]\[a, /?], the proof of the 
theorem is analogous. 

Remark 3. The first two inequalities in (2.17) mean that, at certain times, 
resonance occurs in the multifrequency system (2.1), but the system quickly leaves 
the resonance state. If identities (2.18) arc satisfied, then the system remains in 
the resonance state for a sufficiently long time period At = f3 — a. In this 
connection, there arises the necessity of using the method of averaging over a 
part of angular variables. The averaging scheme proposed above is not unique. 
Efficient estimates for the norm of the difference of solutions of perturbed and 
averaged equations can also be obtained by averaging over all angular variables 
on the intervals [0,a) and ((3,L\ and over a part of these variables on [cr,/3] 
and then “glueing” the integral curves in a proper way. Note that the order of the 
estimates obtained with respect to e is the same as in inequality (2.22). 

We give an example of frequencies satisfying conditions (2.17), (2.18), and 
(2.21). Let 



r + 1 Vr 


£ [0,3], 


t 2 + 3, 


re [0,1) 


2(t+1), 


re [1,2], 


k + 4 ' 


re (2,3] 



^2 (r) = < 
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It is clear that uq (r) and 07 ( r ) arc continuously differentiable on [0,3] and 

-(t + 3)(1-t), t € [0, 1), 

0, re [1,2], 

^(t-2)(t + 4), r 6(2,3], 

(k^\u(T)) = — 1 • (x> 2 (t) = 0 Vr 6 [1,2]. 

The functions uj\ (r) and W 2 (t) thus chosen satisfy conditions (2. 17) for rq = 
?’2 = 1, a = 1, (3 = 2, L = 3, and 05 = 3 and identity (2.18) for /i = 1 
and /r ' 1 * = (2,-1). In this case, inequality (2.21) takes the form tui(r) > 1 or 
u> 2 (r) >3 Vr G [0, 3]. 

At the end of this section, we justify the averaging method on the semiaxis 
[0, 00) = R + . Note that, in Chapter 2, we establish an efficient estimate for the 
error of the averaging method on the entire axis. 

We assume that 

j|a(x, r, e) — a(x, r, 0) || < crioe 5 V(x, r, e) 6 V x R + x [0, eo ] 5 (2.26) 
a(x,T, 0 ) eCj(Px .R + ,crio), 

and consider the averaged equations of the first approximation for slow variables 

rj 7 * 

— = a(x, t, 0) . (2.27) 

Theorem 2.4. Suppose that the following conditions are satisfied: 

(a) \\{Wp (t)W p {t))~ 1 Wp (t)\\ is uniformly bounded for certain p > m and 

all t 6 R + , and the functions Uv\t), v = l,m, j = 0,p— 1, are 
uniformly continuous on R+ 

(b) there exists a solution x = x{t) of Eq. (2.27) that lies in V together with 
its p-neighborhood for all r £ R + \ 

(c) the normal fundamental matrix Q(r,t ), Q(t,t) = E n , of solutions of the 

. . , dz da(x(r),T, 0 ) 

variational equation — = — - — — — — z satisfies the estimate 

||Q(r,t)|| < iTe _7( - r_ ^ Vt > t > 0, 

K = const >1, 7 = const > 0; 




(2.28) 
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(d) conditions (2.2) are satisfied for q = 0 and r £ R+, and relation (2.26) 
holds for S > 

V 

Then there exist positive constants <7n, e 2 , and p\ < p such that the fol- 
lowing assertions are true: 

(i) for all t £ R+i £ R m , and e £ (0,£o]> ^0 < £ 2 , the following 
estimate is true: 

||x(r,x(0), if,e) - x(t)|| <cr n ep; (2.29) 

(ii) the slow variables x(r,y,if,£) of any solution (x(T,y,if,£)-,p(r,y,if,£)) 
of system (2.1) such that 



£ R m , £ £ (0,£o]> 

y eV pi (x(0)) = {y: y £ /(">] y - x(0) | < pi} 
are uniformly bounded for any r £ 

Proof. It follows from the smoothness conditions for the right-hand sides of 
Eqs. (2.1) that, for 

yeV pi (x( 0)), fiFR m , £ £ (0, e 0 ]) 

the curve x = x(r. y, 'if, e) lies in the domain T> 2 Kpi (x(r)) for all r from a 
certain maximum half-interval [0,T). For such r, the function £(t, y, if. e) = 
x(r, y , if, e) — x(r) satisfies the equation 



£,(T,y,if,£) = Q(t, 0)£(0, y,ip,£) + J Q(r,f)[F{f(t,y,if,£),t,£) 

0 



+ 26 Vh e), y , Vh e), t, £)\dt, (2.30) 



F(£,t,£) = a(£ + x(t),t,£ ) -a(i(t),t,0) - ^a(x(t), t, 0)£, 
a(x, <£>, t, e) = a(x, </?, t, e) - a(x, t, e), ||F|| < omfe 5 + n 2 ||£|| 2 ). 



where 
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Using the inequality ||£(t, y, fi>, e)|| < 2Kpi and relations (2.28) and (2.30), we 
get 

sup ||£(t, y, ip, e) || 

re[0,T) 



< KU{0,y,fi>,£)\\ 



1 2 

+ £ S (Tio ~ K + n 2 cr 10 - K 2 Pl sup || £(r, y, e) 



7 



7 re[o,T) 



+ sup 
re[0,T) 



Q(t, t)a(x(t, y, ip, e),(p(t, y, e),t, e) dt 

which, for = -{i yields 



, (2.31) 



sup U(T,y,ip,£)\\ 

re[0,T) 

< 3 Kp 1 + — A'u 10 e 5 
“ 2 f 27 



3 

+ x SU P 

/ re[0,T) 



J Q{r,t)a(x(t,y,‘fi,£),ip(t,y,ip,£),t,e)dt . 
o 



(2.32) 



We represent the last term on the right-hand side of (2.32) in the form 



T 




x exp | - J ( k , co(z)) dz j dt 
o 

T 

J Q(T,t)ak(x,t,e)exp{i{k,ip)} exp j - J (k, Lu(z))dz^ dt 
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where s is the integer part of r, x = x(t,y,ip,s), p = p(t, y, -0, e), and 

t 

p = p — - J ui(z)dz, and estimate each of the integrals over the segments 



[r, r + 1] of unit length using inequalities (1.20) and (2.28) as follows: 



Q(t, t)ak(x , t, e) exp {i(k, p)} exp j - J (fc, u o(z)) dz ) dt 

o 

< <J 12 £ r (2 + G\ + <7ion 2 )K e _ T'( r_r_1 ) 



/ dak dak \ 1 " 

x|supM + (sup w +sup ^ ) M j. 



Here, 072 is a constant coiTesponding to the constant 03 in estimate (1.20). Since 
r — s < 1, the integral over the segment [s, t] satisfies the same inequality with 
the factor e ~' Y ^ T ~ r ~ 1 ' 1 replaced by 1. Then, taking into account condition (2.2) 
for q = 0 and the inequality 



^ e -7(r-r-l) < 



e't — 1 ’ 



we get 



sup || J Q(t, t)a(x, p, t, e) dt | 



/ e ' \ 9 i j 

< K (^1 + el _ 1 ) Ul (2 + CTt + n Z G 10) (J 12 £P = (JizEl 

Using the last inequality, we can rewrite estimate (2.32) in the form 

3 3 3 i 3 i 

sup ||£(t, y, ip, e)|| < -Kp 1 + —Kct 10 £ S + -ct 13 £p < -Kpi + anE* 

re[o,T) 2 27 2 2 



<711 = X ( U13 H — Kg 10 



(2.33) 



Further, setting o\\E X l v < liTpi, we obtain 



sup U(r,y,ip,e)\\ < - Kpi < 2Kpi, 

re[o,T) 4 



(2.34) 
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i.e., the curve x = x[t. y. 'if e) does not leave the - K (>\ -neighborhood of the 

curve x = x(t). Therefore, the solution {x(t, y, ip, e); ip(r, y, y), e)) of system 
(2.1) can be extended to all r G R + . Inequality (2.34) does not change for T = 
oo. Thus, relation (2.33) yields the uniform estimate 

\\x(t , y, ip, e) || < 2A>i + sup ||T(r)|| = a u 

for all r G R + , y G V Pl (x( 0)), ip G i? m , and e G (0, ero] - Inequality (2.29) 
can be obtained from (2.31) and (2.33) for £(0,y,ip,s) = 0. Theorem 2.4 is 
proved. 



3. Investigation of Two-Frequency Systems 



In this section, we consider the case where system (2.1) is a two-frequency 
system, i.e., ip = (<pi,<p2) and c u(r) = (uq(r), cu 2 (t)), and study the problem 
of the justification of the averaging method on an asymptotically large time in- 
terval [0,r(e)], where T(e) -> oc as £ -> 0, and on the infinite time interval 
[0, oo) = R-\ under assumptions for ut(r) weaker than those in Section 2. 

Assume that a j(t) G CL ^ and 



w 2 (r) > di, 



d 


/wi(r)\ 


dr 


W 2 (r)/ 



> d\ Vr G R - 1 



(3.1) 



where d\ is a positive constant. For t G [0, L], condition (3.1) is the Arnol’d 
condition [Arn2], by using which Arnol’d obtained an estimate for the error of the 
averaging method on a finite time interval. 

We also require that the function cu 2 (r) satisfy at least one of the following 
conditions: 



(i) 

(ii) 



^2 V) 



dw 2 (r) 



dr 



< d 2 = const Vr G 



cc 2 (r) is nondecreasing or nonincreasing on R 



+• 



Denote by hd(r), d = const > 0, the following even function continuously 
differentiable on Vr G A : 

f 1, [0,d], 

d~ A T 2 (2d — r) 2 , r G (d, 2c?), 

0, t G [2d, oo). 



M T ) = < 
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It is easy to verify that, for all r £ R. : the function h d (r) satisfies the inequalities 



0 < h d (r) < 1 , 



A 

dr 



M r ) 



< 



16 

~d 



fd(r), 



where f d (r) = 1 for d < |r| < 2d and fd{r) = 0 for |r| < d and |r| > 2d. 

The statement below gives an estimate of the time for which the two-frequency 
system ( 2 . 1 ) passes through the resonance zone. 



Lemma 3.1. Let conditions (3.1) be satisfied and let k = (ki, kf) f 1 0 be an 
arbitrary vector with integer-valued coordinates. Then, for all r £ R + except, 
possibly, a time interval whose length does not exceed 2p, p < df 1 , the function 
( k,Lo(r )) = k\u>\(r) + A; 2 CU 2 (t) satisfies the inequality \k,Lo(r)\ > d\p. 



Proof. If (k,u(T k )) 



function u(r, k) = 




= 0, then it follows from (3.1) that k\ f 0 and the 

wi(r) • 

is monotone. Hence, 

^2 (r) 



|(/c,u;(r))| = \kiu 2 (T)\\uj(T k , k) -oj(r,k)\ > d\p 



for | r — Tfc | > p. Now let (fc,tu(r)) / 0 Vr 6 R+. If k\ = 0, then 
|(&;,u;(t))| = \k 2 W> 2 {r)\ > d\ > dfp. If k\ / 0, then we obtain the estimate 
|(fc,w(r))| > d\p for all r £ [p, oo). Lemma 3.1 is proved. 



Lemma 3.2. Suppose that inequalities (3.1) and at least one of conditions (i) 
and (ii) are satisfied. Then, for every 7 > 0, one can find a constant d% = 
^ 3 ( 7 ) > 0 such that, for any T £ the following estimate is true: 



1 

A (T) = J . 



c> 

1 

1 


d 1 - /i m (t - T k ) 


/ ° 


dr (k, lo(t)) 



dT < L, 

l L 



kd 0 , 



(3.2) 



where r k £ R + is a point at which (fe,tu(r)) turns into zero; if ( k,Lo(r )) / 0 
Vr £ R + , then T k = 0. 




Section 3 



Investigation of Two-Frequency Systems 



41 



Proof. Let k\ = 0. Then |& 2 | > 1, |(A;,a;(r))| > d\, and 



A(T) < I e -7 ( T-r)|_^( T ) 



w 2 (r)) 



dr 



c> 

1 

1 




' 1 1 


/ ° 


dr’ 


Vw 2 (r))/ 



) (1 - /i„(r)) dr 



< 



16 

dip 



1 

( (r)dr + J > 






dcu2(r) 

dr 



^K r ) 



dr. 



If condition (i) is satisfied, then 



A(T) < + d 2 / e- 7(T “ T) dr < ^ 



16 d 2 



dip 



di 7 



and if condition (ii) is satisfied, then A(T) can be estimated as follows: 



16 

A (T) < ^ + 



d0J2 1 
dr w|(r) 



, 16 
dr = — + 

d\ 



dr 1 
dr \uj 2 (r) 



dr 



< 



18 

d? 



18 1 

Thus, in the case k\ = 0, we get A(T) < — H — d 2 - 

di 7 

Now let k\ f 0. Then 



1 

A (T) < [ e~ l(T - T ) — ff T - Tk ) 1 — dr 
J P |(A:,w(r))| 



+ M J e 7(T T) ^ ~~ - 



-1 


f 1 "l 


1 


dr 


W 2 (t)/ 


|w(r, fc)| 



dr 



1 

+ J e~A T - T \i - -r fc )) 



1 


— f 


fct w 2 (r) 


dr \ 



dT. (3.3) 



According to the definition of the function / /; (r) and Lemma 3.1, the first inte- 
gral on the right-hand side of (3.3) can be estimated from above by the constant 
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32d 1 2 p 1 ■ In view of (3.1), the function uj(t. k) is monotone. Therefore, the 
last integral on the right-hand side of (3.3) is estimated as follows: 



T 




where 77. — // > 0 and 77. + // < T. II' 77. < // or 77. > T — /i. then the last 
inequality remains the same. 

Consider the second integral on the right-hand side of (3.3). In case (i), it can 
be estimated by the value 

T 

A- [ e -y(T~T) dT < 
din J cti7/x 

0 

in case (ii), it can be estimated by the value 



1 

din 





dr 



1 

dm 



T 



Mi 


( 1 1 


/ dr 


\L0 2 {t)J 



0 



dr 




Thus, it follows from (3.3) for k\ / 0 that 






d2 

dun' 



Combining the estimates for A(T) in the cases k\ = 0 and k\ / 0, we obtain 
inequality (3.2) with the constant d 2 = 36d^ 2 + d 2 (d±y)~ 1 for d \ // < 1. Lem- 
ma 3.2 is proved. 



Consider a two-frequency system of the form 



dip 

dr 



flT 

— = a(x,tp,T,e), 
u(t) 



+ b(x,p,T, e) 



(3.4) 
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where the functions a, b , and oj arc defined for (x, p, r, e) £ V x R 2 x R + x 
[0,£o]i 27r-periodic in ip v , u = 1,2, continuously differentiable with respect to 
x, p, and r for every fixed e, and such that 



d . . 




d 


— b(x,<p, T , £) 


+ 


— b(x,(p,T, £) 



< d A 



\/(x,p,T,e) e G, 



E 







dak 




dak 


(! + ll^ll) SU P l a fe 

L G 


+ sup 
G 


dx 


+ sup 
G 


dr 



< d A . 



(3.5) 



Here, G = V x R + x [O.cq]. V is a bounded domain from R n , and «/,. = 
afc(x, r, c) are the Fourier coefficients of the function o(x, p, r, e). 

As in the previous section, by (x(r, y, ip, e); <p(t, y, e)), x(0,y,ip,£) = y, 
9?(0, y, e) = we denote a solution of system (3.4) and by x = x(t) a 
solution of the averaged system of the first approximation (2.27), which is defined 
for all t € R+ ■ 



Theorem 3.1. Suppose that the following conditions are satisfied: 

(I) inequalities (3.1) and (3.5) and at least one of restrictions (i) and (ii) are 
satisfied; 

(II) conditions (b) and (c) of Theorem 2.4 and relation (2.26) for 5 > — are 
satisfied. 

Then, for all r 6 -R+, € -R 2 , and e £ (0,£o] ( £ o is sufficiently small), 

the following inequality is true: 



\\x{r,x(0),if>,£) - x(r) || < d 5y /e, 
where the constant d§ is independent of r, ip, and e. 



(3.6) 



Prior to the proof of Theorem 3.1, we indicate its difference from Theorem 
2.4. In Theorem 2.4, the condition of the uniform continuity of the functions 
Uu\t), v = l,m, j = 0,p— 1, on the semiaxis R + is imposed. This 
condition substantially restricts the growth of the functions in particular, 

cc„(t) = t 1 for l > 1 is not uniformly continuous on R + . Moreover, in Theo- 
rem 2.4, the boundedness of the norm of the matrix ( (t)W p (t)) 1 11^ (r) is 
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an essential assumption. In Theorem 3.1, conditions (3.1), (i), and (ii) do not re- 
quire such strong restrictions on the components ui\(t) and ^(r) of the vector 
cj(t). For example, if tui(r) = r 2 + r and ^(r) = 1, then all conditions (3.1), 
(i), and (ii) are satisfied for r G R+. It is easy to see that tui(r) = r 2 + r is 
not a uniformly continuous function on R + . Moreover, for these frequencies, we 
have 



||(I4f (r)FF 2 (r))- 1 FF 2 T (r)|| = ||W' 2 ” 1 (^)|| = > 1 + \r, 

i.e., the indicated norm is not bounded on the semiaxis. It is easy to verify that, 
for p > 2, the value ]|(VF^’(t)IT 2 (t)) _1 VF^’(t)|| is also not bounded for all 
r G R + . Therefore, for this collection of frequencies uj\(t) and u> 2 (r), we 
cannot use Theorem 2.4. 

Proof of Theorem 3.1. Assume that, for t G [0, T), T = T('tj), e), the curve 
x = x(t,x( 0),f>,£) does not leave a p\ -neighborhood of the curve x = x(r). 
We fix the constant p\ G (0,p) below. For r G [0, T), ?/; G 7? 2 , and £ G (0,£o]) 
we consider the function 

y(r, iP,e)=x(t, x(0) , ip, e) - x (r) 

- eU{x(t,x{ 0),i/>,£),<p(t,x(0),i/>,£),t,£), ( 3 . 7 ) 



where 



U(x,ip,T, s) 



5 ~2a k {x,T , e) 
0 



1 - /q,(r - r fc ) 

i(A:, o>(t)) 



exp{i(fc, (/?)} 



and r?,. G i?+ is a point at which (k,u>(r)) turns into zero; if (k,Lo(r)) f 0 
Vr G R+, then = 0. 

By direct differentiation, one can easily verify that y = y(r , ip, e) satisfies 
the equation 



dy_ 

dr 



id(r)y + F(y,r) + d(x,<y9,r,e) 
d 

- £ gf U ( x ^ < P,T, e) + Y (x,y,<p,r, e), 



(3.8) 
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where x = x(t, x( 0) , e) , ip = tp(r, x(0),iJj,£), 

d(x,tp,T,s) = ^a fc (x,r,e)/i M (r - r k ) exp{i(k, </?)}, 
k^O 

F(y, t ) = a{x(r) + y, r, 0) - a(x(r), r, 0) - H(r)y, 

H(t) = J^a(x(r),r,0), 

_ d 

Y(x , y, r, e) = a(x, r, e) - a(x(r) + y, r, 0) - £—U(x, ip, r, e)6(x, </?, r, e) 

d 

~ £q^U(x,<p,t,£)ci(x,<p,t,£). 



Using the definition of the function /q ( (r), Lemma 3.1, and inequalities 
(2.26) and (3.5), we obtain 



\\F(y, t)|| < n 2 cr w \\y\\ 2 , \\Y(x,y,(p,T,e)\\ < cr 10 £ S + -d 6 , 

[1 

de = n 2 ( 1 + 2df) d\df 2 . 

Equation (3.8) yields the following representation of the function y = y(r, ip, £) 
for all t G [0, T) : 



y = Q(r,0)y(0, ip,£) + / Q(T,t)\F(y,t) + S(x,ip,t,£) 



d 

~ £ -Q t U ( x 'V, t, e) + Y (x, y, <p, t, £) 



dt. 



Using this representation, we get 



sup \\y(T,f>,£)\\ 

[o ,T) 

uioe 5 + d 6 - + n 2 crio sup \\y(ip,t,e )\\ 2 
T [0,T) 



< K\\y(0,ip,£)\\ + 
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T 

\ d f 

K (sup \\a k (x,T ,e)|| sup — a fc (x,r,e) ) sup / h^(t-T k ) 

1 V G G OT ) r 0 T) J L 



1 ~ d M (f - Tfc) id 1 ~ h^t - Tfc) n _ 7(r _ 



|(fc,w(i))| 



I dt (k,ut(t)) 



< \\x(T,x(0),ip, e) -x(r)|| + esup \\U(x,(p,T,e) 



£ , ,_2 
< pi H — (I4O1 , 

F 



l|y(0,^,e)|| < -d A d 1 2 , 
F 



P\<[ Knra 10 ) and — < 



// 4J\n 2 criod4 



relation (3.9) yields 



sup ||y(r , V’j e) || < 72 ^ (^4 + -d\dk) - + — 

[o,T) df V 7 1 p 7 

T 

da I* 

+ 2 /C VN (sup||a fc || + sup — - ) sup / h^t - r k ) 
c G 8t l 

1 - - Tfc) d 1 - h^{t - T k ) I 7(r _ t) 1 

|(£;,u;(t))| dt (fc,w(i)) J /' 

To estimate the integral on the right-hand side of the last inequality, we use 
Lemmas 3.1 and 3.2. Then, taking (3.5) into account, we get 

sup ||y(r,V’,e)|| 

[0,T) 

2 e 2 

< —Kd7 2 d A ['y + 1 + d?d7 1 de + 7 d?ds] — h 8Kd A n -| — K crio£ S , 

7 p 7 

which (for and // = \[e) yields 

||x(r,x(0),^, e) - x(r)|| < -d^ 2 d A K (7 + 1 + 7 d 2 d 3 

l 7 

2 -I 

T d\d A ^dg) T — Is (J±o T 8Isd A T di 2 d 4 \fd 
7 J 

= d 5 \/e 



(3.10) 
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for any r £ [0, T), ip € R 2 , and e £ (0, £o]- We now choose £o > 0 so small 
that 



1/2 , . , 
£ 0 < mini 






According to estimate (3.10), the curve x = x(T,x(0),ip,z) does not leave the 
) 2 (j\ -neighborhood of the curve x = x(t) for all r £ [0, T). This implies that 
T = oo and inequality (3.10) holds for any r £ Il + . Theorem 3.1 is proved. 



Now assume that the function a(x, ip, r, z) averaged with respect to ip over 
the cube of periods is identically equal to zero, i.e., 

a (x, t, e) = 0 V(x, r, e) £ V x R + x [0, ep] • 

In this case, the solutions x(t) = x° = const Vt £ R + of the averaged 
equations for slow variables are stationary, and, therefore, condition (II) of The- 
orem 3.1 is not satisfied. This is the case, in particular, for Hamiltonian sys- 
tems [Arn4], Nekhoroshev [Nekl, Nek2] established that, for time exp{c~°}, 
a = const > 0, the slow variable x of the solution (x; tp) of a Hamiltonian sys- 
tem deviates from its initial value by a value not greater than c£@, c = const > 0, 
(3 = const > 0. In what follows, we obtain an analogous result for a two- 
frequency system under certain additional assumptions concerning the frequency 
vector uj(t) . The following statement can be proved by analogy with Lemma 3.2: 



Lemma 3.3. Suppose that conditions (3.1) are satisfied and the following in- 
equality is true: 



1 



+ 



d / 1 



u; 2 (t) \ dr 



dr < djlnT + ds VT > 1, (3.11) 



where di and d% are nonnegative constants. Then, for k 0, 0 < p < 

min< — ; — >, and T > 1, the following estimate is true: 

1 oi 3 J 



B{T) = 



1 - hn(r - r fe ) | d 1 - hfj,(T - T k ) 



|(k’,w(r))| I dr (. k,uj(r )) 



dr 



-^ + ^ id7inT+ds> ’ 



(3.12) 




48 Averaging Method in Systems with Variable Frequencies Chapter 1 



for T £ [0, 1], the following estimate is true: 

BIT) < — , g ? 9 = G?r 2 [37 + max ^ — -'j 1 . (3.13) 

p L [ 0 , 1 ] dr J 

We denote by V p the set of points belonging to D together with their p - 
neighborhoods and choose p > 0 so small that V p f 0. 

Theorem 3.2. Suppose that a(x,r,s ) = 0 V(x, r, e) £ G and conditions 
(3.1), (3.5), and (3.11) are satisfied. Then, for all x° E T> p , ifi £ i? 2 , and 
£ £ ( 0 , £0] ( £ 0 ts sufficiently small), the following estimates are true: 

(a) if dj > 0, then 

\\x(t, x°,ifi, e) — a; 0 1 1 < d\o£^ Vr £ [0, exp{£ _ ( 1_2/ ^}], (3.14) 

where (3 is an arbitrary number from the interval 

(b) if d-[ = (). then 

\\x(t, x°, ifi, e) — x°|| < dio\fe Vr£[0,oo), (3.15) 

where dio is a constant independent of e, x°, and ifi. 




Proof. We use the method proposed in the proof of Theorem 3.1. The func- 
tion y(r, ifi, e) defined by equality (3.7) for x(r) = x° admits the representation 

T 

fir d 

y{r,ifi,s) = y(0,ifi,e) + / \6(x,(p,t,e) - £—U(x,p,t,e) 



d d 1 

— e—U(x, ip, t, e)a(x, p, t, e) — e—U(x, tp, t, e)b(x, ip, t, e) dt , 
ox op J 



which yields 



(r,ifi,e) || < ||y(0, ifi, e) || + (l + sup ||a|| + sup ||6||) 

G G 

T 

x V'[||A:||sup||a fc || + sup ^ + sup ^ 1 [ [ [h p {t - r k )\dt 
1 G G Vt g Ox J IJ 



1 ~ h p (t - T fc ) d_ 1 - h p (t - r k ) 
|(fc,u;(i))| dt ( k,u{t )) 



(3.16) 
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If r G [0, 1], then inequalities (3.5), (3.13), and (3.16) for p, = sfe yield 
\\y{T,f>,£)\\ < dun, dn = ddi 2 + (1 + 2d 4 )d 4 (4 + d 9 ). (3.17) 

If r > 1, then, in view of (3.12), estimate (3.16) takes the form 

\\y(T,^,e)\\ 

< — df 2 di + (1 + 2df)d4, Ap + (36d|[ 2 + df 1 (ds + dylnr))— . (3.18) 

(i i /iJ 

Let ((7 = 0 . Then relations (3.17) and (3.18) for p = y/i yield 

||y(r,^,e)|| < di 2 y/s, 

di 2 = max{dn; d|f 2 d 4 + (1 + 2 d 4 )dzt (4 + 36 df 2 + d|f ^s)}, 

|| x(T,x°,ip,£) -x°|| < ||y(r,V’,£)|| + esup ||(/|| < (d^ 2 d 4 + di 2 )Ve 

G 

for all t G [0, 00), ip G R 2 , e G (0, £ 0 ], and x° G V p . Thus, estimate (3.15) is 
proved. 

Consider the case d~ > 0. We fix an arbitrary /3 G ^0; and set — p. 

Analyzing inequality (3.18), we establish that y(T,ip,£) satisfies an estimate of 
the form ||y(r, 'ip. e) || < cG 1 on the maximum (in order with respect to e ) time 
interval [l,T(e)] if e/r _ 1 lnT(e) = p, i.e., T(e) = exp{e - ( 1-2 ^}. Hence, for 
all r G [0, +00), ip G R 2 , £ G (0,£o], and x° G V p , relations (3.17) and 
(3.18) yield 

\\y{r,ip,£)\\ < di 3 e^, \\x{T,x°,ip,£) - x°\\ < (di 3 + df 2 df)£ P , 

d 33 = max{dn; df 2 d/i + (1 + 2 d 4 )d 4(4 + 36d|f 2 + dp 1 (dr + ds))}. 

To complete the proof of the theorem, we set dio = di 3 + d] 2 di and choose £0 
so small that 

d u 4<^P. 

The first of these inequalities guarantees that the curve x = x(t. x°, 'ip, e) lies 
in V together with its -p -neighborhood for any r G R+ if d 7 = 0 and for 

any t G [0, exp{£ _ ^ 1_2 ^}] if dj > 0. The second inequality follows from 
Lemma 3.3. Theorem 3.2 is proved. 
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Remark 4. Restrictions (3.1), (i), (ii), and (3.11) imposed on the frequencies 
(r) and ^(r) of system (3.4) arc sufficient and do not exhaust all possibilities 
of establishing the results presented in this section. For example. Theorem 3.1 

remains true if, instead of condition (ii), one assumes that — (^(r) does not 

dr 

change its sign on finitely many intervals that cover [0,oo), and Theorem 3.2 
remains true if, on the left-hand side of (3. 1 1), the integral over the segment [0, T] 
is replaced by the integral over [to,T], where To is positive and fixed. However, 
as follows from the example presented below, the restrictions indicated above are 
essential. 



Consider the problem 



dx dip i t dip 2 1 

— = xcosip 2 + smip 2 , —r~ = — — = - 

dr dr e dr e 



x (0) = pi (0) = p 2 (0) = 0, 



for which all conditions of Theorem 3.2 except inequality (3.11) are satisfied. 

Below, we show that estimate (3.14) is not true for r ~ -. Indeed, the x - 

£ 

component of the solution of this problem is determined by the relation 



T/e 

x = x(r, e) = £e £sin(r/£) J e~ £sinT sin rdr. 

o 

The integrand e _esmT sinr is 27r-periodic. Therefore, we first estimate the inte- 
gral over the segment [0, 2-k] . We have 



2n 



e~ £sinr sm TdT = / ( e - £sinT - e £sinT ) sin rdr 



o 



/ f 2 ■ 2 7 £7T 

< — £ sin rdr = . 

./ e 



o 



e 
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We set r = 2tteE{e 2 }, where E { a } is the integer part of the number a. Then 



2irE{e 2 } 



x(2l teE{e 2 },e)=£ 



e- £smT sin TdT 



eE{e~ 2 } [ e ~ £s[nr sin rdr < — — (1 — e 2 ) < - — 
J e 2e 



for c 2 < Hence, 






| x(t,e) — 0| > — for r = 2tteE{e } ~ . 

& 



4. Justification of Averaging Method for 
Oscillation Systems with uj = uj ( x , r) 

Consider a multifrequency system of the form 



jf = a{x, ip, t) + eA (x, (p, t, e), 



dp uj(x,t) 



+ b(x,p,T, e), 



where (x, tp,T,e) G V x IE" x i? + x (0, sf = G and the real vector functions a, 
A , u j, and b belong to certain classes of smooth functions 27r-periodic in p u , 
u = 1, m, m >2. We also consider the corresponding averaged (with respect to 
p) system of equations of the first approximation for slow variables: 



27 r 2n 



^ = a (x, t) = (27 r) m j ... J a(x,p , r) dpi . . . dp m ■ (4.2) 

o o 

The main result on this section is the following: we establish an estimate for 
| j x — x 1 1 on a finite time interval and prove an analog of the Banfi-Filatov theorem 
[Fil, Ban] for systems of the standard form in the case of an infinite time interval. 
For a two-frequency system, the estimate 



lx — x\\ < c s/e In 2 - Vr G [0, L\ 
£ 
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was first established by Arnol’d [Arn2]. Later, Neishtadt improved this estimate 
as follows: ||x — x\\ < Cyfe [Arn4], The main assumption was the following: the 

rate of the variation of the ratio of frequencies — along integral curves of system 

U) 2 

(4. 1) is nonzero. This assumption becomes obvious if we represent the equation 
(k, uj(x, t)) = 0, k ^ 0, of the resonance surface in the form 

ui(x,t) _ k 2 
uj 2 (x,t) ki ' 

In other words, the resonance surfaces in the two-frequency case arc level sur- 
faces. If the number of frequencies m is greater than 3, then the structure of 
such surfaces is often fairly complex, which significantly complicates the inves- 
tigation of multifrequency systems. Therefore, it is necessary to impose certain 
restrictions on resonance surfaces [Bakl, Gre, GrRl-GrR3, Neis2, Sam5]. One 
should also note Khapaev’s paper [Khal], in which the restrictions considered are 
related only to resonance harmonics of the function a(x, ip, r) ; however, in this 
case, the estimate of the error of the averaging method is not expressed explicitly 
in terms of e. Below, we establish the estimate ||x — x|| < C\fe under analogous 
assumptions for system (4.1). 

Assume that x = x(t) is a certain solution of Eqs. (4.2) defined on the 
semiaxis R + and lying in V together with its p-neighborhood. Denote by P the 
set of m-dimensional vectors k = (k\.. . . , k m ) with integer- valued coordinates 
for which the Fourier coefficients afc(x,r) of the function a(x,<p, r) arc not 
identically equal to zero on the set V Pi (x(t)) x R + , where 

V Pi (x(t)) = {x : x G V, || x — x(r)|| < p\ V r e R + } 

and pi E (0, p\ is a fixed constant. 

d d 

Assume that the functions lo(x,t), —u(x,t), and — c o(x,t) ai - e con- 

ox or 

tinuous on V x R + and, for all k E P and (x, tp, r, e) E G, the following 
inequality is true: 



\(k,u(x,T))\ + \(k,n(x,ip,T,£))\>ai\\k\\ s , (4.3) 



where a\ > 0 and s > 
products of vectors, 

n(x,<p,T,e) 



— 1 arc constants, (k,u) and O) are the scalar 



dco(x, t) 8lo(x, r) . . . 

v ; + X ; 6(x,<p,T,e), 



Or 



dx 



6(x,ip,T ,£ ) = a(x, r) + ^ a k (x, r)h £ <* ((fc, u(x, r))) exp{i(fc, ip)}, 

keP 
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h a (r ) for d = e a is the function defined in Section 3, and a G 



r 1 

°'2 



is a fixed 



constant. 

For s = —1, condition (4.3) is an analog of condition (23) in [Sam5], which 
allows one to obtain a uniform estimate for the oscillation integral. Also note that, 
by virtue of the finiteness of the function h e a ((k, lo)). restriction (4.3) deals only 
with the resonance harmonics of the function a. This restriction was analyzed in 
[Kha2], 

Assume that the following conditions are satisfied: 



[ix>(x, r); a(x, tp, t);A(x , ip, r, e)\b{x, p, r, e)] 6 C^ T (G, a 2 ), 



F) f] 

a&C l MG,a 2 ), a 2 ), ^ € C l *(G, a 2 ), (4.4) 



dr ^ * 
s + 1 



dx 



h > m + 1 + max{ 0; 2s; ll, min{/2; h} > m + max{0; s}, 

t 1—2 a > 

where a 2 is a certain constant. We also assume that there exists a solution 
(x(t, e); ip(r, e)) of system (4. 1) defined for any (r, s) £ R+ x (0, £o] and lying 
in Pi (x(t)) x R m . 

9 rl 



Lemma 4.1. If f(r) = (/i(r), . . . , f n (r)) £ C ^ , L > 0 is a constant, 
and conditions (4.3) and (4.4) are satisfied, then, for s > —1, one can find a 

2ct-l 

sufficiently large number N ~ £ 2 ( s +r) such that, for all (r, r, t,e) £ P + x 
R + x [0, L] x (0, £i] and k £ Pj\r = {k: k £ P, ||fc|j < N}, the oscillation 
integral 



I k (T,T,t ,£ ) 



r+t t 

J f(t) exp | - J (k, u(x(z , e), 2)) cfe j dt 

T T 



satisfies the inequality 



l-^fell < cr^y/e (1 + 



" +1 r max \\f(t)\\ 



+ 



max 

[t,t+L\ 



d L 

dt 



fit) 



where <73 and £1 £ (0, £0] are constants independent of r, r, t, 
s = — 1, then (4.6) holds for all k £ P. 



(4.5) 



(4.6) 



£, and k. If 
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Proof. For (r, e) £ R + x (0,£o], we consider the functions 



U{t,£)=eY j -. 



y{r,e) = x(t,£) + U (r, e), 
a fc (x(r,e),r) 



^ p i{k,u(x{T,e),T)) 

x [1 - h. M ((A:,cu(a;(T,e),T)))]exp{?;(A:,v7(r,e))}. (4.7) 

The smoothness conditions (4.4) and the estimates for the Fourier coefficients 
V(t, e) £ x (0,£o] presented in [BMS] yield 

\\U(t,£)\\ < £ 1_Q ^sup ||a fc || < £ 1 ~ a ^2m ll a 2 \\k\\~ l1 
0 G 0 



< £ 1 - a m ll 2 m G 2 ( 1 + 7 ) = G4£ 1 ~ a 

V 1 1 — mJ 



We set 



1 1 
1 .. _-l\ 



e 2 = mm|^-p 1 a 4 



)‘^4 



Then, for r £ and £ £ ( 0 , 62 ], the curve y = y{r,£) lies in T> Pi (x(t)). By 
direct differentiation, one can easily verify that 

= <5(^(t,£),^(t,£),t,£) + S(r,£), 

where the function B(t,e) is continuous in r £ R + for every fixed e and 
satisfies the inequality 



||^(r,e)|| < e 1 2a J]{sup 



1 1 . 1 1 ,, ... duj dw> \- 

x sup 0 + 17 sup a + eA sup — — + sup — — 

L V ox or / J 

dcik dak 11 . 1 , ) I, . ,, 

+ sup — — + sup -q— sup || a + EA]] j + £sup ||a|| 

< 0-58 , ( 

05 = 2 m cr 2 (2 + 18(72 + 17na 2 )m max{li;h;l3} 



/ 1 11 

x (3 + y t + y h y 

V Zi — m — 1 l 2 — m (3 — m 
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In the last inequality, the supremum is taken over all (x. ip, r, e) £ G, and this 
inequality can be established with the use of (4.4) by analogy with (4.8). 

We now consider an arbitrary vector k £ P. Assuming that x = x(t,s), 
y = y(r,s), and ip = p(r,s), we obtain 



\(k,u(y,T))\ + —(k,u(y,T)) 



> \(k,v{y,T))\ + \(k,tl{y,(p,T,e))\ - 



sup 

G 



dui 

dx 



X ( sup \\B\\+ sup \\5(x,<p,t,s) - 6(y,<p,T,£ 
' r,c & 1 



t£R+ 



(4.10) 



Using inequalities (4.8) and (4.9) and conditions (4.4), we get 



\\ B (i~,e)\\ + || S(x,<p,T,£) - 6(y,ip,T,e)\\ < a 6 e 



1-2 a 



cr 6 = cr 5 + <T 2 (T4[n + (16n<j 2 + l)]2 m ( — 

\<i 



m 



m a 
+ + 2 



— 771—1 (3 — 777 



which, together with (4.3) and (4.10), yields 

\{k,u{y(r, e),r))| + -^(k, u(y(r, s), r)) 



> — \\k\r s 



(4.11) 



for s > —1, £ £ (0,£ 2 ], r £ R + , and k £ Pjyp here, 

l V 2rwj20‘o / J 



and U { t} is the integer part of the number t. If s = —1, then inequality (4.1 1) 
is satisfied for all k £ P and 



£ < £3 = min 



|e 2 ; (2na 1 V 2 cr 6 ) 2 “- 1 1 . 



It follows from (4.11) that, for all k £ Uvj and s > —1 or for k £ P, 
s = —1, £ £ (0,63], and tq £ [r, r+f], at least one of the following inequalities 
is satisfied: 



\(k,u(y 0 ,T 0 ))\ > -ai\\k\\ 



— {k,u>(yo,T 0 )) 



1 

~ 4 0 " 1 



(4.12) 
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where yo = y(ro,e). Let \(k, ut(yo, ro))| > |cri||A:|| s . Then, according to the 

II d 

Lagrange mean-value theorem and the condition of the boundedness of 



on the segment 



dr 



U) 



T <E [70,70 + 4], 4 = — '-[1 + n(<T 4 + <T 5 )] 1 ||A;|| s \ 

OO " 2 



we have 



|(fe,w(y(r,e),r))| > -<ri\\k\\ 

In view of (4.7) and (4.8), this estimate yields 

\(k,u(x(T, e),r))| > 



(4.13) 



N 2 = minjiVi; E^a ^ +1 £ 3+1 07 = ^ — no 204 ^ 



for all r £ [to, to + 4 ], £ £ ( 0 + 3 ], s > — 1 , and k £ P/v 2 , where 

'16 n-i 

vCTl 

1 

For s = — 1 and £ < £4 = min {£ 3 : o-f -1 }, estimate (4.13) holds for all k £ P. 
If the first inequality in (4.12) is not satisfied, then, by virtue of the continuity 

of the function — (k, uj(y(r, e), r)) in r, the inequality 
dr 



^l(k,u(y(T,£),T)) >^CTi||fc|| 



(4.14) 



holds on a certain segment [to, a*,] of maximum length that does not exceed 4 - 
Let 4 denote the minimum point of the function \(k,u(y(T, £),r))| on this 
segment. It follows from (4.14) that 

\(k,uj(y(T,£),T))\ > ^<7! ||A;|| -s |t - 4| Vr £ [r 0 ,a fc ]. 



Therefore, 



|(A: ) w(x(r,e),r))| > -^< 7 i||fc|| 

Vr £ [r 0 , a fc ]\[4 - y/s, 4 + x/i] 



(4.15) 



for 



s > 



( 1 2a-l 1 

— 1 , ££(0,64], k £ Pi\7, IV = min |T7 {o- 7 +1 £ 2(s+1) }; • 
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If s = —1, then estimate (4.15) holds for every k £ P and e < £\ = 

2 

rnin{c 4 ; a^ 2a }. 

We now represent /). ( r. r, f, e) in the form of the sum of the integrals 



q k - 1 T+ Y +1) T Y 

h=J 2 / Fdt + 



Fdt, 



(4.16) 



r+<5fcr 



'r+5fc<7fc 



where F is the integrand of integral (4.5) and g*. is the integer part of the number 



+x-l 
k ’ 






1 



< — 8ct 2 L[1 + n(cr 4 + 05 )]||fc|| s+ = cr 8 1 
01 



I 5+1 



Let us estimate each integral on the right-hand side of (4. 16). If the first inequality 
in (4. 12) is satisfied at the point tq = r + 4/.r. then, integrating by parts and using 
(4.13), we get 



r+<5 fc (r+l) 

[ Fdt 


- £< 1 


[— Sk \\k s max 




J 

r+S k r 


1 


[01 [t ,t +L\ 


dt 



+ 



(na 2 + 1)<T2 



l+2s 



01 



, r max rl ll/WII 

J [r,r+L] 



(4.17) 



Now assume that, at the point tq = r + ()/.r, the first inequality in (4.12) is 
not satisfied, but the second inequality in (4.12) is true. Then, on a segment 
of length 2y/s, the integral under investigation can be estimated by the value 
2\fe max ||/(t)||, and, outside this segment, inequality (4.15) holds. Therefore, 
the following estimate holds for a-/,. < r + 5k(r + 1) : 






Fdt 



r+5kr 



< 2 



Vi{ max ||/(t)||(l + — \\k\\ s ) 
f [t,t+L\ V <7i / 



64 I 

01 



+ max 

[r,r+L] 



s'<‘> 



16 

01 



'}• 



(4.18) 
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Note that if a k < r + <)/.(/• + 1). then the definition of the number a k yields 

\(k,u(y(a k ,£),a k ))\ > ^-\\k\\~ s . 

In view of this inequality, the integral of the function F over the segment [a kl T+ 
Sk(r + 1)] can be estimated from above by the value presented on the right-hand 
side of (4.17). Combining (4. 1 6)— (4. 1 8), we obtain estimate (4.6) V A: <G / J v for 
s > — 1 or \/k G P for s = — 1 with the constant 

<x 3 = —L + 2 (1 + <r 8 ) ( 1 + — ) + ( — ) (2 + 2 na 2 ) cj 2 L. 

a i V (Tj/ Vffj/ 

Lemma 4. 1 is proved. 

Theorem 4.1. Suppose that there exists a solution x = x{t) of the averaged 
system (4.2) that lies in V together with its p-neighborhood Vr G [0, L\ and 
conditions (4.3 ) and (4.4) are satisfied for r G [0, L\ . Then one can find constants 
£o C (0, £o] an d erg > 0 such that 

\\x(T,x(0),ip,£) — x (r) || < cr 9 \fe (4.19) 

for all r£ [0,1], ip G R m , and e G (0,£q]. 



Proof. It follows from the conditions of the smoothness of the right-hand 
side of system (4.1) that the slow variables x(T,x(0),ip,£) of every solution 

(x(T,x(0),ip,£)]<p(T,x(0),'ip,£)), ip G R m , £ < £oi lie in the -p\ -neighbor- 
hood of the curve x = x(t) for all r from a certain segment [0, Lf\ C [0, L\, 
L\ = Li(ip,e). Here, p\ G (0,p] is the constant determined by condition (4.3). 
Then it follows from Eqs. (4.1) and (4.2) and the Gronwall-Bellman lemma that, 
for any r G [0, Lf, 

ea 2 L + Lsup || Rnci(x, r)|| 

G J 



x(r,x(0),ip,e) — x(r)|| < e Lnt 72 



T 




a k (x(t,x(0),ip,£),t) 



exp {i(k, 0)} 



xexp|- f (k, u>(x(z, x(0), ip, e), z))dz^ dt, (4.20) 



o 




Section 4 Justification of Averaging Method for Systems with uo = uj (x, r) 59 



where 



and 



0 = ip(t,x( 0 ), 1 p ,£ ) 



t 

J u z)dz 

0 



R N a (x, tp,r) = ^ a k(x, t ) exp {i(k, 99 )} 
\\k\\>N 



for s > —1. If s = —1, then we set Pr\r = P and R^a{x, ip, r) = 0. Here, N 
is the number defined in Lemma 4.1. It is obvious that 

X 2a — 1 2 ( s+1 ) 

N > -crios 2(a+1) Ve G (0,e o ], £0 < Vio~ 2a , 

(T 10 = min|cr 7 s+1 ; (-^-2n<7 2 cr 6 ) 8+1 1. 

The smoothness conditions (4.4) for the function a(x, ip, r) guarantee that 



sup \\R N a(x, <p,t)\\ < ^2 sup \\a k (x,T)\\ < ^ a 2 m h ||/c|| h 
||fc||>iV G ||fc||>JV 



G 



< 2 m m h a 2 r m ~ 1 ~ h ^ 2 m m Jl <7 2 I r m - l ~ h dr 

r=N+l 



N 



, 1 , (i 1 -m)(l-2a) 

= 2 m 7B /l <7 2 - N m ~ h < (THE 2 ( S +D , (4.21) 

(1 — m 

2 m m ll a2 ( 2 \h-m 

<711 = 

<1 — m VrT 10 / 

for s > —1. Using Lemma 4.1, conditions (4.4), and inequality (4.21), we obtain 
the following estimate for s > — 1 : 

(Z^— ra)( 1 — 2 ck) 

\\x(T,x( 0 ),f,£) - x(t ) || < <Ti 2 (\/i + £ 2(s+1) ) < ‘lo\2\fe = cr 9 v /i, 

2(«+U 

where r G [0, L\], G R m , e < rnin{co; (jf G _2 “ ; £ 1 } = e 0 , and 
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cri2 = e 



LncT2 



a 2 L + criiL + 2 m a 2 a 3 (l + (7 2 )m max{ ' i;W3} 



x 

+ 



+ 



U — 2s — 1 — m U — m — s — 1 



l 2 — s — m l 3 — s — mJ \ 



Here, £ \ is the constant defined in Lemma 4.1. It is easy to see that the last 
estimate remains true if s = — 1. We set 



£ 0 = min |£ 0 ; (^—4(79 J j, 

which guarantees the validity of the inequality 

\\x(t,x(0), -(/),£) — x(r)|| < | pi Vr G [0,Li\. 

This inequality and the smoothness conditions for the right-hand side of system 
(4.1) allow one to extend the solution (x(t, x(0), ip, e); <p(t, T(0), i/j, e)) to the 
entire segment [0,L]. In this case, inequality (4.19) does not change. Theo- 
rem 4.1 is proved. 



As an example, we consider the Cauchy problem 

dx 

— = \[fi(x,<p,r) + f 2 (x,tp,r) +cosv7 + 2.5], x (0) = 0, 

CLT ~ 



dip 

dr 



A 

£ ’ 



d<P 

dr 



x 

5 



dip 

dr 



t + 2 



m = m = o, <p(o) = o , 



where x, ip , and P are m-dimensional vectors, rn > 2, x G V = {x\ \ x \ < 



3 1| A|| } , ip is a scalar, r G [0,1], A = (Ai,...,A m ) is a constant nonzero 
vector, and f\ and f 2 arc scalar 27r -periodic (in p and P) functions satisfying 
conditions (4.4) for a = 0 and s = m + 1. We also assume that the Fourier 
coefficients /i ^ and f 2 .k of the functions fi and f 2 satisfy the relations 



fi,o(x,r) = f 2fi (x,T) = 0, ^[|/i,fc(a;,T)| + \f 2 {x,T)\\ < 2, 

kpO 

and the vector A and every nonzero vector k = ( k \ , . . . , k rn ) with integer- valued 
coordinates satisfy the inequality 



\(k, A) | = \J2kvK 

' v=\ 



> 



c 

i ffcipfi’ 



c = const > 0. 
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It is known [Arn4] that, in the ball ||A|| < 1, the Lebesgue measure of the num- 
bers A = (Ai, . . . , A m ) for which the last inequality is not true tends to zero as 
c — > 0. In our case, the Cauchy problem for slow variables averaged with re- 
spect to all angular variables has the solution x(t) = 2.5A r, which lies in V 

together with its -||A||-neighborhood for any r £ [0, 1], It is easy to verify that, 
for the system under consideration, inequality (4.3) is satisfied for s = m + 1, 
a = 0, and ay = min j ^ ; 2 j . Therefore, according to Theorem 4.1, for any 
(r, e) £ [0, 1] x (0, £q] (sq is sufficiently small), the following estimate is true: 

\\x(t, e) — x(t) || < c \fe, c = const. 

Note that, in this special case, we cannot use the results of [Sam5, Khal, Kha2] 
for the justification of the averaging method. 

We now study the problem of the qualitative relationship between solutions of 
original and averaged equations on the infinite time interval [0, oo). 

Theorem 4.2. Suppose that the following conditions are satisfied: 

(i) conditions (4.3) and (4.4) are satisfied; 

(ii) there exists an asymptotically stable solution x = x(t). t £ R+, of 
Eqs. (4.2) that lies in V together with its p-neighborhood. 

Then the following assertions are true: 

(a) there exist positive constants (X13, 0T3, and (3 < p such that, for all 
t £ R . |_, e £ ( 0 , 1 x 13 ], <p° £ R m , and x° £ Vp(x(0)), the slow variables 
x(t, x°, <p°, e) of every solution (x(t, x°, ip°, e); <p(r, x°, <p°, e)) of system 
(4.1) are uniformly bounded, i.e., 

\\x(T,x 0 ,ip°,£)\\ < <xi 3 ; (4.22) 

(b) for arbitrary p £ (0, /3) , there exists e(?y) > 0 such that 

\\x(T,x(0),(p°,e) - x(t)\\ <q (4.23) 

for all t £ R . |_, tp° £ R m , and e £ (0,e(p)]. 

Proof. According to the definition of uniform asymptotic stability [Fil], for 
the number -p one can find (3 > 0 such that \\x(t, t, x°) — x(r)|| < -p for all 
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r > f G R. |_, provided that ||x° — x(t) || < /?. Here, x(r, i, x°) is a solution of 
system (4.2) that satisfies the condition x(t, t, x°) = x°. Moreover, one can find 

a constant L = L(p) such that || x(r, f, x°) — x(r)|| < -(3 for r > t + L. 

Using Theorem 4. 1 , for e < min j ^ ^ ; £o | = cf 13 we get 

||x T (0,X°,</?V) — x(t ) || 

< ||x T (0, x°, e) - x(r, 0, x°) II + ||x(r, 0, x°) - x(r) || 
<cr 9 s/s+^pKp Vr G [0, L), (4.24) 

||xl(0,x°,99 0 ,£) -x(L) || < CTg \[e + ^ (3 < (3, 

i.e., the point x° = xr(0, x°, ip°, s) is located in the /^-neighborhood of the 
point x(L). Here, £q and <79 arc the constants defined in Theorem 4.1, and 

(x T (t, x°,ip°,e); <p T (t, x 0 ,ip°,e)) is a solution of system (4.1) that passes through 
the point (x°;<^ 0 ) at t = t. 

We now consider the time interval [L, 2 L\. By analogy with the above rea- 
soning, we can establish the inequalities 

|| x t (L, x°, <p°,s) — x(r)|| < p Vr G [ L , 2 L), 

\\X2 l{L, x°, £°, e) - x(2 L) || < 13, (4.25) 

where = <pl( 0, x°, p°, e). Inequalities (4.24) and (4.25) yield 

||x T (0, x°, (p°, e) — x(r)|| < p Vr £ [0, 2 L), 

||^2l(0,x°,99°,£) -x(2L)|| < (3. 

By induction, for an arbitrary natural p > 3 we get 

||x r (0 ,x 0 ,<p 0 ,e) - x(r)|| < p Vr G [0 ,pL), 

\\x pL {0, x°, ip°, e) - x(pL) || < f3. (4.26) 

This yields 

||x r (0,x°,^ 0 ,e)|| < p + sup ||x(r) || = cti 3 

R+ 

for all r € R+, G R m , x° G Vp(x(0)), and e G (0, 0^13] . Thus, asser- 
tion (a) is proved. 
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We now fix an arbitrary rj G (0, if. According to the definition of uniform 
asymptotic stability, for 7] there exist constants p > 0 and Li = L] ( //) > 0 
such that the inequality |x'° — x(t) || < /a yields 

\\x(T,t,x°) -x(r)|| < Vr > t, 

\\x(t, t, x°) — x(r)|| < ^p Vr>r + Li. 

The further proof of assertion (b) is based on inequalities (4.24)— (4.26) with if p, 
L , and x° replaced by p, ?/, L\, and x(0), respectively. In this case, e(rj) = 

minjeo; }) an d 4 ) and ag are defined in Theorem 4. 1 for L = L\. 

Remark 5. If, in addition, we assume that a(x, r) G C^fD x /?_ . < 72 ) and 
the normal fundamental matrix Q(t, t ) of solutions of the variational equation 

-f - = — a (x(t),t) z satisfies the inequality 
dr ox 

\\Q(T,t)\\ <Ke~^ T ~V Vr > f G R+, 

where /\ and 7 arc certain positive constants, then estimate (4.23) takes the form 
\\x (r, x(0), e) — x(r)|| < o^s/s, 014 = const. 

The proof of this statement, in fact, repeats the proof of Theorem 2.4. 



5. Averaging over All Fast Variables in Multifrequency 
Systems of Higher Approximation 



Consider the case where system (4.1) can be represented in the form 



dx 

dr 



Y A s(x, t)e s + £ r+ 1 a(x, ip, r, e), 



5=0 



dp 

dr 



r— 1 

Y B s (x,t)e s + £ r b(x,p,T,e), 

S=— 1 



(5.1) 



where r is a nonnegative integer and B-\(x,t) = uj(x. t) f 0. m> 2. The 
principal difference between system (5.1) and (4.1) lies in the fact that the func- 
tions A s and B s _ 1 , s = 0,r, in (5.1) depend only on the slow variables x and 
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r and do not depend on the angular variables ip. For r = 0, Grebenikov and 
Ryabov [GrR3] justified the method of averaging with respect to the time vari- 
able along a solution of the generating system under the assumption of isolated 
resonances. Since, in the case of the existence of resonances, the values obtained 
by averaging with respect to time and with respect to all fast variables do not 
coincide, the averaging scheme proposed in [GrR3] is, in fact, a scheme of av- 
eraging with respect to a paid of fast variables. Below, we justify the averaging 
method for (5.1) with respect to all angular - variables and establish the quantitative 
dependence of estimates on the value of the small parameter. 

Assume that 

[A s (x,t);B s -i(x,t)] G C l XT {V x [0,L],cr), s = 0,r, 



[a{x, ip, t, e); b(x, ip, r, e)] G C l XT (G, cr), l > m, 



(5.2) 



£ 

kA 0 



11*11 



[sup I 



Ck I 



1 

M 



sup 

G 



dc k 



dr 



+ sup 
G 



dc k 



dx 



< ci, q > 0, 



where c\ is a constant independent of e, C}- = cj-ix, r.s) are the Fourier coef- 
ficients of the function c(x, <p,r,s) = [a(x, <p, r, e ) ; b(x, i p , r, e)] 27r -periodic in 
p, G = Px[0,L]x (0, e 0 ], and G = G x R m . 

Consider the system averaged with respect to all variables ip : 



dx 

dr 



Y, A s (x, r)e s + e r+1 a(x, t, e), 

s=0 



dip 

dr 



r— 1 

y B s (x, r)e s + e r b(x, t, e). 

.s= — 1 



(5.3) 



We denote by (x(T,y,i/},£)-,tp(T,y,ip,£)) and (x(t, y, e); tp(r, y, ip, e)) the so- 
lutions of (5.1) and (5.3), respectively, that take a value (■ y ; ip) (= 'D\ x RP" for 
r = 0; here, V\ is a certain domain in V. 

Assume that, for all r G [0, L], y G T>\, and e G (0,eo], the curve 
x = x{r,y,£ ) lies in V together with its p-neighborhood ( p is a constant 
independent of e and y ). 

Using the smoothness conditions (5.2) and the Gronwall-Bellman lemma, we 
deduce from (5.1) and (5.3) the a priori estimates 

II x(t, y, r/>, e) - x(r, y, e) || < 2 L Cl e Lnc ^ r+1 h r+1 = c£ r+1 , 



\\ip{r,y,ip,£) - p{r,y, ip, e) || < [Lracic(l + r) + 2ci]e r = c£‘ 



(5.4) 




Section 5 Averaging over All Fast Variables in Multifrequency Systems 65 



for all t G [0,L], y € D i, if G i? m , and e G (0,£o]- The condition eq < 
( / 9(2c) _i )-+ 1 guarantees that the solution (x(r, y, if, e); <£>(r, y, if, s)) of system 
(5.1) is defined for all r G [0,L], and the curve x = x(t, y, if, e) lies in V 

together with its -^-neighborhood. The order of the second inequality in (5.4) 
with respect to e is less by one than the order of the first inequality because, in 
system (5.1), uj depends on x. and the rate of the variation of angular variables 
is proportional to e _1 . 

The problem is to improve estimates (5.4) under certain additional restrictions 
by replacing r in these estimates by r + a, a = const > 0. Assume that, for 
all (x,t) G V x [0, L] and certain p, m < p < l, the following inequality is 
true: 

det(Wjf (x, t)W p (x, t)) f 0, (5.5) 



where 




u. 



■(x,t) 



p,m 

jx= 1 



and the total derivatives of the functions w v (x,t) with respect to r arc calculated 

dx 

along the solutions of the equation — - = Aq(x, t). 

dr 



Theorem 5.1. If x = x(r,y,£ ) lies in T> together with its p-neighborhood 
f(r,y,E) G [0, L] xP i X (0,£o] an d conditions (5.2) for q = 0 and (5.5) are 
satisfied, then there exists a constant C 2 such that 

\\U{T,y,ip,£)\\ < c 2 e r+1+ r V(t, y, ip, e) G [0, L\xV\x R m x (0, e 0 ], (5.6) 

where £o is sufficiently small and U = (x(r, y, if), e) —x{t, y, s ) ; ey>{r, y, if>, e) — 
Efi(T,y,lf,£)). 



Proof. Denote by Vi p the closure of the set of points that lie in V together 

with their -p -neighborhoods. Under the conditions of the theorem, we have 

Pi / 0 . By virtue of the continuity of the functions 

2 ^ 



dd - 1 
dr I -1 



oj v (x,t), 



u = l,m, j = l,p, 



on the set Pi x [0, L\ and inequality (5.5), there exists a constant C 3 > 0 such 
that 



det(W p (x,t)W p (x,t)) > c 3 V(x,r) G Vi p x [0,L], 



(5.7) 
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Further, we consider the matrix 

( dp~ l \p,m 

where the total derivatives of u u (x,t) with respect to r arc calculated along the 
solutions of the averaged equations (5.3). It is clear that 

det(Wjf(x, t, e)W p (x, r, e)) = det(Wp(x, t)W p (x, t)) + eA(x, r, e), (5.8) 

where A (x,r,e) is expressed in terms of the functions u u (x, r), v = l. m, 
As(x, r), s = 0, r, and a(x, r, e) and their derivatives with respect to r and 
x up to the (p — l)th order. Therefore, according to conditions (5.2), we have 
|A(x, r, e)| < c 3 = const V(x, r, e) 6 G. It follows from (5.7) and (5.8) for 
£o < c 3 (2 c 3 )^ 1 that 

det (Wp (x,T,£)W p (x,T,e)) > *c 3 

V(x, r, e) € i p x [0, L\ x (0, e 0 ] • 

This inequality, together with (5.2), yields 

\\(W^(x,T,£)Wp(x,T,£))~ 1 W^'(x,T,£)\\ < C 4 (5.9) 

for all x £Vi p , t €E [0, L\, and £ G (0, £o] • here, C4 is a constant independent 

Of £. 

Subtracting Eqs. (5.3) from Eqs. (5.1) and multiplying the equality for the 
angular variables by e, we get 

T 

\\U{T,y,il),£)\\ < 2nci(l + r) J \\U(t,y,ip,e)\\dt 

0 



whence 



+ £ 



r+1 



f ^c k (x,t,£)e W {i(k,¥)}dt\\, 
0 k ^° 



\\U(T,y,i>,£)\\<e 2 nc ^ L Y^ sup 

fc _^o re [°’ i l 



J C k (x,t,£) 
0 



x exp{i(fc, 0)} exp 



(fc, u(x, t)) dt > dt 



_r+ 1 



(5.10) 
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where 



9 = ip — 



t. 

J U)(x,t)dt, 

0 



x = x(t,y,e), 






Since the curve x = x(r, y, e) lies in Vi , condition (5.9) is satisfied for 
every solution x = x(t, y, e) of the first equation of system (5.3) for r £ [0, L\, 
y £ V i, and e £ (0. Sq] . Moreover, according to conditions (5.2), the total 
derivatives of the functions uj,Ax(t. y,e),r), v = 1, m, with respect to r up to 
the order l > p inclusive are uniformly bounded from above by a constant inde- 
pendent of e and y; therefore, the functions uj,Ax(t. y,e),r) and their deriva- 
tives with respect to r up to the order (p — 1) arc uniformly continuous in r 
for all (y, e) £ T>\ x (0, cq] . These arguments enable one to apply Theorem 1.2 
for oj = ui(x(t, y, e), r) and / = Ck{x(r, y, e), r, e) exp {i(k, 0)} to the estima- 
tion of the oscillation integral on the right-hand side of inequality (5.10). Thus, 
according to conditions (5.2) and (5.9), we get 

\\U(T,y,ip,£)\\ < e 2ncl(1+r)L ci<7 2 [2 + (1 + r)c 1 ]£ r+1+ r 
V(r, y, e) £ [0, L\ x T> 1 x R m x (0, £r 0 ]. 



which yields estimate (5.6). Here, 02 is the constant determined by inequality 
(1.12). Theorem 5.1 is proved. 



Theorem 5.2, Suppose that the conditions of Theorem 5. 1 and conditions 
(5.2) for q = 1 are satisfied. Then one can find constants C 5 > 0 and eo > 0 
such that 



d_ 

d'f 



U(T,y,ip,e) 



+ £ 



d_ 

dy 



U(T,y,i/;,£) 



< c 5 e 



r+ 1+ 



1 

v 



(5.11) 



for all (T,y,ip,£) £ [0, L\ x T>\ x R m x (0, £q]- 



The proof of estimate (5.11), in fact, coincides with the proof of Theorem 2.2. 

II d 

The only difference is that the order of the estimate for 



is less by one than the order of the estimate for 



oj v depend on x and, therefore. 



dy 



d 

df> 



7T U 

dy 



U 



with respect to e 
because the frequencies 



~ £ 



-1 
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Remark 6. The main assumption in Theorems 5.1 and 5.2 is inequality (5.5) 
[or the equivalent inequality (5.9)], which is a restriction imposed on the aver- 
aged system. Condition (5.5) guarantees the fast passage of the averaged system 
[and system (5.1) with regal'd for the a priori estimates (5.4)] through a small 
neighborhood of the resonance surface (k. a j(x, r)) = 0, k / 0. Note that, gen- 
erally speaking, this is not the case for multifrequency systems of the general form 
[Arn4, GrRl, GrR3, Sam5]. 



Let us formulate a theorem on the justification of the averaging method on a 
semiaxis for the system of n + m equations 



dx 

dr 



a(x, re) + sA(x, ip, r, e), 



dip 

dr 



£ 



+ B(x,<p,r,e), 



(5.12) 



where a , A, u, and B arc p > rn times continuously differentiable with re- 
spect to x, ip, and r for every fixed s, and all partial derivatives of these func- 
tions are uniformly bounded in G by a constant c% independent of e. Assume 
that A and B belong to the class of functions almost periodic in ipj, j = 1 ,m, 



OO 

[A(x,ip,T,e)-,B{x,ip,T,£)\ = 'YyA v {x,T,e)-,B v {x,T,e)\ exp{?:(A*,, <£>)}, 

u=0 



Aq = 0, Aj, / 0 for u >1, and 



OO 

v=\ 





( sup 

V G 



dC u 

dr 



+ sup 
G 




< c 6 . (5-13) 



Here, C u = [A u (x, t, e); B u (x, t, e)] and (A v ,ip) is the scalar product of the 
vectors (A^, . . . , X^) and (ipi, . . . ,ip m ). 

The system averaged with respect to p has the form 



dx 

dr 



a(x, t, e) + eAq(x, t, e), 



dp 

dr 



v(x,T,e) 

£ 



+ B 0 (X,T, £), 



where 



(5.14) 



[At; Bq] 



lirn t~ m 

t—> OO 



t 

J [A(x, ip, t, e); B(x, ip, t, £)]dip 1 . . . dip m . 
0 



0 
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As for frequencies, we assume that 



I! (Wp(x,T,e)W p (x,T,e)) 1 wJ(x,t,£)|| < c 7 V(i,r,e)eG, (5.15) 



where 



Wf(x,T,e)={^u v (x,T,e))' i 



(P 



-i 



m,p 



and the total derivatives of the functions u v (x,r,£) with respect to r are calcu- 

dx 

lated with regal'd for the equation — = a(x, r, s). 

dr _ _ 

We also assume that there exists a solution x = x(t. e) of the averaged 
equations (5.14) for slow vai'iables that is defined and lies in V together with 
its p-neighborhood V(r, z) £ R + x (0, sf . and the normal fundamental matrix 
Q(r, t, e) of solutions of the variational system 

dz 0 

— = H(t,£)z, H(t ,£ ) = — [a(x(T,s),T,s) +£A(x(t,£),T,£)], 

satisfies the estimate 

||Q(- 7 -, t, er) || < i^£ _Zl e“ 7£i2 ( T_t) Vr > t > 0, £G(0,£ 0 ], (5.16) 

where K > 0, 7 > 0, n > 0, and r 2 > 0 are certain constants independent 
of £. 

Theorem 5.3 [PeP]. If conditions (5.13), (5.15), and (5.16) for l = Z 1 + Z 2 < 
- + — are satisfied, then the solution ( x(t , x(0, £),ip, e); <p(r, x( 0 , e), 1 /’, £)) of 

Z Z Jj 

system (5.12) is defined for all r £ R + , if £ i? m , nnd £ £ (0,£o] (£0 w 
sufficiently small) and satisfies the following inequalities: 

\\x(t, x(0 , e), if, e) — x(r, e) || < c 8 £ p , c 8 = const, 



\\<p{T,x(0,e),if,e) - <p(t,x( 0 , £), -0, £) II < c 8 (l + t)£p l . 




2. AVERAGING METHOD 
IN MULTIPOINT PROBLEMS 



6. Boundary- Value Problems for Oscillation Systems 
with Frequencies Dependent on Time Variable 



Consider the multifrequency system 



dx dip 

Tt = a( w ,e), - 



w(r) 

£ 



b(x,<p,T,e) 



( 6 . 1 ) 



whose right-hand side is defined in G = V x R m x [0, L] x (0. cq] . For this 
system, we introduce the boundary conditions 



x\t=q = y G T>\, <p\t=l = f(x\ T =o,x\ T =L,£), (6.2) 

where f(y,z,e) is a known m-dimensional vector function of the variables 
( y , z, e) £ V\ x V x (0, £o] = A and T>\ is a certain domain (V i C V). 

Parallel with (6.1), (6.2), we consider the following boundary-value problem 
averaged over all angular - variables <p : 

dx 

— = a(x,T,e), x \ T=0 = y, (6.3) 

L ^p- + b(x,T,e), Tp\ T= L = f(x\T=o,x\r=L,£)- (6.4) 

It is obvious that the solution of problem (6.3), (6.4) is much simpler than the 
solution of problem (6.1), (6.2) because problem (6.3), (6.4) decomposes into two 
Cauchy problems. If problem (6.3) has a solution x = x(t. y, e) defined and 
lying in V V(r, y, e) € [0, L] x V\ x (0, £q] , then a solution Tp = p(r. y, y )°, e) 



dip 

dr 
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of problem (6.4) is given by the formulas 

T 

<p(r, y, £ ) = + 7 J k(*) + eb(x(t, y, e),t, e)] dt, 

o 

L 

= ~ J [v(t) + £b(x(t,y,£),t,£)]dt + f(y,x(L,y, e),e). 
o 

In the next section, we use the following theorem for the justification of the aver- 
aging method on the entire axis: 

Theorem 6.1, Suppose that system (6.1) satisfies all conditions of Theorem 
2.2 and the function f(y, z, e) is continuously differentiable with respect to z £ 
T> for every fixed y £ T>\ and e £ (0,eo] an d such that 

d 

sup \\f(y,z,s)\\ < oo, sup — f(y,z,s ) < oo. (6.5) 

z £T> (y,z,s)&A OZ 

Then there exists a unique solution (. x(t , y, ip, e); (p(r, y, ip, e)) of the boundary- 
value problem (6.1), (6.2), and, furthermore, this solution satisfies the inequality 

I \x(t, y, ip, e) - x(t, y, e) || + || <p(r, y, ip, e) - <p(r, y, ip , e) || < ci e? (6.6) 

V(t, y, e) G [0, L\ x V 1 x (0, e 0 ] , 

where eo is positive and sufficiently small. 

Proof. According to Theorem 2.1, the solution (x(t, y, ip, e); <p(t, y, ip, e)) 
of system (6.1) is defined for all r G [0, L], y G V\, ip € R m , and e G (0, eo]. 
Therefore, we seek a solution of the boundary- value problem (6.1), (6.2) in the 
form x = x(r,y,ip,e), ip = ip(r,y,ip,£), where ip = ip(y,e) is unknown. To 
determine ip, we substitute this solution into the boundai'y conditions (6.2). As a 
result, we get 

cp(L,y,ip,s) = f (y,x(L,y,ip,£),e), 

or 

L 

tp = f(y,x(L,y,ip ,£),£ ) - \ J [u(t) + £b(x(t,y,£),t,£)]dt - A <p(L,y,ip,e) 

o 



= ^{y,ip,s) 



(6.7) 
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where 

A <p(r,y,i>,£) = ip(r,y,ip,e) -<p(T,y,ip,E). 

It follows from the first inequality in (6.5) that there exists a constant C 2 = c 2 (y, e) 
such that 

\\f {y,z,e)\\ < c 2 {y,£) VzeV 

for every fixed y G V\ and e G (0, £o|. Furthermore, Theorem 2.1 yields 

II A <p(r, y,ip,e) || < c 3 £p V(t, y, ip, e) G [0, L\ x V 1 x R m x (0, £ 0 ] , 



where c 3 = max{ (72 ; cr 3 }, and cr 2 and cr 3 arc tlic constants defined by Theorems 
2.1 and 2.2. Thus, 



\${y,ip,£)\\ < c 2 {y ,£ ) + -L 



max 
L[0 M 



|cu(r)|| + £ sup ||6 (x,t,£) 



1 

C 3 £P 



= c 4 (y,e). 



Therefore, for every fixed y G V\ and £ G (0, £ 0 ] , the function ( h(y, e) maps 
the set ip G R m into the set T = {ip', ip G R m , ||V’|| < c 4 (y,£)}. Moreover, 
according to (6.5) and Theorem 2.2, we get 



d_ 

dip 






< sup 
A 



d_ 

dz 



f(y,z,£) 



d_ 

dip 



(x(L,y,ip,£) 



x(L,y,£)) 



+ 



d_ 

dip 



A tp{L,y,ip,£) 



< C 3 £ p (l + SUp 
^ A 



d_ 

dz 



f(y,z,£ ) 




for 



£0 < 




d_ 

dz 



f(y,z,£ ) 



1 -p 



(6.8) 



Thus, the equation ip = $(y,ip,£) has the unique solution ip = ip(y,£) G 
R m , and the boundai'y-value problem (6.1), (6.2) has the unique solution 

(x (t, y, ip{y, £),£); <p{r, y, ip(y, £),£)). 
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It remains to prove estimate ( 6 . 6 ). Using Theorem 2. 1 and Eq. (6.7), we obtain 
the inequality 

]\4 ’(y,e) ~ 4 > °|| < \\f{y,x{L,y,ip(y,£),e),£) - f(y,x(L,y,e),e ) || 

+ \\Ap(L,y,il;(y,£),£)\\ 

( <9 \ i i 

<(^l + SUp — f{y,Z ,£ ) Jc 3 £P = C 5 SP , 

which yields 

II <p(T,y,ip(y, £ ), £ ) 

< ||A^(r,y,^(y,e),e)|| + || v(T,y,ip(y,£),e) - ^(r,y,^°,e)|| 

1 n 1 

< c 3 sp + ||^(y, e) -ip \\ < (c 3 + c 5 )sp 

V(t, y, e) G [0, L] x Pi x (0,e 0 ] • 

Combining the last inequality and the inequality 

1 

I \x(T,y,i/}(y,s),£) - x(r,y, e) || < c 3 £p, 

we obtain estimate ( 6 . 6 ) for c\ = 2c 3 + C 5 . The restrictions for £0 are specified 
by Theorems 2.1 and 2.2 and condition ( 6 . 8 ). Theorem 6.1 is proved. 

Remark 1. Assume that, the function /(y, z, £) in the boundary conditions 
(6.2) is independent of y, i.e., f(y,z ,£ ) = f(z,£). Then, differentiating (6.7) 
with respect to y, we get 

dip \ d d ~ d i—t 

-Qy = [ E m- T^Ap(L,y,iP,£) - — f (x(L,y,iP, £),£)— x(L,y,iP,£) 

■ d ~ d 

L 

d f d — d 

+ i-Ap(L,y,^,e)- / —b(x(t,y,£),t,£)—x(t,y,e)dt , 
dy J dx dy J 

0 
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which yields 

I d f(y, e) 



dy 



d ~ d 

<2m\\\—f{x(L,y,'f,£),£) —x(L,y,e) 



+ C%£ v + Lsup 



d . 




d ' 


dx h(w) 


sup 


—x(r,y,£) 
dy J 



(6.9) 



for 



£0 < 



2c 3 1 + sup 



df(x,£) 



dx 



)] ", c, = c 3 (l+sup|?^||) 



We now consider more general [as compared with (6.2)] boundary conditions 
of the form [VaB] 



F(x\ t =o, p\ T =o, x\ t =l, <p\t=l, e) = 0, (6.10) 

where F(y,'ip, z,9,e) is an (n + m)-dimensional vector function. Problem (6.2), 
(6. 10) is a two-point boundary-value problem that contains slow and fast variables 
and possesses resonance properties. Note that there is a fairly complete theory of 
singularly perturbed boundary-value problems (see [VaD]), which is based on the 
method of boundary-layer functions developed in [VaB]. 

Assume that the following conditions arc satisfied: 



(a) for every e G (0, e 0 ], the averaged boundary-value problem 

dx dip u>(t) t ._ . 

— = a{x,T,e), — = b b{X,T,£), 

dr dr £ 



F(x\ t=0 , <p\ T =o, x\ t=l , <p\ t =l, e) = 0 



( 6 - 11 ) 



has a unique solution 

(x (r, x° (£),£); ip (r,X°(£),p° (£),£) = (x(t,£);<p(t,£)), 

which lies in V x R m together with its pi -neighborhood; 

(b) there exist constants cq > 0 and C 7 > 0 independent of e and such that 

F(y,ip,z,0,£) G C*^o(B,C6), B = B x (0,£ O ], 

where B denotes the C7-neighborhood of the point (x°(£), p°(e), 
x{L,£),-tp(L,e)) G J R 2 («+ m ); 
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(c) US 1 (x 0 (e),99°(e),e)|| < c% = const Ve G (0,£o], where S is the quad- 
ratic (n + ?n)-dimensional matrix defined by the equality 

S(x°(£),<p°(e),£) 




8F° dx(L,x 0 (e),£) 
8z 8x° 



+ 



8F° f d rr 



86 J dx 
o 



b(x(t, x u (z),s),t, e) 



8 x(t, x°(e), s) 
8x° 



dt , 



8F° 8F° 

+ 



dip 



86 



In this case, the values of the derivatives of the function F(y, ip, z, 6, z) 
are taken for y = x°(e), ip = z = x(L,x°(z),z), and 6 = 

Tp(L,X°{£),p° {£),£). 



Theorem 6.2. Suppose that the following conditions are satisfied: 

(i) uj{t) G P — m > an d det(Wjf (r)Wp(r)) / 0 Vr G [0, L]; 

(ii) conditions (a)-(c) and inequality (2.6) are satisfied. 

Then, for every e G (0, £o] ( £ 0 is sufficiently small), the boundary-value 
problem (6.1), (6.10) has a unique solution {x(t, e); (p(r, z)), which lies in a 

i 

cy£p -neighborhood of the solution (x(t, e); tp(r, e)) of problem (6.11). 



Proof. According to condition (a), the curve x = x(t,x°,z) lies in V 
together with its p \ -neighborhood V(r, e) G [0, L] x (0,£o]- We now determine 
from which set one must choose x in order that the curve x = x(r. x {] + x, z) 

belong to V together with its -pi -neighborhood. Using the averaged equations 
for slow variables, we get 



x(r, x° + x, s) — x(t, x°, £)|| 



< \\x 



T 

f\int, x ° + s,z 

0 



x(t, ar , e) 



sup 

G 



8 

dx 



a(x, t, s) 



dt 
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or 



||x(t, x° + x, e) — x(t, x°, e) || < p||e i<T1 V(r, e) G [ 0 , L) x ( 0 , eo]- 

Here, o\ is the constant defined by inequality (2.6). The condition | x \ < cio = 
- p\e ~ L ' 71 guarantees that x = x(t, x° + x, e) lies in V together with its - p i- 

neighborhood. For every solution (x(t,x° + x,£);Tp(r,x° + x,ip° + 
p|| < cio, f G R m , of the averaged equations, we write the representation 



n — , , n , dx(r, x°,e)_ „ . 

x(t,x + x,£) = x(t,x ,e)H 7rir - — x + X(t,x,£), 

ax u 



<p(r, x° + x, <p° + ip, e ) 

= v(t, x°, tp° , e) + j -^b(x{t,x 0 ,s),t,£) dX<yT d ^ 0 — dtx 
o 



+ ip + Y(r,x,£), 

where [according to conditions (2.6)] the functions X and Y satisfy the follow- 
ing inequality for all r G [0,L], P|| < cio, and e G (0,£o] : 

\\X(t,X,£)\\ + \\Y(t,X,£)\\ < Cll||x|j 2 , 

where the constant cn is independent of r, x, and £. 

We seek a solution of problem (6. 1), (6.10) in the form 

x(t, £) = x(t, x° + X, ip° + Ip, e) , £) = (p{r, x° + X, <p° + Ip, £) , 

where the unknown parameters x, p|| < cio, and ip G R m can be determined 
from the boundary conditions (6.10). After the substitution of the solution thus 
chosen in (6.10), we obtain 

F (x° + x, ip° + ip, x(L, x°, e) + ^ X ^ L q^o ® 

+ X(L, x°, £) + A x(L, x° + x, <£>° + ip, £),Tp(L, x°, <p°, e) 

+ ip + Y(L, x°, £) + A tp(L, x° + x, 99 0 + ip, £) 

L 

\ 

—b(x(t,x 0 ,£),t,£)-^x(t,x°,£)dtx,£j =0, (6.12) 

0 
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where 

A x{r,y,ip,£) = x(T,y,i/},£) -x(r,y,£), 
A <p(r,y,ip,£) = ip{r,y,ip,£) - Tp (r, y, ip, e). 



Taking into account condition (b), we specify admissible values of x and ip for 
staying within the domain of definition of the function F. Since Ax and A (p 
satisfy estimate (2.5), it suffices to impose the restrictions 



1 + sup — -^x(t,x 0 ,£) (l + Lsup —b(x,T,e) 



+ 2\m + \\Ax\\ + \\Ap\\ + \\X\\ + \\Y\\<c 7 



or 

p|| + IIV’II < C12 = min | — ; ci 0 ; ^c 7 [3+ (1 + Loi)ne (riL }~ 1 X 

ten 2 > 

for e 0 < c^(2c 3 )~p. 

For such (x; ip) = £, we expand the function F on the left-hand side of 
(6. 12) into a Taylor series, taking into account the smoothness condition (b). After 
obvious transformations, we get 

£ = 5 _1 (x 0 (e),¥>°(e),e)F (£,e), (6.13) 

where F(£,e) is defined for any e G (0, £o] and all £ satisfying the inequality 
||£|| < C12 and 

IX«,<r)ll <c 13 (K|| 2 + d), |Tf K , £ )|< C1 3(||£|| +e I). (6.14) 

1 

Flere, C13 is a constant independent of £ and s. The presence of the term £'“ 
on the right-hand sides of the inequalities is a consequence of estimates (2.5) and 
(2.7) for Ax and A<p and their derivatives with respect to x and ip. 

Condition (c) imposed on the matrix S and the first inequality in (6.14) guar- 
antee that S~ 1 (x 0 (£),(p 0 (£),£)F(p,e) maps the set M e = {£ : £ G R n+m i 
1 

||£|| < 2cgCi3 £ p } into itself for e G (0,£o], 

. r . r 1 C12 \i p 

£0 < mm ( . 2 2 ; \ ■ 

L 1 4cgCjg 2cgCi3 ^ J 
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Moreover, the second inequality in (6. 14) yields 

J|(S _1 (® 0 (e),^(e),e).F(£,e)) < c 8 ci 3 (||£|| + e») < ^ 

for all £ € M s and e € (0,£o]> £ o < [2 c 8 ci 3 (1 + 2c 8 ci3)] _p . By virtue of 
the fixed-point theorem, for every e G (0. sq] Eq. (6.13) has a unique solution 
£ = £(e) = (x(e); i/>(e)) G M e , and the boundary-value problem (6.1), (6.10) 
has the unique solution 

x(t, e) = x{t, x°(s) + x(s),ip°(£) + V ’( e ), e ), ¥>( r , £) 

= y>(r, x°(e) + x(e), <p°(e) + ^(e), e), 

whose initial data x°(e) + x(e), ip Q {e) + tp{e) lie in the 2c 8 ci 3 £p-neighborhood 
of the initial data (x°(e); (/9°(e)) °f the solution of the averaged boundai'y-value 
problem (6.11). Also note that, according to Theorem 2.1 and conditions (2.6), 
the following inequalities are true: 

||x(r,e) -x(r,e)|| + Mr,e) -Tp{r,e ) || 

< ||x(r, x° + x, <p 0 + e) — x(r, x° + x, e) || 

+ || tp(r, x° + x, v? 0 + tp, e) - ^(r, x° + x, + tp, e) || 

+ ||x(t, x° + x, s) — x(r, x°, £) || 

+ ||^(r, x° + x, e) - ^(t, x°, ¥>°, e) || 

< {c 3 + [(1 + Lai)ne aiL + l]2c 8 ci 3 }ep = c 9 £p 

V(r,e) G [0, L] x (0,£ 0 ], 

Theorem 6.2 is proved. 




(6.15) 
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and the corresponding problem averaged with respect to p\ and ip 2 '■ 

dx _ dpi t dip 2 t 2 

dr ’ dr e ’ dr e ’ 

x| r — o T a?| r — i 1, yr|r=0 T | r= 1 0, ^2 |t= 1 T rc | - 7 -— o 0. 



It can easily be verified that the last problem has the unique solution 

x(t, e) = 



1 + e ’ 

r 2 e r 3 - 1 1 

( Pi(P £ ) = ^~ XT’ ¥’ 2 ( T ’ e ) = — 57 X T> 

2e e + 1 3e e + 1 



and, for this solution, we have 



1 + e 0 0 



S(x 0 (e),tp°(e),e) = | e 1 0 | , 
||5“ 1 (x 0 (e),99°(e),e)|| =3 + 



1 0 1 
1 



e + 1 



Since det(ICj(r)II / 3 (r)) = (r 2 + 2) 2 / 0 Vr 6 [0,1], all conditions of 
Theorem 6.2 arc satisfied. Thus, for every sufficiently small e > 0, there exists 
a unique solution (x(t, e); <pi(r, e); ^(t, e)) of problem (6.15) that satisfies the 
inequality 



x(t, e )- 



e + 1 



+ 



£)~ 



2 £ 



+ 



P 2 (r,e) 



r 3 - 1 1 

3e e + 1 



< Cg£ 3 



for all r £ [0, 1]. 

Finally, note that Theorem 6. 1 guarantees the global uniqueness of a solution 
of the boundary-value problem (6.1), (6.2), whereas Theorem 6.2 establishes the 
uniqueness of a solution of problem (6.1), (6.10) only in a certain small neighbor- 
hood of the solution of the averaged problem (6. 1 1). 



7. Theorem on Justification of Averaging Method 
on Entire Axis 

In this section, we establish the existence of a solution (defined on the entire 
axis) of an oscillation system using the combination of the averaging method on 
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a segment and the solution of certain boundary-value problems. Note that, in this 
case, we do not use the method of integral manifolds, which requires additional 
restrictions on the equations of the system. 

Consider the system of n + m equations 

dx dtp u>(t) .. . ,_. s 

— = a(x,tp,T,£), — = b b{x,<p,T,£), (7.1) 

dr dr £ 

where the functions a, b , and oj are defined on the set (x, ip,r,e) 6 V x 
R m x R x [0, eo] = G (R n D V is a bounded domain) and 27r-periodic in 
<p u , u = 1, m. For this system, we write the corresponding system of equations 
of the first approximation for slow variables averaged with respect to all angular 
variables tp, namely 

(Jr 

— = a(x,r, 0), (7.2) 



27t 2tt 

a(x, t, e) = (27r) _m J ... J a(x, ip, r, e)dcpi . . . d<p m . 
o o 

In this section, we denote by and (x T (t, y,e); 

<p T [t. y, e)) , respectively, the solutions of system (7.1) and the averaged system 

dx , dip uj(t) -r,_ 

— = a(x, t, e) , — = + b(x, r, e) (7.3) 

dr dr £ 

that take the value (■ y ; ip) for r = t. Assume that a(x, r, e) satisfies the inequal- 
ity 



| a(x,r,£) - a(x,r, 0 )|| + 



3a(x, r, e) 


da(x, t, 0) 


dx 


dx 



< 0 \£ 



(7.4) 



V(x, r, e) 6 f)xf!x [0, eo] = G . 



Theorem 7.1. Suppose that the following conditions are satisfied: 

(i) the function c(x,ip,T,£ ) = [a(x, </?, r, e); b(x, <p, r, e)] is twice continu- 
ously differentiable with respect to x , 99, mid t for every fixed £, and its 
Fourier coefficients c/fix, r, s) satisfy inequalities (2.6) and (7.4); 

(ii) \\(Wp {r)Wp(r))- l Wp (t)\\ is uniformly bounded, and 

v = l ,m, j = l,p, p > m, 



are uniformly continuous Vr G R; 
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( Hi) there exists a solution x = £(t) of the averaged equations of the first 
approximation (7.2) that is defined Vr G R and lies in V together with its 
p-neighborhood; 

(iv) the normal fundamental matrix Q(t, t ) of solutions of the variational equa- 
dz d 

tion — = — - a(£ (r), r, 0)z satisfies the estimate 
dr ox 

\\Q(T,t)\\<Ke-« T -Q (7.5) 

Vr > t G R, K = const >1, 7 = const > 0. 

Then, for sufficiently small £0 > 0 and every (f,£) G R m X (0,£o], t/jere 
exists fl point G 27 such that the solution 

(x T (0, x°(V>, £),-tf, £); <p T (0, x°(tp, £),i/r, £)) 

of system (7.1) is defined Vr G R and satisfies the inequality 
\\x T (0,x 0 (f>,£),'f,£)-^(T)\\<a2£r V(^, T, £) G R m X R X (0, £ 0 ] , (7.6) 

where the constant 07 is independent of f and £. 

Remark 2. Inequality (7.6) can be interpreted as an estimate of the error of 
the averaging method Vr G R under the condition that the slow variables take 
the value x°(if>, e) at the initial moment of time. 

We now establish several facts necessary for the proof of Theorem 7.1. 
Lemma 7.1. If the conditions of Theorem 7.1 are satisfied and 
£ ° K fojc' ^3 = min{^;i(2iTn 2 ai + 7r 1 }, 



then 



\x T {t,y + Z{t),£) -£(r)|| < iv(||y||e 2( r *4-^), 



d 



—x T (t,y + £,(t),£) 
dy 



< Ke-lW 

for all t >t, £ G (0,£q], and ||y|| < a^{AK)~ l . 



(7.7) 

(7.8) 
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Proof. It follows from the averaged equations (7.3) and inequality (7.5) for 
the function z T (t, y + £(t), e) = x r (t, y + £(i), e) — £(r) that 



\zr{t,y + i{t),£) 



T 

< Ar||y||e _7(T_t) + J Ke~^ l) eoi +n 2 oi\\zi(t,y + ^(t),£) 



dl. (7.9) 



Assume that the inequality \\z T (t, y + £(t), e) || < <73 holds on the maximum half- 
interval [t, T ). Then relation (7.9) yields the following estimate for the function 

Vr(t,y,e) = \\z T (t,y + C{t),£)\\e^ T -^ : 



v T (t,y,£) < K\\y\\ + -Ka\e l( ~ T J vi(t,y,e)dl Vr6[t,T). 

t 

In the last inequality, we replace the sign < by = . The function v T (t, y, e) that 
is a solution of the equation constructed is determined by the formula 

v T (t,y,e) = K(\\y\\ - + ^AT<7ie 7(T_t) . 



This yields 



V T (t,y,£) < v T (t,y,e) < K\\y\\e^ T *) 



— Kaxe^-V, 
7 



or 



zAt,y + £(t),£)\\ < K^\\y\\e 2 (r Vr€[i,T). (7.10) 



Since 

(iMI + ^cne) < ^3 



for ||y|| < <73(4A") _1 and e < £q < 7<T3(4.A<7i) _ 1 , we can set T = oo in 

(7.10). Hence, inequality (7.7) is proved. 

We differentiate the averaged equations for slow variables over y. Taking 



d _ 

into account that —x t (t, y + £(i), e) = E n 

oy 



(E n is the n-dimensional identity 



matrix), we get 
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Q _ 

Q- X r(t,y + €(t),s) 



= Q(r,t) + / Q(t,1) 



d \ 



~ - 7 ^a(xi(t,y + £(t),£),l, 0 )) + (^a(xi(t,y + £(t),e),l, o) 



d 



dx 

-A sm u°) 



d _ 

—xi(t,y + £(t),s)dl, 
dy 



whence 



d_ 

dy 



x T (t,y + £(t),e) 



< Ke-^-V + K 



e + n 



+ (J \£ ] K 
7 



a i 



x J e ~^ T ~ l) 

t 



d_ 

dy 



xi(t,y + £(t),e) 



dl. 



Solving this inequality, we obtain 



d _ 

Q-x T (t,y + €(t),e) 



< K exp | — (r — t) 7 — Ko\ ^1 + Kn 2 o\ — je — K 2 oin 2 \\y\\ j 



< Ke-i^ 

for t > t, ||y|| < as(4K)~ 1 , and £ < £o < 703 ( 4/1 cri)^ 1 . Lemma 7.1 is 
proved. 



It follows from estimate (7.7) and the restrictions imposed on £0 and y that 
the slow variables x T (t. y + £(t),e) of every solution of the averaged equations 

(7.3) lie in V together with their -^-neighborhoods Vr > t. Then, using The- 
orems 2.1 and 2.2, we can write the following inequality for the function U = 
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(x T (t, y+£(t),e)-x T (t, y+£(f), e); <p T (t, y+£(t),ip, £)-<p T (t, y++f{t),ip, e)) : 



+ <a,er 



(7.11) 



Vr<E[f,f + L], \\y\\ < o 3 (4K) \ eG(0,e 0 ], ipeR m , 

where the constant <74 depends on L and does not depend on t, y, ip, and e. 

Proof of Theorem 7.1. Let 

2 1 

L=-ln(8mK) and j|y|| < 2 < 74 £p . 



For £0 < ySa^Kj , inequalities (7.7) and (7.8) yield 

II x T (t,y + £(t),e) — £(t)|| < K (2ct^£p + -cie) Vr > t, 

\-^x T (t,y + Z(t),£)\\ < 2- \/r > t + L. 

We fix an arbitrary ip 6 R m and consider the boundary conditions 

x\ T =-L = y + f(-L), <p\ T=0 = 1p. 

According to Theorem 7.1, there exists a unique solution 

(x t (-L, y + £(-L), V> (1) , e); <p r (-L, y + £(-L), ip w , e)), 
ipW = ipW(y + ^-L),lP, £ ), 



(7.12) 



(7.13) 



of the boundary-value problem (7.1), (7.13), whose slow variables, with regal'd 

p 

for (7.11) and (7.12), satisfy the following conditions for £0 < ( 7T—77 I 1 : 

\2aiK J 



\x r (—L,y + £(— L), s) -f(r)|| 

< I \x r (-L, y + £(-L), ip^\ £) - x t (—L, y + £(-L), e) 
+ || x T (-L,y + £(-L),£) — £(t)|| 



< a^£P + K ( —0\£ + 2cT4£P ) < 2 (K + 1)<74£ 
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for all t e [-L, 0 ) and 

||x 0 (-L, y + £(-L), V> (1) , e) - f(0) || 

< CT4£P + K (^-Ol£ + 2(T4£P e~2 L ^J < 2o4£P . (7.15) 

Note that, for e < £q < min{( 8 m< 74 ) _p ; ( 204(1 + £t 5 )) _p }, the function = 
V’ 1 (y + £(— L), ip, e) satisfies inequality (6.9), namely 

Q l r 1 l 

— t/a ' < 2 m\L(JiK + <74 £p] < 2 m Lo\K + <75 1 - oqeWl + <75) 

ay L 8m J 

<05 = AmLKoi + -. (7.16) 

We now consider the boundary conditions 

x\r=-2L = y + £(- 2 L), (p| r =-L = V’ ( 1 ) (a:|r=-L,V ; ,e)- (7-17) 

By analogy with the above reasoning, we find the unique solution 

(*r(-2 L, y + £(-2 L), ^ (2) , e); <Ft(- 2 L, y + £(-2L), Y> {2) , e)), 

^ (2) = ^ (2) (y + ^(-2I(),^,e), 

of the boundary-value problem (7.1), (7.17), for which the following estimates are 
true: 

tM-2 L, y + Z(-2L),^ 2 \£) - £(r) || < 2(76 + l)<r 4 e* Vr G [-2 L, - L ), 
||x_ Z/ (-2L,r/ + ^(-2L),^ (2) ,e) -£(-£) || < 2 o- 4 £p. (7.18) 

Further, we estimate — - — . Taking into account inequalities (6.9), (7. 11), (7. 12), 

ay 

and (7.16), we get 
i^i ~ \ d 

— V^ (2) <2 m a 5 — X- L (-2L,y + £(-2L),£) 

d _ ii- 

+ Lai max — x r (—2L, y + £(-2L), e) + o 4 £p + (7 4 (7 5 e p 
[-2L.-L] dy J 

< 2m + Lo\K + 0 - 4(1 + 0 - 5 ) £p < 0-5 
L8m. J 
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for e < sq < min{( 8777.04 ) _p ; (2oq(l + 05)) _p }- Note that the restriction £q < 
(20-4(1 + crf))~ p is determined by conditions for the validity of inequality (6.9). 
Combining (7.14), (7.15), and (7.18), we establish that 

M-2 L, y + a-2C), ^ (2) , e); <^r(-2L, y + £(-2 L)^ 2 \e)) 

is a solution of system (7.1) for r £ [—2 L, 0] and satisfies the boundary condi- 
tions 

x- 2 L (-2 L, y + a-2 L),^\e) = y + £(-2 L), 

<^o(-2 L, y + £(-2L), ^ (2) , e) = 

and the inequalities 

\\xr(-2L,y + ^(-2L),V’ (2) ,e) - £(r) |j < 2 (K + 1 )o 4 er Vr £ [-2L,0), 
H^oC - 2L, y + £(— 2L), -)// 2) , e) — ^(0) || < 2 o- 4 £p. 

By induction, for an arbitrary integer r > 2 and r £ [— rL, — (r — 1)L] we 
obtain the solution 

(• x T (-rL , y + £(-rL), V> (r) , e); <p T (-rL, y + £(-rL), e)) 

of Eqs. (7.1) that satisfies the boundary conditions 

X\t=— rL V £( r L ^ , T\T=—(r—l)L ^(®|r=— (r— 1 )Li Vh 

and the inequalities 

||x T (-rL,y + £(-rL),V> (r) ,e) - £(r)|| < 2(K + 1)ct 4 £p 
V r £ [—rL, — (r - 1 )L), 

|| x_ {r _ 1 )(-rL,y + ^-rL),^ r \e) -£(-(r- 1)L)|| < 2 o 4 sJ , 

-x-^ r \y + ^(-rL),fi,s) <0-5. 

dy 

Thus, 

(x T (—rL, y + £(-rL), ^ (r) , e); Vr{-rL, y + £(-rL), e)) 
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is a solution of system (7.1) for all r £ [— rL, 0], and 

|| x T (-rL,y + ^{-rL),^ r \e) -£(r)ll < 2 (K + l)o 4 £p Vr £ |-rL,0), 

\\x 0 (-rL,y + ^(-rL),^ r \s) -£(0)|| < 2o 4 £p , (7.19) 

^o(-rC,y + ^(-rL),^ (r) ,e) = V>- 
1 

We now fix an arbitrary y £ R" , | y | < 2 o 4 e p , and consider the sequence 

{x 0 (-rL, y + £(-rL), ^ r \y + £(-rL)), i/t, e), e)}“ 4 = MM, e)}“ v 

By virtue of the uniform boundedness of the norm of every element of this se- 

i 

quence by the number ||£(0) || + 2o 4 £p , we can select a convergent subsequence 
of this sequence, namely 

{x {r i\tp,£)}°° =1 , rj = r i (V’,e), lirn ® (rj) faM) = x°(^,e), 

J ^OO 

IMM) - C(0)|| < 2o 4 £p. 

Let us prove that a solution (x r (0, e), V’, e); yv(0, x°(ip, e), ip, e)) of sys- 

tem (7.1) is defined Vr £ (— oo; 0] and 

1 1 MO ,x°(M),M) - £(t)|| < 2 (K + 1 )ct 4 £p. 

Assume the contrary, i.e., let 

||M°> X °(M),M) - £(to)II > 2(/t + 1 )ct 4 £2 (7.20) 

for certain to < 0. Taking into account that 

x r (~rL, y + £(-rL),ip( r Xy + £(-rL),i/>, £),£) = MO, M(>, e), ^ <0 
for all t £ [—'/•/,, 0] . we derive from (7.19) for r y /, > — ro that 

||MM ( ^MMM) - CM II < 2,(K + l)cr 4 ep. (7.21) 

Using the continuous dependence of a solution on the initial data and passing to 
the limit as j — >• oo in (7.21), we arrive at a contradiction with (7.20). 

For r £ [0, oo), estimate (7.5) follows from Theorem 2.4 and inequality 
- 1 

(7.7). The restriction oySQ < -p, oi = 2(K + l)cr 4 , which guarantees that 

the curve x = x T (0, x°(V’, e), ip, e) lies in 22 Vr £ 22, completes the proof of 
Theorem 7.1. 
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8. Multipoint Problem for Resonance 
Multifrequency Systems 



Consider a nonlinear system of the form 



dx 

dr 

dp 

dr 



a(x, t , e) + eA(x, p, r, e), 



£ 



+ B{x,p,t, e), 



(8.1) 



where a, A, cj, and B are defined for (x,p,T,e) 6f>x R m x [0, L\ x (0, £o] = 
G (m > 2), 27T -periodic in each component p u , v = 1 ,m, of the vector p, 
and l > rn times continuously differentiable with respect to x, p, and r for 
every fixed e G (0, £o] , and all their partial derivatives arc uniformly bounded in 
G by a constant ci independent of e. In addition, we assume that 



E [ii*ii 



sup ||Cfc|| +sup 
G G 



dc k 




dc k ' 


dr 


+ sup 
G 


dx . 



< Cl. 



(8.2) 



Here, G = V x [0, L\ x (0, £o] and c/,. = c/.(x, r, e) arc the Fourier coefficients 
of the function [A(x, p, r, s) ; B(x, p, r, e)] . 

For Eqs. (8.1), we introduce the multipoint conditions 



< h(x| r =ri 5 • • • ; x \r=Tr i £ ( F|t=ti 5 ; E‘P\r=Tr ; d? (^.^) 

where 0 < n < t 2 < ... < T r < L, r > 2, $ = ($i,...,<f> n+m ), and 
$j(x| r=Tl , . . . , £<£>| t=7V , e), j = l,m + n, ai - e certain functionals. 

Problem (8.1), (8.3) is a multipoint problem that possesses resonance proper- 
ties. In the case of a one-frequency system with nonzero frequency, there arc no 
resonance modes, but if the number of frequencies is m > 2. then the resonance 
phenomenon is typical of the problems under consideration. Note that, for r = 2, 
7~i = 0, and t 2 = L, problem (8.1), (8.3) is a boundary-value problem 

Assume that <F = <b(pi, . . . ,p r , qi , . . . , q r , e) is an (n + m ) -dimensional 
vector function of pj G V, q 3 G R m , j = l,r, and e G (0,£o]> that is twice 
continuously differentiable for every fixed e and such that 

2 

^ ||D s <f'|| < C 2 = const 

S=1 



(8.4) 
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for all pj = (p^\ . . . G V, qj = (q^\ q { V l) ) G R m , and e G (0, s\. 

Here, D s is an arbitrary partial derivative with respect to [Ip and qp (j = 
1 ,r, v = l,n, /j = l,m) of order s. 

Parallel with (8.1), (8.3), we consider the following problem averaged with 
respect to all angular variables ip : 



dx 

dr 



a(x, t, e) + eA( x, r, s), 



dd 

dr 



lo(x, r, e) + eB(x, r, e), 



(8.5) 



fl?(x| T=T1 , 



• | * r= 



T r > ' 



,6»| T=Tr ,e) = 0, 



(8.6) 



where 9 = £<p and 

2n 2n 

[A; B] = (27r)~ m J ... J [A(x, ip, r, e)-,B(x, <p, r, e)\d<pi . . . dip m . 
o o 

In order that the averaging operator be efficient for the investigation of oscilla- 
tion processes, it is necessary to impose certain restrictions on the components 
u v (x, t,s), u = 1, m, of the frequency vector uj. In what follows, we assume 
that 



\\(Wf{x,T,£)Wi(x,T,s)) l Wf{x,T,e)\\ < c 3 V(x,t,£)gG, 

where If) and Wf denote the matrix 

di ~ 1 , \l,m 



(8.7) 



( d J \ 771 

j— j^(x,T,e))^ =i 



and its transpose, respectively; here, the total derivatives with respect to r of the 
functions u„(x,t,£) arc calculated with regal'd for the averaged system (8.5). 
Conditions (8.2) and (8.7) guarantee (Theorems 5.1 and 5.2) that 



+ £ 



d 

dy 



U 



+ s 



d_ 

dip 



u 



< C4£ 



l+a 



a = 



( 8 . 8 ) 



for all r G [0,L], y G V i, ip G R m , and £ G (0, £o] for sufficiently small 
£o > 0. Here, 



U = (; x(r,y,ip ,£ ) - x(T,y,£);0(T,y,ip,£ ) - 9(r,y,ip,£)), 9 = £<p, 

(x;9) and (x; 9) ai'e solutions of systems (8.1) and (8.5), respectively, that take 
the values (y; ip) for r = 0, and T>\ is the set of points y G V for which 
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the curve x = x(t. ?/. e) lies in V together with a certain pi -neighborhood 

V(r,e) £ [0, L] x (0, e 0 ]. 

Denote by P(y 0 ,f>°,£) the (m + n) -dimensional square matrix 
^ /<9$° dx(Tj,y°,s) (9<h° f du}(x(r, y°,e),T, e) dx(r, y°,s) <9<b°\ 

" \ dpj dy° dq 3 J &x dy° T ' dq 3 J ’ 

j- 1 o 

Here, the values of the derivatives — — and — — of $(pi, . . . , q r , e) arc taken 

dpj <)<ij 

for p v = x{t v , y°, e) and q v = d(T u ,y°, u = lfr. 

Theorem 8.1. Suppose that the following conditions are satisfied: 

(i) conditions (8.2), (8.4), and (8.7) are satisfied; 

(ii) for every £ £ (0,£o], the averaged problem (8.5), (8.6) has a unique so- 
lution (x(t, y°, e); 6(t, y°, rp°, e)) that lies in T> x K m together with its 
p-neighborhood V(r, e) £ [0,L] x (0,£o]; 

(7/7) for a given solution, the matrix P(y°,'ip°, e) is nondegenerate and 

||P _1 (r/°, rl>°,£) || < c 5 = const Ver £ (0, er 0 ] - (8.9) 

Then one can find constants c% > 0 and £\ > 0 such that, for all £ £ 
(0,£o]j where £o < £i, the multipoint problem (8.1), (8.3) has a unique solution 
(x(r, e); 9(t, e)) that satisfies the inequality 

\\x(t,£) - x(r,y°,£)|| + ||0 (t,£) - 0(r, y°, t/>°, e)|| < c 6 £ 1+a . (8.10) 

Proof. It follows from the smoothness conditions for the right-hand side of 
the averaged system (8.5) that, for ||y|| < -pe~ 2ciL , the curve x = x(r,y + 

y°,£) lies in V together with its p\ = -p-neighborhood V(r, e) £ [0,L] x 
(0, Eo]. Therefore, the domain V\ f 0 is not empty, and we can use inequality 
(8.8). 

We seek a solution of problem (8.1), (8.3) in the form (x(r,y° + y,f 0 + 
e ); 6(t , y° + y, f>° + ip, e )), where the unknown vector z = (y, ip) is deter- 
mined from conditions (8.3), namely. 
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*= $(s(ri,2/ 0 + y,e),..., 

%r, y° + y, V’ 0 + Yh e), e) - ^(j/\ VA e)« 

+ $(x(ri , y° + y, + ip, A • • • , 0(r r , y° + y, ip° + ip, e) , e) 

- $(x(r 1 ,y° + y,e),...,0(r r ,y o + ?/,^ O + V’,£),e) } 

= M(z,e). (8.11) 

Taking into account conditions (8.4) and estimate (8.8), we get 

\\${x{n,y° + y, ip° + ip, e), ■ ■ ■ ,e) ~ $(x(n, y° + y,e),..., e)|| 

< c 2 c 4 £ 1+a . (8.12) 

Using the smoothness conditions for the right-hand side of system (8.5), we get 

x(r,y° + y,e) = x{r,y°,£ ) + — y + X(t, y, e), 

0(t, y° + y,ip° + ip, e) 

} du(x(t , y°, e),t, e) dx(t, y°,e) 

= J 

o 

+ 6(T,y°,ip°,£) + Y(r,y,s), (8.13) 

where 

\\X{T,y,£)\\ < c 7 \[y\\ 2 , 

\\Y(r,y,£)\\<c 7 (\\ y \\ 2 + £\\ y \\), 

and c 7 is a constant independent of e. 

We expand the function 

$(x(rt ,y° + y, £),..., 9 {t, y° + y, ip° + ip, e) , e) 



according to the Taylor formula by using equalities (8.13) and inequality (8.4). 
After obvious transformations, we get 
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Hx(n ,y° + y, e),..., d(r r , y° + y, i/>° + e), e) 

= P{y° , '0°, e)z + R{z, e), (8-14) 

where ||i?( 2 :,e)|| < cs ( 1 1 ^ 1 1 2 + e||z||) and cs is a constant. Combining (8.12)- 
(8.14), we obtain 

\\M(z, e) || < C5[c2C 4 e 1+a + c 8 ( 1 1 ^ 1 1 2 + £||z||)], 

which implies that M maps the set 

V = {z: Z G R n+m , ||z|| < 2 c2C4C5£ 1+ “} 



into itself for 

e <s 0 = min{(2c2C4C 5 ) _ «; (4C5C8)' 1 }. 

Let us prove that the mapping M : V — > V is contracting. For this puipose, we 
dM . , . 

represent — — in the form 
oz 



dM(z ,£ ) 
dz 



= -p~ 






iQ(h f) 

-x(Tj,y° + y,£)) + — —{e(T j ,y° + y,'f° + t/>,e) 

s~) 

~ 0(Tj,y° + y,-f° + 'f,£), —(x(T j ,y° + y,'f° + 'tlj,£)) 

+ df,( e ( T i ,y ° + y, ^° + ^ ,£ ) “ V’ 0 + Vs £ )) 



- p- 






+ + + - p (y%^°^ £ ) }■ ( 8 - 15 ) 



Using inequalities (8.4) and (8.8), one can estimate the norm of the matrix in the 
first braces on the right-hand side of the last equality from above by the value 
(n + m) 2 C 2 <- 4 £ a . The smoothness conditions for the right-hand side of system 
(8.5) yield the following representation: 
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d 8 ~ 

— x(r, y° + y,e) = ps(r, y°, e) + X(t, y, e), 

y° + y, i!>° + t/>, e) = E m , 



(8.16) 



— 6>(r, y° + y, i/j° + ip, e) 



y°, e),t, e)-^x{t, y°, e)dt + Y (r, y, e), 

o 

where E m is the ///-dimensional identity matrix, 

||^(r,y,e)|| < c 9 ||y||, ||F(r,y,e)|| < c 9 (||r/|| + e), c 9 = const, 

The smoothness conditions for the function 4> and inequalities (8.4) and (8.8) 
yield 

<9$ <94>° ~ . , 3$ <94>° , , 

wr~»n + l{z,£) ' % = % + 5T’ £) ’ 

where 

||$jO,e)|| + ||T> (z,e)|| < cio(|| 2 ;|| +e 1+a ), cio = const. 

~4 

Therefore, the norm of the matrix in the second braces on the right-hand side of 
(8. 15) can be estimated from above by the value 

(n + m) 2 2 c 2 c 9 1 1 || + c 2 c 9 e + ci 0 (||y|| + \\ip\\ + e 1+ ") 



< cue, 



C 9 1 1 2/ 1 1 + c 2 c 9 e + Ci 0 (||y|| + \\i/}\\ + e 1+ ") 

+ sup AAmI ( 1 + Lmp )) 

G dy \ G dx ) ) 



cn = const, 



for z € V. Thus, 



| dM(z,s 



< c 5 [c 2 c 4 (n + m) 2 £ a + cue] < - 



£ < e 0 < [2c 5 (c 2 c 4 (n + in) 2 + cn)] « 




Section 8 Multipoint Problem for Resonance Multifrequency System 



95 



i.e., the mapping M : V — > V is contracting. Thus, there exists a unique solution 
z = z(s) = (y(£),i/j(s)) of Eq. (8.11) that satisfies the condition He)\\ < 
2 c 2 C 4 C§£ 1+a and, therefore, there exists a unique solution 

( x ( r , e) ;6 (t,e)) = (x(t, y° + y{e ) , + ip(e ) , e) ; 9(t, y° + y{e ) , 'f 0 + f>(e) , e) ) 

of the multipoint problem (8.1), (8.3) whose initial data lie in a small neighbor- 
hood of the point (y°, 'ijf ) . Estimate (8.10) follows from the inequalities 

I \x(t, e) - x(t, y°, e) || + || 6(t, e) - 9(t, y°, s) || 

< \\x{t,e) ~x(r,y° + y{£),£)\\ 

+ || 9(t,£)-6(t, y° + y(£),f° + f {£),£) || 

+ ||*(t, y° + y(e),e) -x(r,y°,e) || 

+ II 9(r,y° + y(£),ip° + ^(e),^ - 9(t, y°, e) || 

< c 6 e 1+a , 

where C6 = 2 c 4 + 2 c 2 C 4 Cs( 2 ?nciL + l)ne 2ciL . 

It remains to impose the condition cq£q + 01 < -p in order that the solution 
(x(t, e), 9(t, e)) of problem (8.1), (8.3) do not leave the domain D x R m . The- 
orem 8.1 is proved. 



As an example, we consider the three-point problem 



dx 

dr 



— X + £X 2 (cOS p 2 + COs( 5<£>2 ~ <£>l)), 



d(p i 
dr 



2x 2 + 2 

1- sm ip 2 , 



dp 2 
dr 



T 

£ 



+ xsin(5(/? 2 - Pi), 



X\ T= o + £P2\t=0 = -1-5; £ P\\r=\ = °> 

X\ T= 1+ £Pi\ t= i+ £P2\t=1 = 9, (8-17) 

where x G ^,4^, p\ G R, p 2 G R, r G [0,1], and e is a small posi- 
tive parameter. The corresponding problem averaged with respect to all angular 
variables 
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dx _ d 6 1 o dd 2 - _ - _ 

— = -X, — = 2x +2, — =T, 0 1 =E(p 1 , 0 2 = £(p 2 , 

•E | r =0 “1“ ^ 2 1 t =0 1.5, 0\ | _ l_ 0, X 1 7-— 1 H - 1 r=l ^ 2 1 r=l 0 

2 

has the unique solution 



x(t ) = e r+1 , 6>i(r) = 2r - e 2(i T) + e - 1, 9 2 {t) = — - 1.5 - e, 



=2(1— t) 



1 



1 



which belongs to the set ( n> 4 ) >< R together with its - -neighborhood. For 
this solution, we have 



P(y\i>\E) = 



(l 0 1 \ 

2(e — 1) 1 0 

2e - 1 11 

e 



, det P = — 1 H — / 0. 

e 



Moreover, 



det W 2 (x, t, e) = 



2x z + 2 t 
— 4x 2 1 



>2.5 V(r,x) <E [0,1] x (1,4). 



Therefore, according to Theorem 8.1, for every e G (0, eo] (eo is sufficiently 
small) there is a unique solution (x(t, e) , <pi(t, e) , <p 2 (r, e)) of problem (8.17) 
that satisfies the inequality 



x(t,e) — e T \ + \<P 1 (r,e)- 



2 r - e 2 i 1_T i + e - 1 1 



+ 



m ( r ’ £ ) _ 



r 2 - 3 - 2e I 
2^" 



e < C6£ 



t+1 



for all (r, e) G [0,1] x (0, eo]. 



Remark 3. The verification of the restrictions imposed by conditions (ii) and 
(iii) of Theorem 8.1 and related to the value of the small parameter e can be a 
fairly difficult problem. Assume, in addition, that the functions a, to, and <b arc 
smooth with respect to e G [0, eo] • and consider the problem 

T =a (^ r ,0), 0), 4>(?|r=n,---,l/|r=r r ,0) = 0. 
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Assume that this problem has the unique solution 

(£(a£ 0 );7(^£°A7°)),£(0,£ 0 ) = £°, rKO,£°,?7 0 ) = ??°, 

that lies in V x R m Vr G [0, L\ and satisfies the condition 

dct d£( r J’£°) + Q 



' V <9^ 7 - <9£° 

7=1 J 



dq 



Here, the values of the derivatives 



<94>£ 



and 



9? 






d qj J 



of . . . , g r , 0) arc taken 



dpj dqj 

for p u = £(7V,£°) and q v = £°, r/°), i/ = l,r. It is easy to verify 

that these assumptions arc sufficient for the existence of a solution (x(t. y°, s): 
6(t, y°, i/j°, e)) of problem (8.5), (8.6) that satisfies condition (8.9) and the in- 
equality 



II x(T,y°,e) - £(t,£°)|| + ||0(r, y°, i/j°, e) - fi(r, £°, r?°)ll < c 6 e. 

Remark 4. It follows from estimates (8.10) that it suffices to impose re- 
strictions (8.2), (8.4), and (8.7) on the functions c, 4>, and lo not in the entire 
domain of their definition, but only in a certain //(^-neighborhood ( pie) —> 0 
as e — r 0) of the solution of the averaged problem. 



An analog of Theorem 8.1 is also true for the multipoint problem 



dx 

dr 



a(x,ip,r, e), 



dip 

dr 



w(r) 

£ 



b(x,<p,T , e), 



4?(x| t= h > • • • j x \ T=Tr , ip\ T=T1 , . . • , ip\r=Tr 1 



(8.18) 



where the frequencies lo depend only on the time variable, and $ is an (n + m)- 
dimensional functional. Consider the averaged problem 

dx . dtp lo(t) . 

— = a (x,ip,T,£), — = b b{x,T,£), 

dr dr £ 

*&(x\ T=T1 , • • • , x\ T=Tr , ip\ T=T\ 1 • • ■ 1 p\ T=T r ) ^) 0 



(8.19) 
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and denote by S(y°, ip 0 , e) the (n + m) -dimensional square matrix 



5(2/°,^) = E( 

3 = 1 



3<h° dx(Tj,y ° , e) 
dpj dy° 



<9<b° rdb(x(t,y 0 ,£),t,£)dx(t,y 0 ,e) <9<b°\ 

dqj J dx dy° dqj ) ' 

o 



(8.20) 



Here, the values of the derivatives of the function dhpi ..... q r ,s) with respect to 

Pj and qj are taken for p u = x(r v ,y°,£ ) and q u = p(T u ,y°,ip°,£), v = 1 ,r, 
and (x(r, y°, e); Tp(r, y°, V’ 0 , e)) is a solution of the averaged system for which 
x(0, y°, e) = y° and ^(0, y°, ip°, e) = ip Q . 



Theorem 8.2. Suppose that the following conditions are satisfied: 



( i ) there exists a unique solution (x(r, y ° , e) ; tppr, y ° , ■0° , e) ) of the averaged 
problem (8.19) whose slow variables belong to V together with their p- 
neighborhoods; 



(ii) for this solution, the matrix S(y°, ip°, e) is nondegenerate and, further- 
more, ||S' _1 (y 0 ,'!/) 0 ,e)|| < c = const Me e (0,£o]; 

(iii) det(W^’(r)Wp(r)) / 0 for any r E [0,L] and certain p > to; 



(iv) conditions (2.6) and (8.4) are satisfied. 



Then there exist constants c > 0 and £ > 0 such that, for any £ E (0,e], 
problem (8.18) has a unique solution (x(r, e); (p(r, £)) that satisfies the inequal- 
ity 



x{t,£) — x(t, y°, e) || + \\<p{r,e) - <p(r, y°, ip° , e) |j < c£ 1/p . 



( 8 . 21 ) 
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9. Estimates of the Error of Averaging Method 
for Multipoint Problems in Critical Case 



In this section, we consider a multipoint problem of the form 



dx 

dr 



a(x, t, e ) + eA(x , p, r, e), 



dp 

dr 



u(x,r,e) 

£ 



B(x, <p,T, £), 



(9.1) 



F(x\ T=Tl j ... j x \ T=Tr , /f) 0, (9.2) 

(b(x| r=T i , • • • , X | T= Tr , p\r=T\ 1 ■ • • 1 p\ T=T r ! s) = 0) (9-3) 

where F(pi, . . . ,p r , e) and <b(pi, — ,p r , qi, . . . , q r , e) arc, respectively, //-di- 
mensional and m-dimensional vector functions of the variables p 3 G V, q 3 <G 
R m , j = 1 ,r, and s G (0, eo]» an d 0 < t\ < T 2 < . . . < r r < L, r > 2. 
The main difference between this problem and problem (8.1), (8.3) lies in the 
fact that, first, in problem (9. 1) — (9.3) the group of boundary conditions dependent 
only on slow variables is selected, and, second, in conditions (9.3) the function <h 
depends only on the arguments <p \ T = Tj , whereas in conditions (8.3) it depends on 

£p\r=rj ■ 

We also consider the corresponding averaged problem 



dx 

dr 



a(x, t, e) + £A(x, t, e), F(x\ t=t1 



x\ T=Tr ,£) = 0, (9.4) 



dp 

dr 



v(x,t,£) 

£ 



+ B(X,T, £), 



<&(x\ T=Tl , ■■■ , x \ T=Tr , p\ T=Tl , ■■■ , p\r=T r ) S') — 0 



(9.5) 



and assume that there exists a solution x = x(t. y°. z) of problem (9.4) for which 
the matrix 



Pi(y°i £ ) 



A dF° dx(Tj,y°, £) 

^ dp.j dy° 
j = i 



satisfies the inequality 



Pi 1 (y°,e)|| < ci 2 £ Q1 Ve(0, e 0 ] (9.6) 



dF° 

where C 12 > 0 and ol\ > 0 arc certain constants. Here, — — denotes the 

d Pj 

matrix of the partial derivatives of the function F(p±, . . . ,p r , e) with respect to 

Pj = {pf\ ■ ■ ■ ,P ( j n) ) for Pv = x(t v , y°, £), u = \ ,r. 
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To solve problem (9.5), it suffices to solve the equation 

$(x(Ti,y 0 ,e), . . . ,x(T r ,y°,£),^ 
n 

o 

T r 

+ ^ J [v(x(t,y°,£),t,£) +£B(x(t,y°,£),t,£)]dt,£) = 0 
o 

with respect to ip. Assume that there exists a unique solution ip = 'uP(e) of this 
equation, i.e., there exists a unique solution 



p{T,y°,ip°,e) = -ip 0 + j [co(x(t,y°,£),t,£) + £B(x(t,y°,£),t,£)\ dt 
o 



of problem (9.5). We also assume that the matrix 



P2(y 0 ,^ 0 ,e) 




3 $° 

% 



satisfies the inequality 

||P 2 ' 1 (y 0 ,^ 0 ,e)|| < c 13 £~ a2 , cm >0, a 2 > 0, (9.7) 

<9<f>° 

where — — denotes the matrix of the partial derivatives of <b(pi, . . . , q r , e) with 

dqj 

respect to qj = {qf\- ■ ■ for p u = x(r u ,y°,£) and q u = Tp{r v , y°, ip°, e), 

v = 1, r. 

If the numbers a± and a 2 in inequalities (9.6) and (9.7) arc positive, then 
the norms of the matrices 1 and P.p 1 may tend to infinity as e — > 0. It is 
natural to call this case critical. Below, we study the question of the solvability of 
problem (9.1) — (9.3) in the critical case and establish estimates for the deviation of 
solutions of the original and averaged problems. 

In what follows, we assume that, for every fixed £ £ (0,£o]> the functions 
F(p\, . . . ,p r , £) and <b(pi, . . . , q r , e) arc twice continuously differentiable with 
respect to pj £ V and q :j £ R m , j = 1 ,r, and 
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for all pj G V, q 3 G R m , j = 1 ,r, and e G (0, ero]- 



Theorem 9.1. Suppose that the following conditions are satisfied: 

(i) for every e G (0, £o]> the averaged problem (9.4), (9.5) has a unique solu- 
tion (x(T,y°,e), Tp(T,y 0 ,f> 0 ,£)) whose slow variables x(r,y° ,e) belong 
to V together with their p-neighborhoods; 

(it) conditions (8.2), (8.7), and (9.6)-(9.8) for a > a\ + 2«2 are satisfied. 

Then, for sufficiently small £q > 0 and every £ G (0, £o], problem (9.1 )-(9. 3) 
has a unique solution (x(r, e); <p(r, e)) that satisfies the following inequalities for 
any r G [0, L] : 



\\x(t,£) - x{T,y°,£)\\ < C 15 £ 1+a ai , 
I! <p(t, e) - p(r, y°, e) || < c 15 £ a ~ ai ~ 



where the constant C 15 does not depend on £. 



Proof. We determine the unknown parameters (y: ip) of the solution 
(x(t, y° + y, + Vs e); <p(t, y° + y, f>° + if>, e)) of system ( 9 . 1 ) from condi- 
tions ( 9 . 2 ) and ( 9 . 3 ). We rewrite ( 9 . 2 ) in the form 

y = -Pf l (y°,£) { i ? (x(n,y 0 + y, e),..., x(r r ,y° + y,£),£) -Pi(y°,£)y 

+ F{x{ri,y° + y,fi° + £),..., x(r r , y° + y, £),£) 

~ P(x(Ti,y° + y, £),..., x(T r ,y° + r/,e),e) j 

= T(y,^,£)- ( 9 - 10 ) 

Using the estimate of the error of the averaging method (8.8) and inequalities 
( 9 . 8 ), we obtain 
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\\F(x(n, y° + y, ip° + ip,e ), . . . ,s) - F(x(n,y° + y, s), ...,e) || 

< C4Ci4re 1+a . (9.11) 

Further, using representations (8.13), inequalities (9.8), and condition (9.4), we 
get 

F(x(n,y 0 + y, e),...,e) = Pi(y°,e)y + F(y,e), 

where \\F(y, e)|| < ci6 1 1 2/ 1| 2 and ci6 = const. Using this equality and inequali- 
ties (9.6) and (9.9), we obtain the following estimate for T(y, ip, e) : 

\\T(y,ip,e)\\ < ci 2 (c 4 cur + ci6\\y\\ 2 E~ 1 ~ a )£ 1+0 ‘~ ai . 

This estimate implies that T(y,ip,e ) maps the set 

i|y|| < C 17 £ 1+a ~ ai , C 17 = 2rc 4 ci 2 ci4, 



into itself for 



s < £q < (4c4c^ 2 ci4cier) , ip e R n 



dr 

Let us calculate — — . We have 
oy 



dr 

dy 



-PfV,e) 



^2 -S~F{x{ti , y° + y, £),■■■, £) 
if ^ dpj 



Q 

X dy^ T P y0 + V '^ ~ 



+ 



^ d d 

idpi F ^ Tl,y ° + y > + Vh e), • • • , e) gPj x( y T py° + y^° + £ ) 



d_ 
dy ' 



- ^ F ( x (n ,y° + y,£)i;.:.,e)-^x(Tj,y° + y , e 



(9-12) 



In view of inequalities (8.8) and (9.8), the norm of the matrix in the second square 
brackets on the right-hand side of (9.12) can be estimated from above by the value 
ci8£ a , ci8 = const. Using (8.16) and writing the equality 
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d d 

J2 df F ^ Tl ' y0 + £ ) ’ • ' • ’ £ ) dy*( T i ’ y ° + V ' ' £) 

J=1 J 

= J2 (^- + £ )) (^b*( r P y °’ £ ) + *( r J> y ' £ )) 

= Pi(y°,e) + /i(y,e), 



where ||/i(y,e)|| < cig||y||, cig = const, we can estimate the norm of the 
matrix in the first square brackets on the right-hand side of equality (9.12) by the 
value C2o||y||, C20 = const. Thus, 



d 

dy 



T(y,ip,e) 



<c 12 e ai (ci 8 £ a + c 20 |M|)<^ 



for a > ai, ||y|| < cn£ 1+a ai , ip £ R m , and e < e 0 < [ 2 ci 2 (ci 8 + 
1 

C17C20)] “ 1_ “ • Consequently, Eq. (9.10) has a unique solution y = y(ip,e), 
|| y(ip, e) || < cn£ l+a ~ ai , which can be determined by the method of successive 
approximations: 



y k+1 (ip,s) = T(y k (ip,£),ip,£), k> 1 , 
yo{i>,£) = 0, y{ip,e) = lim y k (ip,£). 

k — >00 



Using equality (9.10), we get 



dy k (ip,e) d . . . 

= -7r-T(y k _i(ip,£),ip,£) 



dip dip 

= -PfV,e) 

d 



d 



^2df F ^ Tuy ° + yk 



■3 = 1 






- 1 , £),■■■,£) 



9y k - 1 



dy 



dip 



dip 



+ \f2{]p^ F ( x ( Tl ’ y0 + Vk-i, + Vh £),••• ,e) 
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x (~!L x ( Tj,y0 + yfc ” 1 ’ + ^ + ^ x ( T j ' y0 + £ )) 



<9y 

9 



dip dip' 
d 



- TT~ F (x(n,y +yk~i,£),---,£)Trx(Tj,y + y k - i,e) 



(Ip 



<9y 



dm-i 

dip 



Further, using the methods proposed in the course of the investigation of the prop- 
erties of T(y,ip,e), we obtain 



dy k (ip,e) 



dip 



„ _l+a— ai I _a— ai 

S C2l£ + C22£ 



<9p fc _lO,£) 



dip 



where C21 and C22 are certain constants independent of e. This yields 

\dy k (ip,e) 



dip 



<C23£ 1+a ai Vfc > 0, C23 = 2c 2 1, 



1 r d t 

provided that £0 < (2c22)“ 1_ “- Hence, the sequence j— y k (ip, £)| is 

formly bounded by the constant C23£ 1+Q_ai . This is sufficient to guarantee that 
the function y(ip, e) satisfies the Lipschitz condition 

II yOV) - y{ip 2 -,e)\\ < C23£ 1+ “ _ “ 1 IIV’ 1 - V> 2 I! VV’SV ’ 2 e R m • (9-13) 



is uni- 



We rewrite equality (8.3) in the form 

iP = -P^\y 0 ,ip 0 ,£){[^ -$] + [$- P 2 (y°,iP°,£)iP}} = T(ip,e), (9.14) 

wherry <b = $(x(ri, y°+y{ip, e), ip°+ip, e), . . . , <p(r r , y°+y{ip, e), ip°+ip, e), e) 
and <f> = $(x(Ti,y° + y(ip, e),e),..., ^(r r ,p° + y(ip,e),ip° + ip,e), e), and 

estimate each term on the right-hand side of equality (9. 14). Using inequalities 
(8.8) and (9.8), we get 



1$ - $| 



< ^2 ( 1 C 4 Ci 4 £ 1+a + C 4 Ci4£") 
3 = 1 



2rC4Ci4£ a , 



(9.15) 



\\<S>-P 2 (y 0 ,iP°,e)iP\\ 

< rc u (ne 2ciL + c 24 ) ^ ^ + rci 4 (c 2 a\ \\ y(ip, e) || + IHl) , 

where C24 = 2ci Lne 2ciL . Taking into account that ||y('0,£)|| < cn£ 1+a ~ ai , 

we finally obtain 

||$ - P 2 {y°,ip°,£)ip\\ < c 25 (£°~ ai + \\ip\\ 2 ), c 25 = const. (9.16) 
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Inequalities (9.15) and (9.16) yield 

\\f(ilj,£)\\ < C 2 6 (e Q_ai_ “ 2 +e - " 2 ||V’|| 2 ), c 26 = ci 3 (2rc 4 ci4 + c 25 ). (9.17) 

This implies that T(ip, e) maps the set 

U = {f:feR m , U\\ < 2c 26 £ a - ai - 02 } 

into itself for a > a\ + 2«2 and 4c26£o _Ql 2 ° 2 — 1- 

Let y/ 1 ) and y/ 2 * be arbitrary points of the set U. Using the error estimates 
of the averaging method (8.8) and inequalities (9.7), (9.8), and (9.13), we get 

||r(v> {1) ,e) - f(V’ (2) ,£)|| 



r m 

< c 27 ( v *" Qi " a2 + x ] X su p 

j,iy= 1 s=l 



dq ] dqf ) 



^.OL — 0 L\— C l 0 L 2 






(9.18) 



C27 = const. 



Since a > a\ + 2a 2 , the last inequality implies that the mapping T: U —> U is 
contracting. Thus, there exists a unique solution = foie) € U of Eq. (9.14), 
and, hence, there exists the solution 



(x(t,s);<p(t,£)) = (x(r,y° + y(^o(£),e),V ;0 + V ; o(e),e); 

P(r, y° + y(f + V’o(e), e)) 

of problem (9. 1)— (9.3). Estimates (9.9) follow from estimates (8.8) and the in- 
equalities 

\\y(Me),e)\\ < c 17 s 1+a ~ a \ \\Me)\\ < 2 c 26 e a -^~ a f 

and the condition ci 5 £Q +a_01 < -p guarantees that x = x(t, e) lies in V 
V(r, s) € [0,L] x (0, £o]. Theorem 9.1 is proved. 

Remark 5. If the vector function $(pi, . , ,, , q r , e) in condition (9.3) linearly 
depends on qj, j = l,r, i.e., 

r 

^ ^ ^ Aj (x| T — Tl , ... , x\ T=Tr , s)(p\ r= T j + Aq(x\ t= ti 5 • • • 5 x\ T=Tr , s) , 

3 = 1 
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then the inequality a > a\ + 2 a 2 in Theorem 9.1 can be weakened to the in- 
equality a > a\ + « 2 - Indeed, in this case, the analysis of inequalities (9.17) 
and (9.18) shows that all conditions of the principle of contracting mappings are 
satisfied for a > a\ + 012 - 

We apply the results obtained to the solution of the multipoint problem 

= P(r)x + eA(x, (p,r, e), + B(x, ip, r, e ) , (9.19) 

ar ar s 

r 

^2 A j( £ ) x \r=Tj = ®°( e )» 

7= 1 

(9.20) 

r 

'y ] Bj(e)(p\ T = Tj = / ( x\ T — Tl , . . . , x \ T=Tr , e), 

3 = 1 



where the right-hand sides of Eqs. (9.19) satisfy the same conditions as the right- 
hand sides of Eqs. (8.1), Aj(e) and Bj(e), j = 1, r, arc uniformly bounded (by 
a constant C 2 s) n-dimensional and m-dimensional, respectively, square matri- 
ces, and f(pi , . . . ,p r , e) is a function continuously differentiable with respect to 
Pj £ V. j = l, r, for every fixed e and such that 



+ 



r 

E 

3 = 1 



d]_ 

d Pj 



1 

< -C28 
£ 



Mpj&V, j = 1 , r , £ € (0, e 0 ]. (9.21) 



We write the problem averaged with respect to ip : 

^ = P(t)x + e^4(x, r, e), 
ar 

r 

^Aj{e)x \ t=t . = x°(e), (9.22) 

f=t 



dp 

dr 



£ 



+ B(x,t, e), 



^ ^ Bj (£)<p|r=Tj / (a^|r=ri 1 ■ ■ ■ t tc\ T=r r j • 

7=1 



(9.23) 



Let Q( r , t) denote the normal fundamental matrix of the linear system 
P(t)x. 



dx 

dr 
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Lemma 9.1. Suppose that the following conditions are satisfied: 
(i) for all e E (0, £q], 



r 

3 = 1 



< C29 = const, 



det b j( £ ) + 0 ; 

3 = 1 



(it) for all (r, e) E [0, L] x (0,£o]i the curve 

r 

2 /(r,e) = Q(r,0)^5^Aj(e)Q(rj,0)) x°(e) 

j=i 

lies in V together with its p-neighborhood. 

Then, for sufficiently small £q > 0 and every e E (0, £o], there exists a 
unique solution x = x(t, e), Tp = Tp(r, e) of the averaged problem (9.22), (9.23) 
for which the curve x = x( t. e) lies in a certain small neighborhood of the curve 
V = y(r,e). 



Proof. Since the right-hand sides of Eqs. (9.22) are smooth, there exists a 
solution x = x(t, z + x, s) of the Cauchy problem 

^ = P(t)x + sA(x, t, e), 
dr 

x| T=0 = z + x, 

r 

X = AiOO^C 7 ^ 0 )) X°(e), 

3 = t 

which satisfies the equality 

T 

x(t, z + x,e) = y ( r , e) + Q ( r , 0 ) 2 ; + J Q(r , t)A(x(t, z + x, e),t, e)dt. 

0 

The last relation yields 

||x(t, z + 5?,e) — y(r, e)|| < K\\z\\ + eKLc\ < ^ p 

for || z || < p(4K)~ 1 and £ < £q < p(AKLc \ ) _1 . Here, K is a constant that 
bounds the norm of the matrix Q(r,t) V(r, t) E [0, L\ x [0, L\. This implies 
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that, for indicated z and e £ (0,£o], the solution x = x(t,z + x,s) of the 
Cauchy problem can be extended for any r £ [0, L\ and lies in V together with 

its -p-neighborhood. 

Let us prove that z can be chosen so that the function x = x(t, z + x, e) is a 
solution of problem (9.22). Indeed, if the boundary conditions are satisfied, then 
we get 

r _ i r T i 

z = -£^2Aj(£)Q(Tj,0)^j Y Aj(e) Q(Tj,t)A(x(t,z + x,e),t,£)dt 
i = 1 i =1 o 

= T(z,e). (9.24) 

Taking into account the first inequality in condition (i) of the lemma and restric- 
tions imposed on the matrices Aj(e), one can easily establish that T(z, e) maps 
the set of vectors z £ R" such that ||z|| < ce, c = c\ L. into itself, 
provided that ce o < p(4K) 1 . Moreover, using the inequality 

d 

—x(t,z + x,e) <ne 2ciL , 
oz 

we obtain 

S~ T(z,£ ) < c 3 o£ < ^ Ve < e 0 < 7 T— , C 30 = cne 2ciL . 

dz 2 2c 30 

Therefore, Eq. (9.24) has a unique solution z = z(e) that satisfies the inequal- 
ity IKe)ll < ce, and the boundary- value problem (9.22) has a unique solution 

x(r, e) = x(t, z(e) + x, e) for which 

||x(r,e) - y(r , e)|| < K(c+ aL)s V(r,e) £ [0 ,L\ x (0,e o ]. 

To obtain <p(r, e) , we substitute the value of x = x(t , e) into (9.23). As a result, 
we get 

T 

p(r, e) = - J [ut(x(t, e),t, e) + eB(x(t, e), t, e)] dt 
o 

r _ 1 

+ /(^( t i,e),...,x(T r ,e),£) 

3 = 1 

r T 3 

— - ~Y] Bj ( £ ) J (w(x(t,£),t,£) + +eB(x(t,e),t,£))dt . 

£ i =1 o 



Lemma 9. 1 is proved. 
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The proof of the theorem below, in fact, repeats the proof of Theorem 9.1, 
and, therefore, we present only its formulation. 



Theorem 9.2, Suppose that conditions (8.2), (8.7), and (9.21 ) and the condi- 
tions of Lemma 9.1 are satisfied and, furthermore, 



(X>(T) 

n — 1 



< C 3 l£ 13 



Me £ (0, £T 0 ], 



(3 < a. 



Then there exist constants C32 and Eq < £q such that, for every e £ (0,£o]> 
problem (9.19), (9.20) has a unique solution (x(r, e); <p(r, e)) that satisfies the 
inequalities 



II x(r,e) - x(t,s) || < c 32 e 1+a , 

II <p[r,e) || < c 32 £"' /3 

V(t, e) £ [0 ,L\ x (0, £ 0 ] • 

10. Theorems on Existence of Solutions 
of Boundary-Value Problems 

In Sections 6-9, using the principle of contracting mappings, we have proved 
the existence and uniqueness of solutions of certain boundary-value problems for 
multifrequency systems. This has been done on the basis of the fact that, for the 
oscillation system (6.1) with u = lo(t) or system (8.1) with u = lu(x, t, e), we 
have efficient estimates for the difference of solutions of the original and averaged 
equations and their partial derivatives with respect to the initial data [inequalities 
(2.5), (2.7), and (8.8)]. For multifrequency systems of the general form (4.1) in 
which a(x. cp, r) depends on angular variables and the frequencies depend on the 
variables x, the justification of the averaging method can be reduced to the proof 
of the estimate \\x — x|| < c(e), where c(e) 0 as e — > 0. In this case, for time 
r £ [0, L\, the difference of the angular variables p — Tp can reach an arbitrarily 
large value as e — > 0 [Arn4, Bakl, GrR3, Kha2]; the same is true for the behavior 
of the partial derivatives of the functions x — x and ip — tp with respect to the 
initial data. Therefore, the combination of the principle of contracting mappings 
and the averaging method in the solution of boundary- value problems for systems 
of the form (4.1) loses its sense. 
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In the present section, we prove only the existence of solutions of boundary- 
value problems by using the Schauder fixed-point theorem [Har, Sch] . According 
to this theorem, for the existence of a (not necessarily unique) solution of the 
equation Ty = y it is sufficient that the mapping T of the ball K C R" into 
itself be continuous. 

Consider a nonlinear system 



dx 

dr 



dip 

a{x,<p,T,£), — 



u(x, T ) 
£ 



+ b(x,ip,r, e) 



( 10 . 1 ) 



whose right-hand side is defined for (x, p,r,E ) € V x R m x [0, L\ x (0, £o] = 
G (22 is a bounded domain of the real Euclidean space R n ) and continuously 
differentiable with respect to x, p, and r for every fixed £ and belongs to the 
class of almost periodic (with respect to p u , u = 1, m ) functions 



a(x, p, r, e) = a v {x, r, 



u=0 

oo 



b(x , p, t,e) = ^2 M®, r > £ ) e 






v=0 



A 0 = 0, \ v = (A^, . . . , A^) / 0 Vi/>1, 



for which 



OO 

£[( 

V=1 



i 2 = -1, (A„, <p) = ^2 Wpj’ 

3 = 1 



1 + 



IIA, 



sup \\a u \\ + 



v\\ ' G 



IIA 



sup 
HI v G 



da v 



dr 



+ sup 
G 



da v 



Ox 



< ci. (10.2) 



Here, ci is a constant independent of e and G = V x [0, L\ x (0, £o]- We also 
assume that the first-order partial derivatives of the functions a, b, and u with 
respect to x, p, and r arc uniformly hounded in G by the constant ci. 

For Eqs. (10.1), we introduce boundary conditions of the form 

F(x\ T = Tl x\ T=Tr , £) 0, P\t=Tvq P ) (10.3) 

where 0 < t\ < 72 < . . . < r r < L, r > 2, uq is fixed (1 < vq < r), 
p° € R m is a constant vector, and F{p\ 1 ... . p r . s) is an n-dimensional vector 
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function of the variables pj G V, j = 1 ,r, and e G (0,£o] that has continuous 
and bounded (by the constant cf) first-order partial derivatives with respect to all 
variables pj, j = l,r, for every e. 

To investigate the solvability of the multipoint problem (10.1), (10.3), we use 
the method of averaging with respect to all fast variables p. Parallel with (10.1), 
(10.3), we consider the averaged problem 



dx 

dr 



ao(x,r, e), 



(10.4 1 ) 



F (x\ T =Tl 1 ■ ■ ■ 1 x\ T=T r ) £■) — 0) 



(10.4 11 ) 



dp 

dr 



lo(x, t) 



+ bo(x,T,e), 



P\ T=T„ n ~ P ) 



(10.4 111 ) 

(10.4 IV ) 



where 



[a 0 ; ho] = lim T~ 

T — xx) 



[< a(x,p,r , e);b(x,p,T,£)]dpi ... dp n 



In order that the averaging method correctly describe the evolution of the slow 
variables x on the time interval [0, L\, it is necessary to impose certain restric- 
tions on the frequency vector lo(x, t) = (tui(x, r), . . . , u> m (x, r)). Assume that, 

for any (x, p, r.e) G G and u > 1 and certain a G 

inequality holds: 



the following 



\(X u ,ix(x,t))\ + | (A^, 0(rc, p,T,e))\ > c 2 || A^||, c 2 = const > 0, (10.5) 



where 



n = 



dcu(x, t) 
dr 



+ 



8lo(x, t) 
dx 



OO 

X , T, e) + ^ dj( x, t, £)h £ «((\j,uj(x, t )))e* (Aj ' ,¥,) ) . 



o = i 



(A„, u;), (A,,. Q). and (A j,p) arc the scalar products of vectors, and Ii ( ](t) for 
d = e a is the function defined in Section 4. Note that, by virtue of the finite- 
ness of the function hd{t), conditions (10.5) are imposed not on all harmonics 
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of the function a(x, tp, r, e), but only on its resonance harmonics. Under these 
assumptions, according to the results of Section 4, we have 

||x r (t, y, rjr, e) — x T (t, y, s) || < o\[e^ a = const, (10.6) 

for all t £ [0, L], y £ X>i, i/j £ R m , and e £ (0,£o|. I n this estimate, 
(x T (t,y,'ip,£)]ip T (t,y,ip,£)) and (x T (t,y,£);Tp r (t,y,i/j,£)) are the solutions of 
Eqs. (10.1) and the averaged equations (10.4 1 ) and (10.4 m ) that take the value 
(y; fir) for r = t, and the curve x = x T (t, y, e) lies in V together with its 
p-neighborhood V(r, y,£) £ [0,L] x V\ x (0, ero] - 



Theorem 10.1. Suppose that the following conditions are satisfied: 



(i) conditions (10.2) and (10.5) and the restrictions imposed on a , b, u>, and 
F are satisfied; 

9ao(x,r, e) dF(p^s\ 

(ii) the matrices — ’ — - — and — are uniformly ( with respect to 

ox op 

£ £ (0,£o]) uniformly continuous in x £ T>, r £ [0, L], and p = 
(Pi, ■ ■ ■ ,Pr ) G V X . . . X V = V r \ 



(Hi) for every £ £ ( 0 ,£o]> there exists a solution x = x t (t Uo ,x°,£), x ° = 
x°(£), of problem (10. 4 1 ), (10. 4 n ) that lies in T> together with its p- 
neighborhood; 



(iv) || S 1 (e) || < C 3 = const \/£ £ ( 0 ,£q], where 



= E 

3=1 



dF° dx Tj (T U0 ,x°,£) 
dpj dx° 



8F° 

and — — denotes the matrix of the first-order partial derivatives of the 

Opj 

function F(pi, . . . ,p r , e) with respect to pj for p ^ = x T/ 1 (t Uo ,x°,£), 
p = l,r. 



Then one can find constants c\ > 0 and £\ £ (0, £o] such that, for every 
£ £ (0, £ i ] , problem (10.1), (10.3) has at least one solution (x(t, e); ip(r, e)) for 
which 



x(t, e) - x t (t Vo ,x °,£) || < cxsfk V(t,e) £ [0, L] x (0, £i ] . 



(10.7) 
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Proof. We seek a solution of problem (10. 1), (10.3) in the form (x t (t uq , x° + 
y, ip°, e); ip T (T Uo , x° + y, ip°, e)) and determine the unknown parameter y <E R n 
from the boundary conditions (10.3): 

V = -5'“ 1 ( £ ){ F(x Ti {t i/0 ,x° + y,ip°,e), . . .,x Tr {r Vo ,x° + y,ip°,£),e) 

- F(x Ti {t U0 ,x° + y, e),..., x Tr {r V0 ,x° + y, e),e) 



+ F(x t 1 {t uo ,x° + y, e),..., x Tr (T U 0 ,x° + y,£),e) - S(e)y } 

= M e (y). (10.8) 

Taking into account the restrictions for F and estimate (10.6), we get 

\\F(x T1 ( T uo ,x° + y,ip°, £),...,£) - F(x T1 {t vq ,x° + y, £),...,£) II 

< c\ro\f£. (10.9) 

We now fix arbitrary a positive p < [2(1 + Lci)nre 2nci L cf 1 = A. Then it 
follows from condition (ii) of Theorem 10.1 that there exists 5 = 5(p) such that, 
for ||z|| + ||p|| < 5, we have 



d d 

— a 0 (x + Z, T, £) - — a 0 (x, T, £) 



d d 

+ &p F ( p + ^ ,£ ^ ~ dp F ( p,£ ^ (10 - 10) 



We choose 6 < —e nci p and rewrite the averaged equations (10.4 1 ) in the form 



x t (t Uo ,x° + y,£) = x° + y+ J ao(x t (T Vo , x° + y, e), t, £)dt. 

TVq 

Differentiating this equality with respect to x° and using relation (10.10) and the 
Gronwall-Bellman inequality, we get 

d 

-q-q{x t (t vo ,x° + y,£) -x t {t vo ,x°,£)) < nLe 2ciLn p 

for any (r, e) G [0,L] x (0,£o] and ||y|| < 5. Therefore, 

d 

x t (t Uo ,x° + y,£) = x t {t Vo ,x°,£) + -^x T (r Uo ,x° ,£)y + hi(r,y,£), ( 10 . 11 ) 
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where 



t . /' () q . d 0\ 

hi{T,y,e)= / [q^6 x t {t Uo ,x + ty,£) - ~^x t (t Vo ,x ,e) 



city, (10.12) 



\\hi{r, y , e)\\ < nLe 2ciLn p\\y\\ 



for all r G [0, L] , £ G (0, £o], and ||y|| < & 

The boundary condition (10.4 11 ) and relations (10. 10)— (10. 12) yield the rep- 
resentation 



F( x ti(i’v 0 ,x° + y,s), . . . ,e) = S(e)y + h 2 (y,e), (10.13) 

where 

HMy,e)|| < nr (l + L ci)e 2ciLn p\\y\\ VeG(0,£ 0 ], ||y|| < S. (10.14) 
Thus, it follows from (10.8), (10.9), (10.13), and (10.14) that 

\\ M e(y)\\ < c 3 (circry/£+ -^^p\\y\\) V£G(0,£o], ||y|| < s. 

This implies that M e (y ) maps the set | y \ < 2c\C:> ) r<j sje = C\fs into itself, 
provided that c\[e < 5. Also note that, for every e . the vector function M s (y ) 
is continuous with respect to y\ therefore, according to the Schauder theorem, 
there exists a solution y = y(e), ||y(e)|| < Cyftt, of Eq. (10.8), and, hence, there 
exists a solution 



{x{t, £); <p(t, £)) = (x t (t V 0 ,x° + y(£),p°, £)-,<Pt(t U 0 ,x° + y{£),<p°, e )) 

of the multipoint problem (10.1), (10.3). Estimate (10.7) with the constant c\ = 
<7 + cne CinL follows from estimate (10.6) and the inequality 

\\x t (t Uo ,x° + y ( e ),£) — x t (tv 0 ,x°,£)\\ < ne nciL \\y(£)\\ <nce nclL yf£. 

To complete the proof of the theorem, we impose the condition c \ \fe < -p, 

which guarantees that the curve x = a;(r, £) lies in V together with its ^ 
neighborhood Vr G [0, L\. 

Condition (iv) is an essential assumption in Theorem 10.1. In what follows, 
we consider the case where this condition is not satisfied, namely, we assume that 



||5 _1 (e)|| < Ke~ 11 



h = const > 0, K = const > 0. 



(10.15) 
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Theorem 10.2. Suppose that the following conditions are satisfied: 

(a) conditions (i)-(iii) of Theorem 10.1 and inequality (10.15) are satisfied; 

d d 

( b) the matrices —ao(x,T,£) and —F(p,e) satisfy the Holder conditions 

ox op 

d d 

—a 0 (x,T,£)-—a 0 (x,T,£) < M\\x - x\\ h , 0 < l 2 < 1, 

d d 

dp F ^ £ ^ ~ dp F{ ^' £) I ^ M \\p-p\\ h 

for all x,x £ V, p, p E D r , t 6 [0,L], and £ 6 (0,£o]i and the constant 
M is independent of £ ; 

h 



(c) l\ < 



2(1 + If) 



Then, for sufficiently small £q > 0 and every £ 6 (0,£o], there exists at 
least one solution (x(t, e); <p(r, e)) of problem (10.1), (10.3) that satisfies the 
inequality 

||x(r,e) — x t (t V 0 ,x°,e)\\ < c^ - ' 1 
V(r, e) G [0, L\ x (0 ,£q], Qi = const. 



Proof. We follow the scheme of the proof of Theorem 10.1. To determine a 
solution 

(x t {t uo ,x° + y, (p° , e); ip T (r V0 ,x° + y, (p° , e)) 

of problem (10.1), (10.3), i.e., to find y, we write equality (10.8) and inequality 

d 

(10.9). It is easy to verify that the fact that —a o(x, r, e) belongs to the Holder 

Ox 

class guarantees that 

^-qX t (t U 0 ,x° + y,£) - x t (t Uq ,x°,£ ) < Mi\\y\\ h , 



M 1 = MLn l+h e nci{ - 2+h)L 



for ||y|| < nciL , t G [0,L], and £ € (0,£o]. Therefore, for the function 

h\{r, y, e) defined by equality (10.12), the following estimate is true: 



\\h 1 (T,y,£)\\ < YfT^ Ml \\y\\ 1+h 



(10.16) 
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Taking into account equality (10.11), estimate (10.16), and the fact that the 

d 

matrix — F(p,e ) belongs to the Holder class, we obtain relation (10.13) in 
op 

which 



\\h 2 (y,s)\\ < M 2 \\y\\ 1+h , M 2 = 3rciMi + rn 1+h Me nc ^ 2+h)L . 



Thus, 

II M e (y)\\ <Ke~ h rc\asfe + M 2 ||y|| i+/2 
Ve€( 0. £o ), Nl < (£) e-” 11 

The analysis of the last inequality shows that if condition (c) of Theorem 10.2 
is satisfied, then M e (y) maps the set 

{ V : ||y|| < 2/\>ci<7£3 -/l } 



into itself for every e € (0, Sq] • provided that 



£q < min 






2rc\aK 



l 2~ 2 (!+^2)^l 



Since the mapping M e (y ) is continuous in y, there exists a solution y = y(s') 
of Eq. (10.8) that satisfies the inequality ||y(e)|| < 2Krciae^~ l1 . Therefore, 



(x(t, e); <p(r, e)) = (x t (t uo , x° + y{e), <p°, e); ip T (r uo ,x 0 + y(e), <A0) 



is a solution of problem (10.1), (10.3), and 

||x(r,e) -x t (t Uo ,x q ,£)\\ < \\x(t,e) - x t (t Uq ,x° + y(e),e)\\ 

+ || x t (t Vo ,x° + y ( e ), e ) - x t (t Uq ,x °,£) || 

< c x g 

c x = cr + 2Krc\ (jne nc ' L . 



Theorem 10.2 is proved. 
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For Eqs. (10.1), we now introduce boundary conditions of the form 

r 

*^|t=t„q y G ^ ^ L p\r=r 1 /(a;| r =ri j • • • j %\ T = Tr i s) • (10.17) 

3 = 1 

Here, Bj{e) are quadratic m-dimensional matrices and f(j >\ .... ,p r , e) is an 
m-dimensional vector function. 

Theorem 10.3. Suppose that the following conditions are satisfied: 

(a) condition (i) of Theorem 10.1 is satisfied; 

(b) f(pi, ■ . . , Pry e) is continuous in pj E V, j = 1, r, and 

r 

det^Hj(e)/0 VeE(0,£o]; 

3 = 1 

(c) the curve x = x T (T Uo ,y °,£ ) lies in V together with its p-neighborhood 
for t E [0,L] and e E (0,£o]- 

a solution (x(r, e); <^(r, e)) of problem (10.1), (10.17) exists, and the 
slow variables x( t, s) of every solution lie in a a ^-neighborhood of the cutve 
X = X T {T UQ ,y°,£) V(T, e) E [0,L] X (0, £T 0 ]. 

Proof. We represent the fast variables <p(r, e) of the required solution 

(x(T,e);ip{T,£)) = (x T {T vo ,y 0 ,f,£fp T {T vo ,y°if,£)) (10.18) 

of the multipoint (10.1), (10.17) in the form 

p(t,£) =ip+ ^6 (t,iP,e), 

T 

0(T,ip,£) = J [io{xt(r V0 ,y° , ip, e), f) 

Tv q 

+ £b{x r {T U0 ,y°, ip, e), <Ft(r^ 0 , y°, ip, e), t, £)\dt, 



\\6(t,iP,e)\\ < ciL(l + £) \/{r,ip,£) G [0,L] x R m x (0,£ O ]. 
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Here, ip is unknown. To determine ip, we use the boundary conditions (10.17). 
As a result, we get 



-l 



</•= £s#) 

V 3=1 



/O, e) - 7 B 3( £ )9( t 3’ Vh £ ) 



7=i 



= T e (ip), (10.19) 



where 



/(lM) = f{x Tl {T UQ ,y°,ip,£), . . . ,x Tr {T Uo ,y°,ip,£),e). 



Taking into account the continuity of f(pi , . . . ,p r , e) in p 3 G V, j = 1 ,r, 
condition (c) of Theorem 10.3, and an estimate of the form (10.6), namely 

\\x(r,s) - x T (T U 0 ,y°,s)\\ <o^e, 



and choosing £q < , we establish the existence of a constant c(e) such 

that || / [ip, e) || < c(e) \/ip E e G (0, ero] • Then relation (10.19) yields 

-ii 



kwoii < 



5>*(<o 

C =1 



1 



;(e) + — (1 + e) ^ ll-B^e) 

7=i 



= c(e). 



This inequality, together with the condition of the continuity of the function T e (ip) 
with respect to ip, guarantees the existence of a solution ip = ip(e), ||V’( e )ll < 
c(e), of Eq. (10.19) and, hence, the existence of a solution (10.18) of problem 
(10.1), (10.17). Theorem 10.3 is proved. 



The lineal - dependence of the boundary conditions (10.17) on p | T=T ., j = 
1 ,r, is an essential assumption in Theorem 10.3. Below, we establish sufficient 
conditions for the solvability of a multipoint problem for a one-frequency system 
in the case where the boundary conditions contain nonlinearities indicated above. 

Consider the case of the one-frequency (m = 1) system (10.1) with the 
boundary conditions 

X \r=Tv 0 U 1 9{p\t=Ti j • ■ • ) P\t=T t 1 £ ) /(t|t=Ti j • . . ) x\ T =T r 1 &) ■ (10.20) 

Here, g(qi, ■ . . , q r , e) and /(pi , . . . ,p r , s) ai'e scalai' functions of the variables 
qj E R m , Pj G T>, j = 1 ,r, and e G (0, ero] - 
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Theorem 10.4. Suppose that the following conditions are satisfied: 

(i) conditions (a) and (c) of Theorem 10.3 are satisfied; 

(ii) f(pi, ... ,p r , a :) and g(q\, . . . , q r , e) are continuous in pj £ V and qj £ 
R m ) j = 1 ,r; 

(iii) for every N > 0, the following limits exist uniformly in = const, 
| c 0')| < N, j = 1, r : 



lim g(t + cW, . . 

t—> OO 


.,t + cW,e) 


= OO, 




lim g{t + c^\.. 

'■ — > — OO 


.,t + C^\ £ ) 


= — OO, 


(10.21) 


lim g(t + c^\ . . . 

t — »oo 


, t + c^,e) = 


= — OO, 




lim g(t + c^\. 

t — > — OO 


. . ,t + C^,£) 


) = OO. 


(10.22) 



Then a solution (x(r, e); (/?(r, e)) of the multipoint problem (10.1), (10.20) 
exists, and the slow variables x( t. e) of every solution satisfy the estimate 

\\x(t,£) - x r (T U 0 ,y°,£)\\ < os/e V(r , e) £ [0, L\ x (0, e 0 ]. (10.23) 

Proof. To find solution (10.18) of problem (10.1), (10.20), we rewrite the 
boundary conditions in the form 

t?0,e) = g{i> + \o(ri,fi,e),. . .,fi+ ^d(T r ,ip,£),£) - = 0 , 

where 

/(lM) (|/(^,e)| <c(e) £ R m ) 

and 

0(r,fi,£) (\d(T,fi,£)\ < ciL(l + e) Vr £ [0, L\,fi £ R) 

are defined in the proof of Theorem 10.3. We use condition (iii) of Theorem 10.4 
for N = ^ — b l^Tci and consider, e.g., case (10.21). According to condi- 
tion (iii), there exists A"i(e) > 0 such that, for < — iVi(e) and > 
A'| (e), the following inequalities are true: 
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g (y (1) + ^0 (ti,- 0 (1) , e), . . . , V’ (1) + < -2c(e), 

g ^ (2) + ^(ri,^ 2 ^),---,^ + > 2c ( e )- 

Taking into account that |/(i/;,e)| < c(£), we get 

5(V> (1) ,e) < -c(e) < 0, g{^ 2 \e) > c(e) > 0. 

Since (according to the assumptions made) the function g(tjj, e) is continuous in 
-0 G i?, there exists V’ = V’( e ) such that g(ip(e),£) = 0. This yields the exis- 
tence of solution (10.18) of problem (10.1), (10.20), and estimate (10.20) follows 
from estimate (10.6). Theorem 10.4 is proved. 



11. Boundary-Value Problems with Parameters 



In the present section, we study boundary-value problems with parameters for 
the oscillation system 



dx 

dr 



a(x,tp,T), 



dip 

dr 



w(r) 



b(x,ip,T) 



( 11 . 1 ) 



Most investigations of boundary-value problems with parameters relate to the case 
where unknown parameters arc present only in differential equations. However, 
for practical purposes, it is also necessary to study problems with parameters 
in boundary conditions [Luc, Sam9, SaR]. Below, we show that the averaging 
method can be efficiently applied to the proof of the solvability of boundary- value 
problems with parameters. 

Assume that the functions a and b have continuous bounded partial deriva- 
tives with respect to (x, <p,r) £ D x R m x [0, L\ up to the second order inclusive 
and arc almost periodic in p v , v = 1, m, and such that 



a(x, ip, r); b(x, ip, r)] = V[a s (x, r); b s (x, T)\e x{ - Xs ' v \ 



s=0 



where i is the imaginary unit, Ao = 0, A s / 0 for s > 1. (A. s , ip) is the 
scalar product of vectors A s = (A^\ . . . , A^) and p = (<pi, . . . , tp m ), and the 
functions c s = [a s (x, r); b s (x, r)] satisfy the inequality 
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sup 1 1 Co 1 1 + sup 



3cn 



8t 



+ sup 



3cn 



dx 



+ ^2 su p 

3 = 1 



3 2 c 0 



dxdxj 



S= 1 



+ 1 + 



+ 



+ X/ (m + 



l|A s 



l|A s 



sup 



II A s 



sup 



sup ||c s | 



3c, 



dr 



sup 



3c, 



3 2 c 



3t3x 



^2 sup 

j=i 



3.x 

3 2 c, 



dxdxn 



< CTl, 



where the supremum is taken over all (x, r) ePx [0, L], 
Consider boundary conditions of the form 

^4-1 X | r= Q d~ -4.2x|t=// — Cl, X n | r= Q — x n , 



( 11 . 2 ) 



^l¥ , |r=0 d" r=^i f *2 - 



(11.3) 



where .4 1 and .4 2 are nxn matrices, /i] and f ?2 are m x rri matrices, C'i and 
C 2 are n-dimcnsional and m-dimensional vectors, // <G (0, L) is an unknown 
parameter, x n is the nth coordinate of the component x = (xi, . . . ,x n ) of a 
solution (x; if) of system (1 1.1), and x^ is a given number. 

Problem (11.1), (11.3) is a boundary-value problem with nonfixed right 
boundary. To solve this problem, i.e., to determine the unknown parameter ft 
and a solution of system (11.1) that satisfies the boundary conditions (11.3), we 
use the method of averaging over all fast variables tp. We write the averaged 
problem 



dx 


(11.4 1 ) 


dt= s{x ’ T> ’ 


f = W<T) +SG,r). 

dr e 


(1 1.4 11 ) 


-Ai#|t =0 + ^4.2^1 r=fi — Cl, x n \ T = 0 = x n i 


(11 .4 ra ) 


B\Lp\ T= o + B2tp\ T =fj, = C 2 , 


(1 1.4 IV ) 
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where 



[a; 61 = lim 

T^oc 



T~ 



1 1 

J ... J [«(*. V, T ); b(x, P, r)]d(fi ...dip r 



= [a 0 (x,T);b 0 (x,T)}. 

As in the previous sections, we denote by (x(t, y, ip, e); <p(r, y, ip, e)) and 
(x(t, y)-,Tp(r, y, ip, £)), respectively, the solutions of problems (1 1.1) and (1 1.4 1 ), 
(11.4 11 ) that take the value (y;ip) for r = 0. By V p , we denote the set of 
points V G V for which the curve x = x(r, y) lies in V together with its p- 
neighborhood Vr 6 [0, L \ . Assume that the set V po is nonempty for certain 
Po > 0. 



Lemma 11.1. Suppose that the following conditions are satisfied: 

(a) there exists a unique solution x°,p° of the equation 

A\x° + A 2 x(p°, x°) = Ci 
such that x° = (x°, x°) € V po and p° £ (0, L) ; 

(b) det(i?i + B 2 ) 7 ^ 0 . 

Then there exists a unique solution {p°, x(t, x°),Tp(r, x°, ip°, e)} of the av- 
eraged problem (11.4 ! )-( 11.4 IV ) defined V(r, e) £ [0, L] x (0, sf. 

Proof. It follows from condition (a) that the solution x = x(r, x°) of 
Eq. (11.4 1 ) is defined for all r £ [0,L] and satisfies the boundary condition 
(11.4 m ) for p = p°. It is easy to verify that this solution is associated with the 
unique solution 

T 

Tp(r, x°,qP,e) = (p° + ^ J [ut(t) + eb(x(t, x°),t)]dt, t€[ 0 ,L], (11.5) 

o 

of problem ( 1 1 .4 n ), (1 1 .4 IV ), where 

M0 

<p° = (Bi + B 2 )~ l ^C ’2 - \b 2 J [uj(t) + £b(x(t,x°),t)]dt^. 

o 



Lemma 11.1 is proved. 
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We now study the problem of the existence of a solution of the original prob- 
lem (1 1.1), (11.3) and establish an estimate for its deviation from a solution of the 
averaged problem (1 1.4 1 )— (1 1.4 IV ). For this purpose, we denote by P the n x n 
square matrix 

p = 

Here, .4 | is the n x (n — 1) rectangular matrix whose columns are the first n — 1 
columns of the matrix A. 

Theorem 11.1. Suppose that the following conditions are satisfied: 

(i) u(t) = (ui(t),...,u m M) e C”I, 1+ ' and the Wronskian of the func- 
tions cui(r), . . . , tu m (r) has zeros of multiplicity not higher than l on 

[0 ,L]; 

(ii) the conditions of Lemma 11.1 and inequality (11.2) are satisfied; 

(iii) det P f 0 and 

a 0 = sup \\P~ 1 A 2 d(x(p 0 ,x 0 ),ip,p°)\\ < 1, 

1 p£R m 

where a(x, ip, r) = a(x, ip, t) — a(x, r). 

Then one can find positive constants £q < £q and a such that, for every 
£6 (0, £o]> there exists a solution {p,(e), x(r, e), ip(r, e)} of the boundary-value 
problem (11.1), (11.3) that satisfies the estimates 

\n(e) - p°\ + || x(t, £) - x(t, x°) || < a£ a , 
\\ip( T ,£)-fi(T,x°,<p°,£)\\<a £ a ^ 1 Vr G [0, L] , a = ~~j ■ (U-6) 

Proof. We seek a solution of problem (11.1), (11.3) in the form 

{/x° + h, x(t, x° + y,<p° + fi, s),cp(T, x° + y,<p° + fi, e)}, 

where y = (y, 0) = (yi, ..., y n - 1 , 0), h, and = (fii, . - . , fi m ) are unknown 
parameters. For their determination, we use the boundary conditions (11.3). As a 
result, we obtain 

My + A 2 x(p° + h, x° + y) = Ci - A\x g - A 2 Ax fl o +h , 

Bifi + B 2 fi(p° + h, x° + y, + ip, £) = C 2 - Blip 0 - H 2 A^ 0+h , (1 1.7) 
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where 



Ax r = x(t, x° + y,ip° + ip, e) - x(t, x° + y), 

Ap T = <p(r, x° + y, + ip, e) - Tp(r, x° + y,ip° + ip,e). 

Note that if the conditions of Theorem 1 1 . 1 are satisfied and £o > 0 is sufficiently 
small, then it follows from the results of Chapter 1 that the following inequality 

holds for all r € [0, L], ||y|| < V’ £ and £ £ (0, £q] : 



||Ax t || + || Ay? r || + 



d_ 

dy 



Ax 7 



+ 



+ 



d_ 

dy 



A 



<9 A 



+ 



d 

djA f ’ 



< qe a , ( 11 . 8 ) 



where a is a certain positive constant independent of e. 
Note that 



x(p° + h, x° + y) 



o _0 n , dx{p°,x°) 



= x(/x u ,x u ) + 



dx° 



y + a(x(p?, x u ), /x u )/i + X(x", pp , h, y), 



n °+h 



<p(p° + h, x° + y, ip° + ip, e) = <p° + ip + ^ J [w(f) + eb(x(t, x° + y),t )] dt, 



\\X(x u , p u ,h,y)\\ < ixrdlyll + /i ), 

^ X(x°,p°,h,y ) + X(x°,p°,h,y ) < oT(||?/|| + \h\), 



(11.9) 



a i = const, 



Therefore, denoting (■ y , h) = z, we can rewrite equalities (1 1.7) in the form 



z = -P 1 A 2 [Ax tl o +h + X(x°,pt°,h,y)] = M(z,ip,e) 
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jP +h 



ip = ~(Bi + B 2 ) l B 2 I (-^ + b(x(t,x° + y),t)j 



dt 



+ J x° + y),t) -b(x(t,x°), t))dt + 

o 

= N(z,lp,£). 



( 11 . 10 ) 



It follows from (11.8) and (11.9) that, for every fixed ip 6 R m and e e (0. cp] , 

M(z, ip, s) maps the set 

K = {z: z € R n , \\z\\ < a 2 £ a } , a 2 = 2a\\P^ 1 A 2 \\, 



into itself for 

£o < (Aaicr)-*\\P~ l A 2 \\~*. 

In addition, we impose the restriction 

£ o < — min {fi°-,L-ii 0 }, 

which guarantees that the condition /j° + h £ [0, L\ is satisfied. 

Further, we show that M : K — > K is a contracting mapping. Using estimate 
(11.8) and the equality 

-y- A x T = [a(x, t) - a(x, r)] + a(x, <p,r), 



from the relation 

d M 



dz 



= -p~ x a 2 



d_ 
L \dy 



d 



d 



Aay> +/l ; — Ax^o+h) + —X(x",tP,h,y) 



dz 



we derive the inequality 

I dM 



dz 



<|| P A 2 \\(a + <j_o 1 + (Tio- 2 )£ a 

+ \\P~ 1 A 2 'a(x(/j° + h,x° + y, y° + ip,£), 

+h,x° + y,(f° + ip,£),n° + h)\\. 
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This inequality, the restriction ero < 1, and the inequality 

|| a(x(p,° + h, x° + y, + ip,e), ip, + h) - a(x(p°, x°, p, p°) || 

< cri[a + a 2 {ne aiL + 1 + cri)]e a 



Mz € K, p £ R m , £ € (0, £T 0 ], 



[which follows from (11.2), (11.8), and (11.9)] imply that, for all z G K, e € 
(0, £q] j £o £ [(2a 2 ) _1 (l — <To)]“> and ip G R m , the following estimate is true: 



d M 
dz 



< CTq + CF2£ a < 



O~0 + 1 
2 



< l; 



here. 



cr 2 = H-P 1 A 2 \\ [ct + 2aai + <ji<j 2 + cricr 2 (l + ne aiL + ui)]. 



Thus, M : K — > K is a contracting mapping, and, therefore, there exists a unique 
solution z = z°(ip,e) = (y°(ip, e), h°(ip, e)) G K that continuously depends on 
(ip,e) G R m x (0, £o\. 

Substituting the value of z = z°(ip,e) into the second equation in (11.10), 
we obtain 

ip = N(z°(ip,e),ip,£). (11-11) 

Since the mapping N is continuous in ip G R m and, according to (11.9), 

\\N(z°(ip,e),ip,£)\\ < <7 3 £ a— 1 V(^,e) G R m x (0,e 0 ], 



where 



(73 = ||(-Bi + B 2 ) 1 B 2 \\(a + (7i(7 2 + 2(71 L + CJ 2 max ||tu(r)||), 

[0,L] 

using the Schauder theorem we establish that there exists a solution ip = ip°(e), 
||V , °( e )ll < of Eq. (11.11). Hence, 



{p(e),x(T, s),p(t, e)} 

= { n° + hq (e) , x(r, x° + y° (e) , p° + ip° (e) , e) , 

where ^o(s) = h°(ip 0 (e), s), y°(e) = (y° (ip° (e) , e) , 0), is a solution of the 
boundary- value problem (11.1), (11.3). Estimates (11.6) with the constant <7 = 
(7 T (7 3 T injofP' L max{l; rr [ /.} follow from estimate (11.8) and the inequalities 
||y°(e)|| + |//o(£)| < cr 2 £ a and ||'0 o (er) || < <j 3 £ a_1 . Theorem 11.1 is proved. 
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Corollary 1. Suppose that B 2 = 0 in Theorem 11.1, i. e . , the boundary con- 
dition for the fast variables <p turns into the initial condition p\ t= q = B^ 1 C 2 = 
(p°. Then, in a small neighborhood of the solution {p°, x(t, x°),(p(r, x°, (p° , e)} 
of the averaged problem (11.4 1 )-(11.4 IV ), there exists a unique solution {p(e), 
x(t, e), e)} of the boundary-value problem ( 11.1), (11.3), and this solution 

satisfies the following inequality for all (r, e) G [0, L\ X (0,£o]- 

\p{e) - p° | + ||x(r,e) -x(r,x°)|| + || <p(r,e) - <p(r, x°, tp° , e) || < ae a . 

The method proposed above can be generalized to the case of a multipoint 
problem that contains unknown parameters // 1 , p r (2 < r < n) in the 
boundary conditions. Instead of (1 1.3), we consider the boundary conditions 

r r 

^ , a tAt=,j, — C 1 , ®|r=o — ® ^ ^ p\ T=m — c 2 , ( 1 1 . 12 ) 

3 = 1 3 = 1 

where 0 < pi < P 2 < ■ ■ ■ < Pr < L, x = (x n — r+ i, . . . , x n ) is the vec- 
tor whose coordinates arc the last r coordinates of the slow component x = 
(x\, . . . ,x n ) of the solution (x;ip) of system (1 1.1), and x° is a given r-dimen- 
sional vector. 

r 

Lemma 11.2. If the matrix Bj is nondegenerate and there exists a unique 

3 = 1 

solution x° = (x ®, . . . , x®_ r ), p° = (gj, . . . , pff) of the equation 

r 

^Ajx(/^,x°) = Ci 
3 = 1 

that satisfies the conditions x° = (x°,x°) € D po , 0 < p® < p® < ■ ■ ■ < 

p® < L , then there exists a unique solution {p°, x(t, x°),ip(T, x°, (p ° , £)} of the 
averaged problem (11 .4 1 ), (11.4 11 ), (11.12). 

Proof. It is obviously sufficient to find the ^-component of a solution of the 
averaged problem. To do this, we use formula (1 1.5), in which we set 

r 1 f , r 3 

= ( ^2 Bj^J C 2 --Y.BJ / {u{t) + £b(x(t , x°), t)) dt . 

3=1 1 £ 3=1 { J 



Lemma 1 1 .2 is proved. 
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Denote by Q the n x n square matrix 



£ 

3 = 1 



A 



dx(pV,z 

dx° 



-,Aia(x(pi,x°),pi), . . . ,A r a(x(^,x°),p° r )y 



The proof of the theorem below, in fact, repeats the proof of Theorem 11.1, 
and, therefore, we present only its formulation. 



Theorem 11.2. Suppose that the following conditions are satisfied: 

(a) condition (i) of Theorem 11.1, inequality (11.2), and the conditions of Lem- 
ma 11.2 are satisfied; 

( b ) the matrix Q is nondegenerate and 



sup 

ipL) £R m , 1 <j <r 



Q 1 Aja(x(p.°j,x 0 

3 = 1 






00 



M?) 



< 1 . 



Then, for sufficiently small £q > 0 and every e G (0,£o]i there exists a solu- 
tion {p(e),x(T,£),ip(r,£)} of the multipoint problem (11.1), (11.2) that satisfies 
the following inequality for any (r, e) G [0, L\ X (0,eo]: 

II Me) - A*°ll + \\ x ( T ,e) - x{t,x°)\\+£\\<p(t,£) - Tp{r, x°, qP,e)\\ < cr 4 £ Q , 
where the constant U 4 is independent of £. 



Finally, we consider the case where an unknown scalar parameter // G R 
enters into the boundary conditions in a linear manner. For the multifrequency 
system (1 1.1), we introduce the boundary conditions 

Aix\r=o + pA 2 X \ t=L = Cl, %n\r=0 = X° n , 

(11.13) 

Bnp\ r=0 + B 2 p\r=L = C 2 (. A 2 f 0). 



The solvability of the averaged problem (1 1.4 1 ), (1 1.4 n ), (11.13) follows from 
the lemma presented below. 



Lemma 11.3. Suppose that the matrix B \ + B 2 is nondegenerate and the 
equation 

A\x° + p 0 A2x(yL, x°) = Ci 
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has a unique solution p°, x° = (x®, . ,x„_ 1 ) for which x° = (5?°,x°) £ 

V po . Then, for all (r,s) £ [0, L\ x (0,£o]> the unique solution {p°, x(r, .x°), 
9 ?(r, x° , 99 0 , e) } , where 

L 

tp° = (B\ + Bf)- 1 C 2 --B 2 J (uj(t) + eb(x(t,x°),t)) dt , 

0 

of the bound ary -value problem (11.4 1 ), (11.4 11 ), (11.13) is defined. 

Lemma 11.3 can be proved by analogy with Lemmas 11.1 and 11.2. 

Further, we choose h £ R, y £ and ip £ R m so that a solution of 

problem (11.1), (11.13) has the form 

{p° + h, x(t, x° + y, <f° + ip, e),<p(r, x° + y,ip° + ip, e)}, 

where y = (y, 0) £ R" . Using the boundary conditions (I 1.13) and Lemma 11.3, 
we get 

z=-P X A 2 (. Ax l + X(x°,L,0,y))(ti° + h) + \ h 

= M(z,ip,e), (1L14) 

L 

ip = —(Bi + B 2 )~ 1 B 2 A pl + J (b(x(t,x° + y),t) — b(x(t,x°),t))dt 

0 

= N(z, ip, e), (1L15) 

where z = (y,h), P is an n x n matrix of the form 

and X and A\ arc defined in Theorem ILL 
If p° 0, then the analysis of the inequality 

\\M(z, ipe)\\ < ||P” 1 ^ 2 ||[(ae Q + ixi||z|| 2 )(/+ || 2 ||) + ne CTli || 2 || 2 ] 

[which follows from (1 1.2), (1 1.8), (11.9), and (11.14)] shows that, for fixed ip £ 

R m , e £ (0, eo]) and 

1 

£0 < — + bT< 7 5 /i 0 + ~d\o\ + ne aiL af) a 5 = 2ap°\\P 1 A 2 1|, 

L <7/i u J 
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M(z,ip,e) maps the set K = { z : z G R n , ||z|| < cr^e 0 } into itself. Moreover, 
it follows from (1 1.14) that 

< \\p 1 A 2 ||[p:(^ 0 + 1) + 0-5(0: + aip° + n 2 e CTlL ) + 2 d 1 a§]e a 
= 0-66° < * for £q < (2<t 6 ) -1 . 

Therefore, for p° / 0, there exists a unique solution 

z = z(ip,s) = (y(ip,£),h(tp,£)) € K 

of Eq. (1 1. 14), which can be determined by the method of successive approxima- 
tions: 

z*+ l(lM) = M(z s (ll>,£),ll),£), S > 0, 
zo(ip,s) = 0 , lim z s (ip,£) = z(ip,s). 

S — >00 

Differentiating the equality z s +i(ip, e) = M(z s ('tp, e), ip, e) with respect to ip 
and taking into account estimate (11.8), we get 

d d 

—z s+1 (ip,£) <(J 7 £ a —z s (ip,£) +cr 8 £ Q , S > 0, (11.16) 

where 

cr 7 = |jp 1 A 2 \\[(p° + cr 5 )(a + aicr 5 ) + a + 04 of + ncr b e aiL ] , 
cr 8 = || P 1 A 2 \\a(p° + a 5 ). 

Inequality (11.16) yields 

^ / / \ ^ (X OL 

—z s+ i{^,£) <- -£ =a 9 £ 

dtp 1 — C 7 £q 

Vs > 0, ipeR m , £ g (0, £ 0 ] > 

provided that £q < (2a 7 )~ l . This is sufficient for the function z(ip, e) to satisfy 
the Lipschitz condition 

I \z(ip,e) - z(f _,£) || < a 9 £ Q ||V’ -^|| Vip,ip G R m . 



(11.17) 
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If n° = 0, then it follows from Eq. (1 1. 14) that z = z(ip, e) = 0 is its unique 
solution for small 1 1 z | | . 

Substituting z = z(ip, e) in (11.15), we obtain the equation 

ip = N(z(ip,s),'ip,£). (11.18) 

Inequality (1 1.8) and the restriction ||y|| < <75 £ a yield 

\\N(z(ip, e), ip, e) || < cr 10 £ a , 
oho = ||(^i + B 2 y 1 B 2 \\{a + Lnaicr 5 e aiL ), 

and the Lipschitz condition (11.17) guarantees that the following inequality holds 

for all ip, ip G R m and e G (0, £o] : 

\\N(z(ip,£),ip,£) - N(z(ip,£),ip ,£) || < a W £ a \\ip -ip\\. 

If we choose £o > 0 so small that f7 10 £o < then N(z(ip, e), ip, e) maps the 
set || ip\\ < o i (|£ q into itself and is a contracting mapping. Therefore, there exists 
a unique solution ip = ip(£) of Eq. (11.18), and, hence, there exists a unique 
solution z = z(e) = z(ip{£),£), ip = ip{e) of system (11.14), (11.15) that 
satisfies the inequalities 

lk(e)|| < cr 5 £ Q , \\ip(£)\\ < ai 0 £ a V£G(0,£ 0 ]. (11-19) 



Thus, 

{//(£), x(r, e),(p(T, £)} 

= {p° + h{s) , x(t, x° + y{e) , + ip(e) , e) , 

<p(r, x° + y(s),cp° + ip(e),£)}, 

where z(s) = (y(£),h(£)), y{£) = (y(£),0) is the unique solution of prob- 
lem (11.1), (11.13) in a small neighborhood of the solution of the averaged prob- 
lem. Moreover, according to inequalities (1 1.8) and (1 1.9), the following estimate 
holds for all (r,e) G [0,L] x (0, £o] : 

|/r(£)-/x°|-|-||x(r,£)-x(r,x 0 )|| + ||^(r,£)-^(r,x 0 ,^ 0 ,£)|| < cjii£ q , (11.20) 
where an = g_ + + ne aiL a 5 max{l; La{\. 
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Thus, the following statement is true: 

Theorem 11.3. If condition (i) of Theorem 11.1, inequality (11.2), the condi- 
tions of Lemma 11.3, and the condition det P f 0 are satisfied, then, for suffi- 
ciently small £o > 0 and all e € (0,£o]> in a small neighborhood of the solution 
{/i°, x(t, ,t°), tp(r, x°, p°, e)} of the averaged problem (11. 4 1 ), (11.4 11 ), (11.13) 
the boundary-value problem (11.1), (11.13) has a unique solution {p(s),x(T, e), 
(p(r, e)} that satisfies inequality (11.20). 




3. INTEGRAL MANIFOLDS 



12. Auxiliary Statements 



Consider a multifrequency system of the form 



dx 

dr 



a(x, t ) + a(x, p, r ) + sA(x, <p, r, s), 
dp cu(r) 



dr 



+ b(x,p,r,e), 



( 12 . 1 ) 



where x £ V C i? n , p £ i? m , m > 2, r £ /?, e £ (0, ero] , 22 is abounded 
domain, and the real vector functions a, a, ,4, u, and b arc defined and 27r- 
periodic in each variable p u , v = 1 ,m, on the set G = V x K m x R x (0, eo]- 
Without loss of generality, we can assume that the function a(x, p, r) averaged 
with respect to p over the cube of periods is identically equal to zero [otherwise, 
it can be included in a(x, r) in system (12.1)]. 

Assume that 



[a,a,6]€C'i(G,a 1 )n^(G,<7 1 ), 

F)n 

— zCl(G,a{), A £ C^ v (G,(Ti), 



[ll^fsupllcfell + ||fc| 

kpo G 



( 


dc k 




dc k 


\1 


1 sup 
V G 


dr 


+ sup 
G 


dx 


)J 



< O’!, 



( 12 . 2 ) 



and —A(x, p, r, e) is continuous in (x, p,r) £ V x R m x R for every fixed 

e £ (0, £o] • Here, o\ is a certain positive constant, cp = Ck(x, r, e) ar - e the 
Fourier coefficients of the harmonics exp {i(k, p )} in the Fourier expansion of 
the function c(x,p,r,s ) = \a(x,p,r);b(x,p,T,s)], i is the imaginary unit, 
(k, p) = k\p\ + . . . + kmPra is the scalar - product of vectors k = k m ) 



133 




134 



Integral Manifolds 



Chapter 3 



and p = Oi ,...,p m ), ||fc|| = |fei| + . • - + \k m \, and C l x ^(G,a i) (■ C l T (G,<n )) 

denotes the set of vector functions that have partial derivatives with respect to all 
variables x and p (r) up to the Ith order inclusive that arc continuous in x, p, 
and t and bounded in G by the constant a\ . Unless otherwise stated, the norm 
of a matrix is understood as the sum of the absolute values of its elements. 

We also impose certain restrictions on the coordinates u = 1, to, of 

the frequency vector ui(r). Assume that the functions 

dn 

^u( T ) = v = 1 ’ m i At = 0,p-1, p>?n, 

arc uniformly continuous on the entire axis and 

\\( W p {t)W p {t))~ 1 Wp {t)\\ < cr 2 = const Vt € R, (12.3) 

where W p (r) and W p (r) denote the matrix 

and its transpose, respectively. 

Consider the system of equations of the first approximation for slow variables 
averaged with respect to all angular variables p 

dx 

— = a(x,r), (12.4) 

and assume that it has a solution x = x(t) defined on the entire numerical 
straight line and lying in V together with its p-neighborhood. 



Lemma 12.1. If conditions (12.2) and (12.3) are satisfied and p = p^if. e) 
is a solution of the Cauchy problem 

d^ = ^ + h[m + Y{ t t £) t £) R m ( 12 . 5 ) 

at e 

where Y(p,t,e) is continuously differentiable with respect to (p,t) 6 R m x R 
for every fixed e, 



dY dY u(t) 
dt dp e 



< di, 



dY 

dp 



<d 2 £ a 



V(<p, t, £) € R m x R x (0, e 0 ] = G 1 
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d \ , d ‘2 = const, and a = then there exist constants c\ and c 2 independent 

P 

of e and such that 

e)-f) < ci£ a (l + d 2 )e c ^ l+d ^ a 1^1(1 + |r - t|) 

dip 

for sufficiently small eg > 0 mid all {if, t, e) £ G'i and t £ R. 



Proof. We rewrite problem (12.5) in the form 



f + b(x(l) + Y(tp l T ,l,e),(p! r ,l,e) dl. 



Then, denoting zt = ——(pi — if), we obtain 
dip 

t f db dY i f db , 

Zt = J dx&p {ZT + Em)dl + J + E m)dl, 



whence 



( 12 . 6 ) 



|4ll < no 1 d 2 £ a (m\T -t\+ j \\zU\dl ) 



+ 5^1 / E k{ x (l) + Y(ip l T ,l,£),l,s)(z l T + E m ) 

M 0 r 

l 

x exp{z(fe, 4)} ex P | - J (k, tu(r)) drj dl . (12.7) 

T 

Here, is the jn-dimensional identity matrix, Bk(x,T,s) are the Fourier co- 

t 

d If 

efficients of the function —b(x, <p, r, e), and 0* = <4 J w(r)dr. 

T 

First, we consider the case t > r + 2. We represent the segment [r, f] as a 
union of segments, namely 



[r, t] = (J [r + s, r + s + 1] U [r + q,t\, 
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where q is the integer part of the number t — T — 1, 1 < t — (t + q) < 2. Then 
we represent the integral over [r, t\ under the summation sign on the right-hand 
side of (12.7) as the sum of integrals over the segments indicated. Estimating the 
integral over the segment [r + s, r + s + 1] of unit length by using condition 
(12.3) and the uniform estimate (1.20), we get 



T+S+l 



A s ,k — 



Bk(z l T + E m ) exp{z(fc, 4)} ex P j l - f (k, w(r))dr| 



dl 



r+s 



< c 3 e' 



'{[(1 +CTl)< 



m+ max ||4||) + max 



[r +s,r +s+l] 



[r + s,t + s+l] 



dr r 



i d 

x sup \\B k (x,T,e)W + (m+ max | ! |4|I)tT77T SU P 7r B k(x,T,e) 

[r+s,r+s+l] || || q OT 



G 



1 



+ (<7i + d2En<Ji + di)(m + max ||4||)ttt77 sup 

[r +s,t +s-t-l] ||/r|| Q 



d_ 

dx 



B k (x,T,s) 



where c 3 is the constant corresponding to the constant <r 3 in estimate (1.20). 
Since 

dzl ( db dY db\ j 

the inequality 



max 

[t+s,t+s+1] 



dl Zl 



< (m + ndoS?l){m + max \\z l A 

[r+s,r+s+l]" 



( 12 . 8 ) 



yields the following estimate for (foe o — 1 : 



A s k < c±£ a (l + max || zl 
[t+s,t+s+1] 



+ 



1 



sup 

G 



d 

8r 



B, 



sup \\B k \ 
G 

+ sup 
G 



d_ 

dx 



B, 



where C4 = mc 3 [(l + <ti)(1 + a\{n + m)) + 2cri + d\\. 
Further, we consider the differentiable norm 



* 1 = 



£ 

hi= 1 



*3 



1 

2 
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of the matrix z = (z t] ) r - l 1=] . It is obvious that 



, || || O 1 1 II LI, || || U, / \ 

h i < p < m h i, — \\z i < —2: , z = z(t). 

I dr I liar 111 

Let l\ and L be, respectively, the maximum point and the minimum point of a 
continuously differentiable function \\z l T \\ \ of available l on the segment [r + s, 
r + s + 1] . Then the following inequalities hold: 

max lUill < m 2 max ||z?.||i = m, 2 [ 1 1 ^£2 ||i — \\z 1 ^ ||i + \\z l * || i] 

[t+s,t+s+1] [t+s,t+s+1] 



= ™ 2 / -7tII4IIi^ + 114 



r+s+l 



L4 + » 411 ^ 



<7i(m + nd 2 £o)m 2 J ||^||di + m 3 (m + )<Ji, 



In view of these inequalities, the estimate for A s k takes the form 



T + S+l 



A s ,fc<c45"il+ J ||4||rfq 



x 4 i p||b ‘ ||+ h(t p I4 Bi II +5 “ p !4 b ‘II)]' <i2 - i)) 



C4 = 04(1 + m 3 (m + n)), s = 0, q — 1. 



Since the length of the segment [r + q, t] is not less than 1 and less then 2, 
we conclude that the expression 

t 

A q t k= J Bk(x(l) + Y (ip l T , l, e), l,e)(z l T + E m ) exp{i(/c, (p l T )}dl 

r+q 
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can also be estimated using inequality (1.20). Repeating the scheme of the proof 
of estimate (12.9), we get 



r+s+l 



V<c/ If / ||4||dZ 



T+S 



SUP ||-Bfc|| + TTTT7 ( SUp 

L G W k W V G 



—B k 
dr k 



+ sup 
G 



ox 



( 12 . 10 ) 



Combining (12.9) and (12.10) and using condition (12.2) for the Fourier coeffi- 
cients, we deduce from (12.7) for t > r + 2 that 



411 <mn( 1+ / ||4||dZ )uid 2 £o +^i(c 4 + c 4 )e Q / \\z l T \\dl + t — t m 



< c 5 e a (d 2 + 1) 



\z l T \\dl + t — T 



( 12 . 11 ) 



C5 = mai(n + C4 + C4). 

Now let t G [r, r + 2). Then equality (12.6) yields 

t 

|| 4 1| < (ruTKheZ + rrun) j \\z l T \\dl + 2mnoid 2 e a 

T 

t 

+ f B k {x{l) + Y(ip l T , l, e), l, e) 
mo 1 



x exp{i(fe, 9 t )} exp <j - / ( k,uj(r))dr fdl 



( 12 . 12 ) 



According to (1.20) and (12.2), the last term on the right-hand side of (12.12) is 
bounded from above by c§E a . Therefore, inequality (12. 12) for d 2 e q < 1 yields 

||4|| <F 6 e a Vf e [r, r + 2), C6 = e 2 ( n + m ) CT i ( Cg + 2mna\). (12.13) 
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We return to estimate (12.11) for t > r + 2. If we represent the segment [r, t] 
as the union of the segments [r, r + 2 ] and [r + 2 , t] and use inequality (12. 13), 
then estimate ( 12 . 11 ) takes the form 

t 

|| 4 II ^ c 5 (! + d 2 )e a J \\z l T \\dl + (1 + d 2 )c 5 (l + 4c 6 )e a (t - r) 

t+2 

for t > t + 2, d 2 £Q < 1, and £q < 1- Since t — t increases monotonically as 
a function of t, we have 

■I t ,| \ ,, 

4^ < c 5 (l + d 2 )e a / 4 —dl + (i + d 2 )c 5 (H- 4c 6 )e a , 
t~T J l-T 

t+2 



Hence, according to the Gronwall-Bellman lemma, we get 



1411 = 



d_ 

dil’' 



(4 - 4 ) < c 5 (l + 4 c 6 )(1 + d 2 )e a (t - T )e^( t+fc^t-r) 



Vi > r + 2. Combining the last estimate for t > r + 2 and estimate (12.13) for 
r < f < r + 2, we complete the proof of the lemma for t > r. For f < r, the 
proof is analogous. 



Lemma 12.2. Suppose that the conditions of Lemma 12.1 are satisfied. Then 
one can indicate constants C 7 and cs independent of e and such that 

4(4 



d t . . 
^444 



< c 7 1 + 



0 c 8 £“|r-t| 



/or o/Z (/, r, e) £ G/ and t £ R. 



Proof. The Cauchy problem (12.5) yields 

9<Pt M4 



dr 



+ b{x{r) + Y (/, r, e), r, e)) 



f r <% <9L db i 94 d dp\ 

J .dx dp dp. dr ' dt dr 



d d 

l dx b ^^ + Y ^ pt ' r ' tj 4,4-, 4 (44, 4 

+ ^6(x(4 + ^ (4, *, 4,4-4, 4 * 1 



J dr 



(12.14) 
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The first of these equalities yields 




T 




T 



(12.15) 



If t € [r, r + 2), then the last term on the right-hand side of (12.15) can be 
estimated from above by the value 




T 



Hence, using the Gronwall-Bellman inequality, we get 

+ <ri) e 2ai ^ m+n ^ Mt G [r, r + 2) 



9(Pr 

dr 



< 



Mr) 

£ 



(12.16) 



for d- 2 SQ <1. Iff>r + 2, then we represent the segment [r, t] as the union of 
segments of unit length and the last segment whose length is not less than 1 and 
less than 2. Then we decompose the integral under the norm sign on the right- 
hand side of (12. 15) into the sum of integrals over the segments indicated. Taking 
into account inequalities (1.20) and (12.2) and the second equality in (12.14), by 
analogy with the proof of Lemma 12. 1 we get 



t 



T 



db d<p l T 
dp dr 



t 




T 




cq = const. 



The last estimate, together with estimates (12.15) and (12.16), yields 

I II r ~i i / i _ \o _2<ri (m+n)i ( II 



8t 



< [1 + (nai + eg) 2e 2 * 1 (" l +">] + rj 



+ (eg + naid 2 )£ c 



dy l T 

dr 



dl. 



t+2 
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Solving this inequality, we get 



8 t 



< [1 + (n<Ji + cg)2e 2rT1 ( m+n ' > ] 



^ g( n<T l ^2 +c 9 )e“ (t— t) (12.17) 



Vf > r + 2. Estimates (12.16) and (12.17) complete the proof of the lemma for 
t > t. For t < r, the lemma is proved by analogy. 



Lemma 12.3. If the functions Y r, g), z^ = l,m, are continuous 

u'lpd'ipi/ 

in t ) £ x /?, for every e £ (0, £o] t/?e conditions of Lemma 12.1 are 
satisfied, then, for any (fr, r, e) £ Gi, t £ R, the following inequality is true: 



yj II dr\)dr\) v 



< cio e' 



+ ^ sup 
!/=l ^’ T 



5 2 

dfchf 



-Y(lj>,T,£) 



X (1 + |i-r| 2 )e Clie °l t - T f J (12.18) 



where the constants cio and cn are independent of z. 



Proof. We prove estimate (12.18) for t > r (the proof for t < r is analo- 
gous). Using (12.5), we get 



dVrO/he) 

dipdfv 



d 2 b ayW fd{p l T -'ip) \dY 



y 

*— J dxdx r dcp 

L r=l 






+ e t 



<9<p 



<9 2 6 / 

“ dxdp,, l ^ + 






“ dxdp 






dp 



+ E 



d 2 6 arW fd{p l T -^) 



y dpdx r dp 



dfv 



+ e t 



+ E 



<9 2 6 5(^ !/t - </vJ 



r; d^pdpij 



dfp 
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56 ™ 5 2 Y fd^-%) 



dx dcpdtpn V d'l/jv 
d(<p l T - i/j)' 



+ <5;/^ 



X ( E m + 



df> 



dl 



+ f d2b d ^T-^ d l + 

J dpdp v dx!> J dpdp v 



' db dY db \ d 2 p\ 



dx dp dtp/ dfdf 



where Y = (yW, . . . , Y ^), p\ = (<^ ;1 , . . . , ^ m ), 5 U ^ is the Kronecker 
symbol, and e„ is the unit vector in the space R m . Using conditions (12.2) and 
Lemma 12.1, we get 



d 2 p t 



dfdf v 



<cuU° + Y, 



sup 



d 2 



df>dip. 



-Y{^,t, e) 



x (t — t + (t — T) 2 )e Cl3£a( ' t r -* + na\ d 2S° 



f 


d 2 p\ 


1 


dfdf> v 



dl 



+ 



d 2 b 

dpdp t 



dl 



+ 



db d 2 p\ 
dp dfdfv 



(12.19) 



where C12 and C13 are constants independent of e. The last two terms on the 
right-hand side of (12.19) can be estimated by analogy with the corresponding 
integrals in the proof of Lemmas 12.1 and 12.2. Conditions (12.2) for the Fourier 
coefficients of the function b(x, p, r, e) and the uniform estimates (1.20) of the 
oscillation integrals yield the following inequalities for any t > r + 2 : 




T 



< Ci4£ a (t 



T ), 
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Z 

I 



db d 2 p\ 
dip dtydtyv 



< C14 


r 771 

(e a + Y sup 




L v M =i 



9 2 



~Y(ip,T, e) 



( t~T+(t - r )2) e ci5 £ “(t-r) 



+ £ c 



d 2 p\ 






dl 



(12.20) 



where cu, c 14, and C15 arc certain constants independent of e. Combining 
inequalities (12.19) and (12.20), we obtain 



E 



d 2 p t 



— f W 



< (C12 + cm + ci 4 )mfe a + y>ip 

V u= 1 ^’ r 

x (i — r + (1 — r) 2 )e 5l5£a ^ _T ^ 

d 2 p l r 



d 2 



d'lpd'i/;, 



-Y(ip,T,e) 



+ (nfJid 2 + Ci4)e" J ^2 



— ' I I d^d^y 

\/t > t + 2, C15 = max{ci 3 ; C15} 

For f € [r, r + 2), relation (12.19) yields 

d 2 pl 11 . / ^ II <9 2 






( 12 . 21 ) 



E 



1 1 di[)dil) v 



<ci 6 (e“ + E sup 

v=l 



di^dtp L 



Y{lp,T,£) 



(12.22) 



where the constant ci6 is independent of e. Therefore, decomposing the integral 
over [r, t] on the right-hand side of (12.21) into the sum of integrals over the 
segments [r, r + 2] and [r + 2, t] and using estimate (12.22), we deduce from 
(12.21) that 



E 



d 2 p t 



1 1 dipdi^u 



< cn(e a + y~]sup 

V u= 1 



d 2 



~Y(^,r, e) 



dipdipv 

X (f - r ) 2 e (ci 6 +n < T 1 d 2 +ci 4 ) £ “(t-r) (12 . 2 3) 



Vf > r + 2, C17 = const. 

Inequalities (12.22) and (12.23) yield estimate (12.18) for all t > r. Lemma 12.4 
is proved. 
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The methods proposed above can be used for the proof of the following state- 
ments: 

Lemma 12.4. If the conditions of Lemma 12.3 are satisfied, then the follow- 
ing estimate holds for any G G\ and t G R: 

< cio^-'dMrJII + 

where the constants cio and cn are independent of e. 

Lemma 12.5. Suppose that the following conditions are satisfied: 

(i) conditions (12.2) and (12.3) are satisfied; 

(ii) the functions Y\(p,r,£) and Y 2 (p,r,£) are twice continuously differen- 
tiable with respect to (p, r) G R m x R for every £ G (0, eo]> In-periodic 
in <p v , v = 1 ,m, and such that 

8 m 1 1 d 2 

WYsW^d^, —Y s <d 2 £ o, V — Y s <d 3 £ ft, 

dp “N dipdpv 

+ <d! V(<f,T,£) G G u s = l,2. 

8t dp £ 

Then there exist constants cis and C 19 such that, for all (' ip,r ,£ ) G G\ and 
t G II. the following estimates are true: 

\\p t T,i(i’^) -PrpWi^W 

< Ci 8 (l + \t - r|)e Cl9£ o | ^ r| max sup \\Yi(ifr,l,£) - Y 2 (il>,l,e)\\, 

leN(r,t) 

- PrM^)) 

< Cis(l + 1 1- T| 2 )e ci9£ ° |t_r| sup ||Yi(^,r,e) - Y 2 ('tp,T,£)\\ 

1 G\ 

+ sup ’§d>( Yl ^ ,T,£ ^ ~ ’ ( 12 - 24 ) 
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where <p* £ ) is the solution of the Cauchy problem 

^<4,s(VS£) = +b{x{t) + Y s {(p t TjS {'ip,£),t,£),(p t T!S {'f,£),t,£), 

= Yh 

N(r,t) = [■ r,t ] for t < t, and N(r,t) = [ t,r ] for r >t. 



In what follows, we use the results obtained above in the proof of the ex- 
istence of the integral manifold of the multifrequency system (12.1) and in the 
investigation of its properties. 



13. Construction of Successive Approximations 

Consider a solution x = x(r) of the averaged equations (12.4) that lies in 

V together with its p-neighborhood Vr € R and assume that the variational 

dz d 

system of equations — = —a(x(T),T)z is hyperbolic [Pli2]. Without loss of 
dr ox 

generality, we can rewrite the variational system in the form 

-Jf = h +(t) z +, ^rr = H-(t)z-, (13.1) 

where z = [z + . z_), z + and are, respectively, no-dimensional and (n — 
no) -dimensional vectors, and 

In this case, the normal fundamental matrices Q + (r,t) and Q~(t, t) of solutions 
of the first and the second equations in (13.1) satisfy the inequalities 

II Q+ CM) II < Ke^ T ~ t] Vr < t, 

||Q-(M)|| <Xe-^-t) Vr > t, (13.2) 



where K > 1 and 7 > 0 are certain constants. Furthermore, in what follows, 
we assume that 



(To = — K sup 

7 <P,T 



■^a(x{r),tp,r) 



< 1. 



(13.3) 
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Performing the change of variables y = x — x(t). y = (y + ,y_), we trans- 
form Eqs. (12.1) as follows: 



dy+ 

dr 



= H + (r)y + + F + (y,r) + a + (y + x(r), ip, r) + eA + (y + x(r), tp, r, e), 



dy~ 

dr 



= H-(r)y- + F_(y,r) + a_(y + x(t),<p,t) 

+ £A_(y + x(T),ip,T, e), 

dtp u{t) _. . . 

— = b b(y + x(t), <p,r,£), 

dr e 

where (a+,a_) = a, ( A + ,A _) = ^4, 

-F-) = ^ = a(y + - a(x(r),r) - H(r)y 

t 

= J -^a(ly + x(r),T) - H(t) dly, 



(13.4) 



\\ F (y > r )ll < \ n 2 °i\\y\\ 2 , § y F ( y,T ' ) II - n2<ri ll^ll- 



Let Q(t. t) denote the quadratic n-dimensional matrix 



Q(r,t) = 

For r / t, we obviously have 

dQ(r , t ) 



— diag (Q+(t, t), 0), t < t, 
diag (0, Q-(t, t)), t > t. 



dr = H{t )Q(t, t), — = —Q(t, t)H(t), 

\\Q(r,t)\\ <Ke~^. 



(13.5) 



We determine the integral manifold of Eqs. (13.4) by the method of succes- 
sive approximations as the limit (as j — > oo) of the integral manifolds y = 

Yj (■0, t, £■) , (t p,r,s) £G i, of the equations 
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— = H(r)y + F(Yj-i(ip,T,e),T) + a(Xj-i(p,T,£),tp,T) 

+ eA(Xj-i((p,T,e),<p,T, e), 

fjf = ~~ + b (Xj-i(p,T,£),p,T,£), (1.3.6) 

where Yq = 0 and Xj-i(p,r,£) = x(t) + Yj-i(ip,T,s). 

By using the matrix Q(r,t ), one can determine the integral manifold of 
Eqs. (13.6) as follows: 

OO 

Yj(f>,T,£)= J Q(T,t)[F(Y j _i(ip t rd (ll),£),t,£),t ) 



+ o(Xj_i(¥>* e), t, e), Prjif, £ )> *) 

+ eA(X,-_i (</4j(Vh e) , t , e), Pr,j {^, £ ) > £ )1 ( 13 - 7 ) 



where (p = pj j(f, e) is a solution of the second equation of system (13.6) that 
takes the value f for r = t. Indeed, assuming that the order of differentiation 
and integration on the right-hand side of (13.7) may be changed, we get 



dYj dY j ru;(r) 

dr df l e 



+ b(f,T,£) 



= H(r)Y j + F(Y j _ 1 (iP,r,£),T) 

+ a(Xj- ff, t, £),f, t) + £A(Xj-i(tl>, r, e), f, r, e) 



+ 



dB 

dp 



, d VT,jfu(T) 



dr 



+ 



df 



+ b(f,T,£ 



dt, (13.8) 



where Yj = Yj(f,r,£), b(f,r ,£ ) = b(Xj-i(f,T,£),f,r,£), and B is the 

integrand of integral (13.7). The second equation of system (13.6) yields 



dr 



+ 



uAj)_ 

df L £ 

t 



+ b(f,T,£ ) 



f db{p l Tjj ,l,£) fdp! r j dpi ■ - [w (r) ,1) J7 

= J — a^~ {-zr + -&f[— + b{,p ’ T fl dL 
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Setting 



d( Pr,j , fw(r) , u , 

/w = -s-^- + -5-r + h(V’,r,e) 

or dtp L e 



we deduce from the last equality that 

t 



11/(011 < / 11/(011 sup 



db(ip, t, e) 
dtp 



dl 



Solving this integral inequality, we get /(f) = 0. Therefore, for all (tp, r, e) G 
G Y i , the following identity is true: 



<9Y) <91} rw(r) 

87+ + KXi-ui>,T,e) 



= H(r)Yj + F(Yj-i,r) + a(Xj_ i,ip,r) + sA(X j - 1 ,ip,T,s), (13.9) 



where the values of the functions Y)_i, X :J _ | . and 1} arc taken at a point 
(tp,r,£). Hence, y = Yj(tp, r, e) is indeed the integral manifold of system 
(13.6). 



Theorem 13.1. Suppose that conditions (12.2), (12.3), (13.2), and (13.3) are 
satisfied. Then, for sufficiently small £o > 0, the functions Yj = Yj(tp,r,£), 
j = 0,oo, defined by equality (13.7) are 2 tt - periodic in ip u , u = 1 ,m, twice 
continuously differentiable with respect to ftp, r) G R m X R for every fixed 
£ G (0,£o]j and such that, for any (tp,r,£) G Cl \ . the following inequalities are 
satisfied: 



m <di£° 



—Y 

dtp 3 



< d 2 £ a , ^ 



3 2 



i/=t 



dtpdtp, 



-Yj 



<d 3 £° 



(13.10) 



du{r) 



dr 



and 



d 



—A(x,ip,T,£) 



If, in addition, the norms ||w(t 
uniformly bounded on the set G, then the following inequalities are also true: 

d 2 



are 



Ay, 

dr 3 



< d^£ 



a— 1 



— y, 
dtpdr 3 



< d 5 e 



a— 1 



y. 

dr 2 3 



<d 6 £ a ~ 2 . (13.11) 



Here, d\, ... ,d& are constants independent of £ and j. 
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Proof. Consider the sequence r, e)}. Let us prove that it is bounded 

V(?/>, r, e) € G\. Denote 



t 




T 



Since 



a(x(r) + Yj,ip,T) 



d 



= a(x(r),ip,T) + —a(x(r),^,T)Yj + A(x(T),Yj,ip,T), 



where 



d 

— a(x(r) + lYj,ip,r) - 



d „ _ 

^a(x(r),^,r) 



d/y^- 



< 2 n a iH y ill > 



it follows from (13.7) that 



\Y j+1 (ll>,T,£)\\ < do SUp || Yj(f),T,£) 

■0,T 



+ 2 * 

7 



ecji +n 2 di sup ||l^(V’,'r, e)|| 2 

1p,T 



r+s+l 



+e e I / 

kAOs=-oo T+s 



Q(t, t)a k (x(t),t) exp {i(k, 



x exp j- f (k, w(r))drj 



df 



(13.12) 



Here, a k (x,r) arc the Fourier coefficients of the function a(x, p, t). Using con- 
ditions (12.2) and (13.5) and the uniform estimate (1.20) of the oscillation integral, 
we estimate the last term on the right-hand side of (13. 12) from above by the value 
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E {[supK| | + m ( s up|^||+ s up|^ 

s =— oo ll II G G 



x (1 + <ti + na\) max e r l}e a < a^e 01 , 

[t+s,t+s+1] J 



<74 = 2Kg\(Jz(\ + cTi + ?7,<7i) 



1 - e~ 7 ' 



Then relation (13.12) yields 



n n 2 o 2 / 2 \ 

sup Tj + i < (To sup Y) 3 — Kn o\ sup Y, + I <74 H — iCri e , 

i/),r 4>,t 7 it>,T ' 7 ' 

which leads to the following estimate in view of the fact that Yq = 0 and ero < 1 : 

sup \\Yj(^,T,£)\\ < \di£ a < di£ a Vj > 0, e € (0, e 0 ], (13.13) 



where £0 < (noM « and di = — (AKg\ + 7<X4)(1 — ero) x . Note that it 

7 

is necessary to impose the restriction dis^ < p. If this condition is satisfied, 
then r, e) = x(t) + r, e) lies in the -p-neighborhood of the curve 

x = x(t) V(t/>,t, e) £ G 1 , i.e., in the course of the construction of successive 
approximations, we do not leave the domain of definition of the right-hand side of 
system ( 12 . 1 ). 

Let us prove that the sequence r, e)| is also uniformly bounded 

in G\ by the value d‘i£ a . where d 2 is a constant independent of e and j > 0. 
Denote by A k (x(r), r) the m x n rectangular matrix 

A k (x(r),T) = {a[^\x(T),T)k u ) n ^ =11 

a k (x,r) = (a^\x,T),...,a^\x,T)). 

It is obvious that 



\\A k \\<\\a k \\-\\k\\, 



d da k 

8~r A 44lf 



d da k 

xr A k < n -ix- 
ax ox 
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Consider the inequality 



80 yiW ’ T ’ e) 



< snuj K [ e r l(m + ~ i*) )^ T 



S+T+l 



W n Q 

+ EE I J Q(T,t)A k (x(t),t) E m + - 



k^O s=-oo S+T 



x exp{i(fc, 6 \ ;1 )} exp j- f (k, w(r)) drj dt , (13.14) 



which follows from (13.7) for j = 1. Estimating the last term on the right-hand 
side of (13.14) [denote it by A ] using inequalities (1.20) and (12.2), we get 

A < (1 + (Ti + noi)na\K cr^£ a 



) ( m + max 1 1 z* 

_ — J V [r+s,r+s+l] 



max — z r 

[r+s,r+s+l] dt 



x max e 

[t+s,t+s+1] 



-7|t-r| 



(13.15) 



where zt = -—{p T , — ip). Further, we use Lemma 12.1 for the function Y = 
dip 

Q 

Yq(iP,t ,£ ) = 0. Since -—Yq(iP,t,£) < d 2 £ a (the constant d 2 > 0 is fixed 

dip 

in what follows) and 



9Y 0 dY 0 w(r) - ( 1 2 ,23 

-W + »p— <4 = ffi(3 + »* + 2 n 

(1 + |t - T |) e «( 1 +' i ,)'"l i -,l < (75 ,,JI‘-’1 j „ 5 = max j 1; f J, 
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for 02(1 + d 2 )sQ — ^7 an< ^ 79 cq < 1, inequality (12.8) and Lemma 12.1 imply 
that, for all s > 0. the following relation is true: 

11 = rn + max II 2*. II + max ^-zt < crl 1 ' 1 + (s+1 ), 

[t+s,t+s+1] [t+s,t+s+1] dt 0 0 

Cg 1 * = m+ (m + n)ai, a g 2) = (1 + (m + n)<7i)2ci(X5. 

fl) (2) O' 

For s < 0, we obviously have // < a- ; +a2 e~^ s . Taking this into account, 
we can rewrite inequality (13.15) in the form 

1 2 

A < (1 + cji + nai)naiK2a 3 (a^ y)s“ 

= crge". (13.16) 

Inequalities (13.14) and (13.16) yield 

f) / 2?77 S \ 

—Y^f, T, e) < encriiT^— + -cicr 5 J + cr 6 £ Q < d 2 £ Q 

\/(i/j,t,£) € Gi. 

Note that, for r £ [—77 T] and TV > T, we have 

°o 

J Q(t , t) F(Y 0 ,t) + a(x(t) + lo,^r,i)*) + sA(x(t) + Y 0 ,<p t TA ,t,e) dt 

N 

< -K{^n 2 aid\eQ + at + £ 0 cti je _7(7V_T) , 

OO 

/ A 

— {(5(r,7)[F(y 0 ,t) + a(x(7) + y 0 ,<Fr,t^) 

N 

+ eA(x(t ) + 

< K a\(n 2 did 2 £Q a + ncfe^o + m 

+ nd 2 £o + “ + £ o"r) + ^ci(J5^ e~^^ N ~ T \ 
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and the corresponding inequalities with the integration interval [N, oo) replaced 
by (— oo, — N] arc also true. Taking this into account, we conclude that inte- 
gral (13.7) for j = 1 and the integral obtained from (13.7) by differentiation 
with respect to ip under the integral sign are uniformly convergent on the set 
(ip, r, e) £ R m x [— T,T ] x (0, £o] • By virtue of the smoothness of the right-hand 
side of Eqs. (12.1) and the arbitrariness of T > o, this implies that the functions 
d 

Y\ (ip, t, e) and — — Y\(ip, t, e) are continuous in (ip, r) £ R m x R for every 
dip 

fixed e £ (0, £o]- Using (13.5) and Lemma 12.2, we can similarly establish the 
uniform convergence (for (ip, r, e) £ R' n x [— T, T] x [e 0 . £(,]. where T > 0 
and e 0 £ (0, cq) are arbitrary) of the integral obtained from (13.7) by differenti- 

d 

ation with respect to r under the integral sign. Therefore, — - Y\(ip, r, e) is also 

continuous in (ip, t) £ R m x R for every e £ (0, cq] . Moreover, the uniform 
convergence of the corresponding integrals enables us to change the order of in- 
tegration and differentiation with respect to ip and r. As a result, we establish 
that the function Y\(ip,r,e) satisfies identity (13.9) \/(ip,T,e) £ Gi and the 
inequality 

dY\ dY\ uj(t) ( , 1 2 2 \ 

II + ap -T- II s ‘ J i( 3 + " rf ‘ + j" d; ) = 



We now assume that, for all j =2,1-1, l > 2, the functions Yj = 
Yj(ip,r,£ ) arc continuously differentiable with respect to (ip. r) £ R m x R 
for every e £ (0, cq] and satisfy identity (13.9) and the inequalities 

||f||<^, ||f + f ^||< 3l VW.r,«) e0l . (13,7, 

Let us prove that Yfip, r, e) is also continuously differentiable with respect to ip 
and r for every fixed e and satisfies (13.9) and (13.17) for j = l. It follows 
from (13.7) that 

OO 

-Yi(ip,r,e ) < K f e _7 ^ _T l jemcri + (n + m)ncr\d\£ a 



+ n 2 <j\di£ a + £na\ + sup 

LO.T 



da(x(r), p, t ) 
dx 



y + WiiYi -«||) * 
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T + S+l 



+ EE 

0 s =^°° r+s 



Q(r, t)A k (x(t),t) 



d 

X (Em + ~ V’)) exp{i(fc, (fllj)} dt 



(13.18) 



According to estimate (1.20) and Lemma 12.1, the last term on the right-hand side 
of (13.18) satisfies inequalities (13.15) and (13.16), and, therefore, it is bounded 
from above by the value a^e 01 . Then (13.18) can be rewritten in the form 



sup 

■0,T 



d \2 

< -I<(m + (n + m)7idi)a 1 (l + 4:Cia 5 ) + a 6 
of L 7 



+ 



-Kru 7i(l + ndi)(l + 4ci<j 5 )eo + d 0 
7 



+ 2<J 0 Ci(l + d2)(J5£Q 



sup 

J V>,T 



Ay,_ l( 0,T,£) 



Taking eq > 0 so small that 



-Knai{\ + ndi)(l + 4ci(t 5 )£q < — — ^ —■ 
7 4 



2 < t 0 ci (1 + d 2 )a 5 £Q < 



1 - cr 0 



we get 



sup 

1p,T 



W, m '' T ' S) 



1 + CTq 

< ~ SU P 

z i>,T 






1 _ 

+ ajE , 



where 



d 7 = -K(m + (n + m)ndi)ai(l + 4cid 5 ) + d 6 , 



7 



1 



and the constant -(14- do) is less than 1 according to condition (13.3). The last 
inequality yields 

d 



df 



Yi(ip,T, e) 



< 



2(7 7 
1 - d 0 



E a = d 2 e a V(^, r, e) e G\. 



As in the case j = 1, one can easily verify that the improper integral on the right- 
hand side of (13.7) for j = I and the integrals obtained from it by differentiation 
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with respect to ip and r under the integral sign arc uniformly convergent on the 
set 

G R m , tE[—T,T\, e G [£ 0 ) e o]) (13.19) 

where T > 0 and £ 0 G (0, Sq] arc arbitrary constants. Therefore, the function 
Yfip. t, e) is continuously differentiable with respect to f and r for every fixed 
e on set (13.19) and satisfies identity (13.9) with j = l for all (/>, r, and e from 
set (13.19). Since T and e 0 arc arbitrary, we get relation ( 13.9) with j = l for 
all ( ip , r, e) G C \ and the inequality 



dY t dY t l o(t) 

dr df £ 



< d\. 



Thus, by induction, we establish that Yj(i/j,T,£), j = 0,oo, are continuously 
differentiable with respect to (?/>. r) G R m x R for every e G (0, cq] and satisfy 
the inequality 



d 

df> 



Yj(t/},T ,£ ) <d 2 £ a V(^,t,£)gGi, j > 0. 



By analogy, using the methods proposed above and Lemmas 12.3 and 12.4, we 

d 2 d 2 

prove the continuity of the functions — — - — Yf'ip. r. £) and — — — YAtb, r, e), 

oipoipv OTOyj 

j > 0, in ('if r) G R m x R for every £ G (0, cq] and the estimate 



E 



9 2 



— J 1 1 dfdip, 



-Yj(ip,T,£) <d 3 £ a V(V>, r, e) G Gi, j > 0, 



where the constant d 3 is independent of e and j. By virtue of the smooth- 
ness conditions (12.2) and the properties of the functions Yjfy, r, e) established 

d 2 

above, identity (13.9) yields the continuity of the functions — —Yjfy, r, e) and 



& 



dfdr' 



-—7Yj(t/j,T,£ ) in 'ip and r for every e. Hence, each of the functions Yf'ip, t. £) 
or 1 

is twice continuously differentiable with respect to (ip. r) G R r " x R for every 
fixed e G (0, £o]. 

Now let 



d . \ 




d 


tY t) 


+ 


— A(x,ip,T,£) 
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Then identity (13.9) yields estimates (13.1 1) in which 

d 4 = (j i (d 2 + {d 2 + ndi)e 0 + ^n 2 d\e q + " + ej - " + , 

d 5 = o-i (d 3 + m(l + £o)£o~° + nd 2 el 

+ (2 nd 2 + md 2 + df)£ 0 + n 2 d 2 (di + d 2 )e g + "), 
d 6 = ai[d 5 + (d 5 + d 2 + n( 1 + nd\EQ )(i 4 )e 0 

+ (2 + n 2 )eg a + {nd\ + ° "L {nd\ + <i2)£o 

+ n(eg ° + d4)(l + d 2 £Q + £q) £ o]- 



Finally, we prove that each function Yj(ip,r,£), j > 0, is 27r -periodic 
in each component ip v , v = 1, m. of the vector ip. Indeed, the right-hand 
side of (12.1) is 27r -periodic in tp u , v = 1 ,m. If we impose the condition 
that Yi_i(ip,T,e) is also periodic in T>, y with period 27T, then the function 
9 ? = pt-fip, e) that is the solution of the Cauchy problem 



dip 1 



T,l 

dt 



Ul(t) 



+ b(x(t) + Yi_ 1 (<p t T j,t,£),(p t Tl ,t,£), ip r T j = ip (13.20) 



can be represented in the form 



where ip^fip,^ is 27r-periodic in ip,,, u = l,m. Let e u be the unit vector in 
the space K m . Then, taking into account that 



VtM + 27re "> £ ) = ^ + 27re ^ + £ ) = £) + 2 vre,,, 



we deduce from equality (13.7) for j = l that 



Yi(ip + 2ire v , t, e) =Yi(ip,T,s), u=l ,m. 



Since Yo(ip + 2ne u ,T,£) = Yq(iP,t,e) = 0, this implies that Yj(ip,r,£ ) are 
27T -periodic functions with respect to ip u , v = 1, m, for all j > 0. Theorem 
13.1 is proved. 
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Remark 1. If we assume, in addition, that the right-hand side of system (12. 1) 
is continuous in all variables (x,<p,T,e) G G, then the functions Yj(ip,T,£) are 
also continuous in (ip,T,£) G G\ for all j > 0. Indeed, since Yo(ip,r,£) = 0 
is continuous in G i, it follows from problem (13.20) that the function <i(Vh £ ) 
is continuous in (f, t. e). Then the uniform convergence of the improper inte- 
gral (13.7) guarantees the continuity of Yi(ip,T, e) in G\. By analogy, one can 
establish that Yj(ip,r,£) is continuous for 3 > 1- 



14. Existence of Integral Manifold 

Below, we show that the sequence {Xj(ip, r, e)}, Xj(ip,r, e) = x(r) + 
Yj(f>, r, c), constructed in the previous section converges to the integral manifold 
x = X(ip, t, e) of system (12.1). 



Theorem 14.1. If conditions (12.2), (12.3), (13.2), and (13.3) are satisfied, 
then, for sufficiently small £q > 0, the following assertions are true: 



(a) there exists an integral manifold x = X(fi),T,e) of system (12.1) that lies 
in a d\£ a -neighborhood of the curve x = x(t) V(V’, t, e) G G \ ; 



(b) the function X(ijj,T,£) is 2 tt - periodic in ip v ,i/= l,m, and continuously 
differentiable with respect to and t for every fixed e G (0, eo], and its 
matrix of partial derivatives with respect to if> satisfies the inequality 



d_ 

dtp 



X(ip,T,e) 



<d 2 e a 



for all t, e) G G \ and the Lipschitz condition with respect to the vari- 
ables ip: 



dX(rp,T , £) 


dX(lp,T,£) 


dip 


dip 



<d 3 e° 



\/(rp,T,£) £ G i, ip G R m ] 



(c) on the integral manifold, system (12.1) takes the form 
dip cu(r) 



dr £ 



+ b{X(p, r, e),ip,r, £). 
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Proof. Consider the sequence {Yj(ip, r, e)}. Let us prove that it converges 
uniformly on the set G\ to a certain function Y(f, r, e) . For this purpose, we 
establish an estimate of the norm || Y) + i — Yf\. It follows from (13.7) that 

Yj+ i(ip,r,e) - Yj(ip,r, e) 

+oo 

= J Q(t . , t){[Fj — Fj_i\ + [dj — dj-i\ + e[Aj — Aj_i]}dt, (14.1) 

— OO 

where 

Fi = F(Y h t), d t = a(x(t) + Y h , t ) , 

A l = A(x(t) + Yi = Yi{^ l+l ,t,s), l = j,j~ 1- 

Further, we represent the difference dj — dj-i in the form 

a j ~ a j - 1 

Q 

= [a{x{t), (Prj+i, t) - a(x{t), <p*j, f)[Yj - Yj_ i] 

i 

/ ' d d 

—d(x{t) + rYj, vlj+i ,t) - —d{x{t) + rY j ^ 1 ,(p t rJ ,t)\ drYj 

o 

t 

/' d d 

—d(x(t) + rYj _ - — d(x(f),^y,t) (14.2) 

o 

Using the smoothness conditions (12.2) and estimate (13.13), we obtain 

|| Fj - Fj-i || < n 2 a l d 1 e a \\Y j - Y-_i||, 

4 A j ~ A i - ill < £oi{n + m)(\\Yj - Yj- 1 || + IPty+i - <4jll), 

t 

/ dx^^ + rY? '’ J+ 1 ’ ^ ^ + ry t-L drY i 

0 

< n(7i(n + m)di£ Q (||y i - ipi|| + IPty+i - ¥>tjII). 
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d 



—a(x(t),ip T:j ,t) driYj-Yj-i) 



< n 2 <Jidie a \\Yj - Yj- i|j. (14.3) 

We now estimate the difference Yj — Yj- 1 as follows: 

WXi-Yj-iW < \\YMj+i,t,£)-YMj,t>£)\\ 

+ \\Yj((PTj,t,£) ~ < dl^WVrj+l - <Prj I! 



+ sup || Yj(lp, T, £) - Yj-i(lf}, T, £) 
Gi 



(14.4) 



Since, according to Lemma 12.5, we have 

Il^rj+I < <7 8 e^ 7|t_r| sup t, e) — Yj-i(i/>,T, e)|| (14.5) 



Gi 



1 r 4 'i 

for cig^o < -7 and erg = cigmaxjl; — j, combining ( 14. 1)— (14.5) we get 

||y j+ t(V’,r,£) - 



< (ao + cr 9 £ a )sup||y i (^,r,£) - r, e) 

Gi 



+ 



Q(r,i)[a(x(i),^ J+ 1 ,t) - a(x(t),iplj,t)]dt 



, (14.6) 



where 



2 n 

ct 9 = — iT{2n 2 <ridi + oUn + m)(nd\ + 1)(1 + 2<7s) 

7 

+ 2<Jia%d2[n + 2 n 2 d\ + (n + m)(l + rail)]}. 

To estimate the integral on the right-hand side of the last inequality (denote it 
by Ij), we represent it in the form of the sum of integrals over segments of unit 
length and use estimate (1.20). As a result, we get 
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lioll < (J-iKe a max e 

[r+s,r+s+l] 

k^O s=— oo 

, l + ai II dak II , | 



7|f r| [ (1 + raai) sup || | 



1 + <7i dak dak ' 

+ ^^ sup ^ +sup 

II ^ II G OX G OT J 

x max I expjifA;, 9* 7 - , 1 )} — exp{i(fc, )}| 

[t+s,t+s+1] ,J 

+ m T KI1 [T4SS+ J ( fc ’ l 9 ^ 1 ) ewm ^ +i)} 

- (k, J t dt r,j) exp{i(/c, 0 f T j )} }, ( 



(14.7) 



where = a* : (x, r). Taking into account the inequalities 

lexpWMrj+i)} -exp{i(A:,4j)}l < 11*11 ll<4, 



t _ II 

Tj'+l xrjlh 



exp{i(fe, ^rj+t)}^(*j @r,j+i) ~ exp{i(fc,^j)}^(*» 0 rj) 

r Bb 

< ll*f SUP ll^llll^tj+i-^tj II + 11*11 [sup ^ ||y,(^j+t ) ^ £ ) 

Ct g 

db 1 

+sup Q- II^Tj +1 (14.8) 

G ' 

and estimates (14.4), (14.5), and (14.7), we obtain 



|7j|| < uioe" sup ||lj(^,r, e) - r, e)||, 

Gi 



where 



cr io = 2iTcri<T3[(l + n<ri)(l + 0 's) + <Ji(l + m + ncfo)] — . 

1 — e 2 

Combining the last inequality with (14.6), for j > 1 and So < [2(1 — (T 0 ) Ho-gT 
o-io)] _ “ we get 

sup||^f+i(^,r, e) - Yj(f,T ,£) || 

G i 

< 1 t,°~° sup ||Tj(^,r,g) - Yj-i(il>,T, g) || ■ (14.9) 

2 G i 




Section 14 



Existence of Integral Manifold 



161 



Since the constant ^(l + er 0 ) is less than 1 and ||Yi(^>, t, e) || < diSg , it follows 
from (14.9) that the sequence {Yj(ip,T,£)} is uniformly convergent on the set 
G\. Therefore, the function 



Y(f,T,s) = lim Yj(ip, t, s) 



J^oo 



is 27T -periodic in f> l/ , u = 1, m. continuous in (ip, r) for every fixed e, and 
such that \\Y(ip,r, e)|| < d\£ a \/(ip,T, e) G G\. 

To prove the convergence of the sequence | jy- Yf/ip, r, e) | , we consider the 
equality 



d 

— {Y j+1 ('f, T ,£) — Yj(ip,r, e)) 



= / Q(r,t) 



l(SJ1 + m l + e d A l] 3Y l + ^ ^ . 



+ S- 



LV dy dx dx ) dp dp J d ^ 



+oo 



+ 



Q(t, i){ 



dF i _ dF j-d \ + /do* _ daj - 1 
dy dy ) V dx dx 



+ £ 



+ 



(dAj 


dA 3-dY 


^2 +e ( 


'dAj 


dA 3~ 1\ 


v dx 


dx J - 


dp> + ' 


\ dip 


dip J 



dFj_i daj - 1 (9y4,_i \ /3Y) <9Y)_i 



dy 



+ 



Ox 

_9_ 

.dip ' 



+ £ 






x I - VO + E v 



dp dip 
dt 



+O0 



T/,i 



dt 



+oo 






which follows from (13.7). Using Lemmas 12.1 and 12.5 and following the proof 
of inequality (14.9), we get 
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sup 

Gi 



d_ 

dip 



(' Yj+i(i/>,T,e ) 



y i (V’,r,e)) 



< (op + crn£o ) sup 
G 1 



d_ 

dip 



(Yj(lp,T,£) 



Yj- i{f,T,e)) 



+ (712 SUp || Yj(lp,T,£) ~ Yj_i(lp,T,£) ||, (14.10) 

G i 



where the constants an and CJ 12 arc independent of e and j. Since ao < 1, 
we deduce from the last estimate (by choosing sq > 0 sufficiently small) that the 

sequence j — Yj(ip,r, e)| converges uniformly on the set C \ to the function 



d 

dip 



. dip ' 

Y (ip, t, e), and, according to (13.10), the following inequality is true: 



t, e) < d 2 £° \/(ip, t, e) G Gi. 



d 

Also note that the function — — Y (ip, t, e) is continuous in ip and r for every 

dip 

£ G (0, Sq] , and the Lipschitz condition with respect to ip follows from the last 
inequality in (13.10). 

Now consider the sequence ^-^-Yj(ip, r, e)j. It follows from (13.9) that 



§p(Yj + 1 - Yj) = H(r)(Yj + i - Yj) + (F(Y 3 ,r) - F(Y j . 1 ,r) 



+ [a(Xj,ip,T ) - a(Xj_i,ip,r)\ 

+ £[A(Xj,1p,T ,£ ) - A(Xj-i,1p,T, £■)] 

dY 

~ ~Q^[b( x j,^,r,£) - b(Xj-i,ip,T, e)], 



whence 
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d d 

— y i+ i(^,r,e) - 

< noi sup ||lj+i(V’, r, e) - r, e) 
Gi 



+ (1 + eo + c?2£o + ^i^o) n(7 i SU P II t, s) - r, e) 

Gi 

+ (^^ + (71) sup|^y i+ i (V’,r,e) - ^y i (V’,r,e)| . 



Since the sequences {Yj(ip,T,e)} and | ^ Yf 'ip, t, e) j arc uniformly conver- 
gent on the set G 1 , the last inequality yields the uniform convergence of the 

r d _ , , 1 



sequence 



{q^ y M^ £ )} 



on the set 



f G i? m , r G [— T, T], e G [£o) e o] ; 



where T > 0 and e 0 G (0, eo) a 1 ' 6 arbitrary. Therefore, 

dYj(il;,T,e) = dY{ip,r, e) 
A™ dr dr 



(14.11) 



(14.12) 



for all (ipjT, e) from set (14.11). By virtue of the arbitrariness of T and e 0 , 
we obtain equality (14.12) for all e) G G\. It is clear that the function 

d 

— — Y (ip., t, e) is continuous in (?/>,t) G R m x R. 

Passing to the limit as j — ► 00 in Eq. (13.9), we get 



OX dXv lu{t) , .1 



= a(X,r ) + a(X, ip,r) + eA(X, ip, r, e), (14.13) 



where X = X(f, r, e) = x(r) + Y(V>, t, e). 

Further, we consider the Cauchy problem 

C J_^ = + b(X( ( p, r ,e),ip,r,£), y\ T=T0 = G R m , to G R. 

The smoothness conditions enable one to extend the solution ip = e) of 

the Cauchy problem for all r G R. Using (14.13), one can easily verify that the 
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function x T T0 (f>,E) = X(ip^ 0 (tp, e), r, e) satisfies the following equation for all 
r G -R: 

cLx' 1 ' 

- = a«o > r ) + » ^ro > T ) + » Tr 0 , • 

Therefore, by definition [MiLy], x = X(ip. r, e) is the integral manifold of sys- 
tem (12.1). The properties of the function X(ip, r, e) follow from the properties 
of x(t) and Y(ip. r, e). Theorem 14.1 is proved. 

Corollary 1. If the conditions of Theorem 14.1 are satisfied and the functions 
A(x,(p,T,e) and b(x,<p,T,e) are continuous in the collection of variables on the 
set G. then X(f),T,E) is continuous on G\ . 

Indeed, it follows from Remark 1 (Section 13) that each function Yfip. r, e), 
j > 0, is continuous on the set G\. Since the sequence {Yj(ip, r, e)} converges 
uniformly on G\ , the limit function Y (ip. r, e) and, hence, X('ip. r, e) arc con- 
tinuous on G\ . 



Corollary 2. If the conditions of Theorem 14.1 are satisfied and ||u;(r)||, 

d 3 

— uj(t) , and — — A(x,p,T,£ ) are uniformly bounded by a constant for 
dr _ot 

any (x, <p, r, s) G G , then 

X(i/),T ,£ ) < (d 4 + V(^,t,£)gGi, 

d d 

and the matrices —X and — — X satisfy the Lipschitz conditions 
or dip 

r\ r\ 

— X(iI>,t,e) - -^X(iI>,t,e) 

< d 5 £ a ~ l \\G - ip\\ + {d 6 + <7i(l + nui))£ a ~ 2 \T - r|, 

r\ r\ 

— X(ip,T,£ ) - —X(if>,T,£) < d 3 £ a \\ip - ip\\ + d 5 £ a_1 |r — r| 
for any t,t £ R, G i ? m , and £ G (0, £q] - 



To prove this fact, it suffices to use inequalities (13.11) and the smoothness 
condition for the function x(t). 
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15. Conditional Asymptotic Stability 
of Integral Manifold 

In this section, we establish the conditional asymptotic stability of the in- 
tegral manifold x = Xfifi r, e) of system (12.1) with respect to a certain set 
of initial data for slow variables. In the theorem presented below, we denote 
by {x^ Q (y, £)](p r ro {y , Vh £)) the solution of system (12.1) that takes the value 
(y; 'if) for r = To and by no the integer number defined in Section 13. 

Theorem 15.1. Suppose that the conditions of Theorem 14.1 are satisfied. 
Then, for sufficiently small £o > 0 and any (/>,to,£) G G \ , in a certain neigh- 
borhood of the point x(tq) there exist an (n — no ) -dimensional manifold S+ and 
an no-dimensional manifold S- such that, for r G [ro,oo) (t G (— oo,to]), 
the solution (a/ Q (y, ■/,£); </£ 0 (y, -/, £)) of system (12.1) is defined for all y G S + 
(y G S-), and the slow variables xf- 0 (y, if>, £) tend exponentially to the integral 
manifold x = X(pf, r, s) as r — r +oo (r — > — oo) /or y G 5+ (y G 5_). 

Proof. We construct a sequence {Zj{ij;, r, e, to, c?)} using the recurrence 
formula 



2j+i(/;,T,£,To,(i) 



= Q(r,T 0 )d + J Q(T,t)[F(Z j ,t) + a(x(t) + Z j ,(p t Tj+l ,t) 

TO 

+ £A(x(t) + Zj,i^ T ^ +l ,t,£)\dt, Z 0 = 0, (15.1) 

where 



Zj = Zj(^ J+1 ,t,£,r 0 ,c?)j Q(t, t 0 ) = diag (0, Q-(r, r 0 )), 

d is a constant n-dimensional vector whose first no coordinates arc equal to zero, 
£ G (0, £o ] i T > to, and Trj+i = £ > d) is a solution of the Cauchy 

problem 

^ + &(*(*) + <Pr , j+ 1 = (15-2) 

Taking into account that Q(r, To) = Q(t,to) for t > To, we deduce from (15.1) 
that 
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Zj + l{f,T,£,T 0 ,d)\\ 

< K\\d\\ + cj 0 sup \\Zj(ip,T,£,To,d)\\ 

if) ,T 

2 

+ -K[eai +n 2 cri sup \\Zj(f>, r, e, r 0 , d) || 2 ] 
7 1p,T 

OO 

+£[£ 

MO s =- 9 T " +g 



Q(t, t)a k (x(t),t) exp {i(k, <p T j +1 )}dt 



T-q 



+ 



Q(t, t)a k (x(t),t) exp {i(k, )}dt 



(15.3) 



TO 



Here, q is the integer part of the number t — To- Using conditions (12.2) and 
(13.5) and relation (1.20), we estimate the last term on the right-hand side of 
inequality (15.3) from above by the value a^e 01 , where <74 is the constant defined 
in Section 13. Thus, inequality (15.3) yields 



sup || ^+ 1 1 

1p,T 



< iT||d|| + do sup ||Zj|| -| — Kn 2 ai sup \\Zj \\ 2 + (1J4 H — K(Ti)eq , 

V>,r 7 ij),T ' 7 

which, for eq < (ndi) _ « and ||d|| < > leads to the estimate 



\Zj(f> : T,E, To, d) I! < 2 ^ + ^ eg = d!E% (15.4) 



for all 



j > 0, (ip, t, £, d) G i? m x [r 0 , 00 ) x (0, £ 0 ] x L = G- 2 , 

L= {d:de R n , ||d|| < (a 4 K~ l + 4 (Ji)e"}, 

where the first no coordinates of the vector d arc equal to zero. 

The inequality ||Q(r, t)|| < and condition (12.2) guarantee that 

the integral on the right-hand side of (15.1) converges uniformly for any ip 6 R m , 
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r G [ro,T], e G (0,£o]> an d d G L (T > To is arbitrary). Since Zo = 0 and 
(p f T j = ^ j , using Lemmas 12.1-12.4 we establish the estimates 



sup 

g 2 




< ^2^0, 



1^=1 



a 2 



dipdfi 



-z x 



< d 3 e o 



and the uniform (for all G 7? m . r G [ro,T], e G [s 0 , sq] , and d G L, where 
T > ro and e 0 G (0, cq) are arbitrary) convergence of the integrals obtained 
from (15.1) for j = 0 by differentiation with respect to f and r under the 
integral sign. Moreover, by direct differentiation, one can verify that 



dZ x 

Ih 



+ 



dZ\ 



'w(r) 



df V e 



+ b(x(T),1p,T, £) 



= H(t)Zi 4- a(x(r), ip, r) + £A(x(t), ip, r, e), 



Zi = Z\(lp,T,£, To, d), 



and prove that Z\ is 27r-periodic in ip v , v = 1, m, and twice continuously 
differentiable with respect to ip and r for hxed e, ro, and d. 

Using the method of mathematical induction, by analogy with Section 13 we 
obtain the inequalities 



— Z 

dip J 



< d 2 e ft, J2 



d 2 

^ 1 1 dipdip v 






and the identity 



dZj + \ 9Zj - |_i 



<9r 



dr 



cu(r) 



+ 6(.x(r) + Zj,i/j,T ,£ ) 



= H(t)Zj + i +U(Zj,t) + a(x(r) + Zj,ip,r) 
+ £A(x(t) + Zj, ip, r , e) 



(15.5) 



(15.6) 



for all (ip,r,£,d) G G 2 and j > 0. Furthermore, the functions Z y = 
Zj(ip, r, e, To, d) arc periodic in ip v , ;/ = l,m, with period 2tt and twice 
continuously differentiable with respect to ip and t for fixed e, ro, and d. 
Moreover, according to Lemma 12.5, they satisfy estimates (14.9) and (14.10) 
with Yj and G \ replaced by Zj and G 2 , respectively. This implies that the 
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sequences {Zj} and j Zj j converge uniformly on the set Cl 2 - and equality 



(15.6) yields the uniform convergence of the sequence 



t-z, 



} 



l dr J 

ip G R m , t G [r 0 ,T], e G [eq, £o]> d G L 



on the set 



for arbitrary T > tq and sq G (0, eo). Passing to the limit as j — > oo in (15.6), 
for any (ip,r,£,d) G G 2 we get 



u{t) 



+ b(x(r) + Z,tp,r, e) 



dz dz 

dr dip L e 

= H(t)Z + F(Z, r) + d(x(r) + Z, ip, r) + e^4(x(r) + Z, ip, r, e), (15.7) 



where 

Z = Z(ip,T,£,T 0 ,d) = lim Zj(ip,T,£,T 0 ,d). 
j->° o 

Let Tff o = Ipfjip, e, d) denote a solution of the Cauchy problem 

dpPjo_ = + + Z(JpP o ,t,£, tq, d),tpP o ,T,e), 

G 

It now follows from (15.7) that (x} 0 (ip, £, d); Tp{ o (ip, e, d)), where x{ (ip,s,d) = 
x(t) + Z(ifP 0 (ip,£,d),T,£,To,d), is a solution of system (12.1) for r > to, and 

\\x T T0 (iP,e,d) -x(t)\\ < d l£ % \/(ip,r,£,d) G G 2 . (15.8) 

Thus, x(tq) + Z(ip, To, £, To, d) = 5+ (for fixed ip, tq, and e) is an (n — 

no) -dimensional manifold that possesses the following property: every solution 
of system (12.1) with initial data from the set ,5'_ x R m is defined for all r > To, 
and, according to (15.8), its slow variables arc uniformly bounded. 

To construct the manifold S- , it is necessary to consider the following se- 
quence instead of the sequence {Zj} defined by (15.1) and (15.2): 

Zj+l(lp,T,£,T 0 ,d) 



T 

Q(r,T 0 )d+ J Q(T,t){F(Zj,t) +d{x(t) + Zj,ft T j +1 ,t) 



+ eA(x(t) + Zj,^ T j +1 ,t,e)\dt, Z 0 = 0, 
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where r < tq, 



z j = Z j ( dPr,j+ i,i,£,7o,d), Q(r,r 0 ) = diag (~Q+(r, r 0 ), 0), 



d is a constant n-dimensional vector the last n — no coordinates of which are 
equal to zero, and f t T} _ x = e, d) is a solution of the Cauchy problem 



^, + i 

dt 



uft) 

£ 



+ 6(x(f) + 



V’tj+I = V’- 



Then 

5_ = x(r 0 ) + lim Zj(ip, r 0 , e, r 0 , d). 

j->oo 

We now prove the second part of the theorem. Taking into account relations 
(13.7) and the equality 



Q-(T,T 0 )Q-(T 0 ,t) = Q-(t, t), t<T 0 <T, 



one can represent the function K ; _i (ip, r, e) for r > tq in the form 

OO 

Yj+i(f>,T,£) = Q(T,T 0 )y j+ 1 + J Q(t , t) [F(Yj,t) + a(x(t) + Y j ,<p t Tj+1 ,t) 

TO 

+ sA(x(t) + Y j ,<p t Tj+1 ,t,£)]dt, (15.9) 

where Yj = Yjfp f T - +1 ,t,£), yj+i = yj + \(ip,T,£) is the ?r-dimensional vector 
the first no coordinates of which arc equal to zero and the other coordinates 
coincide with the vector 



TO 

J Q-{To,t)[F_(Y j ,t) + d-(^t) + Y j ,ip t rJ+1 ,t) 



— OO 



+ sA-(x(t) + Y j ,(p t Tj+1 ,t,£)]dt. 

Here, we preserve the notation of Section 13. According to inequalities (1.20), 
(12.2), and (13.3), for any (ip, r, e) € G\ we have 



y i+ i(V’,r,e)|| < 



1 



~(n d(ai£Q + ai)K + -o 0 di + a 4 
7 2 



£ a < d\£° 
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Now consider the inequality 

\\Z j+1 (lp,T,£,T 0 ,d) ~ Yj(lJj,T,£) || 

<Ke-^ T - T ^\\d-y j+1 (f,T,e)\\ 

— QO 

+ j Q(t, t){[Fj - Fj } + [dj - dj] + e[Aj - Aj]}dt , (15.10) 

TO 

which follows from (15.1) and (15.9). In this inequality, Fj, dj, and Aj have 
the same meaning as in (14.1), and 

Fj = F{Zj,t), dj = d(x(t ) + Zj , Tpj-j+i , t) , 

Aj = A(x(t) + Zj , (p t rJ+ 1 ,t,e), Zj = Zj (iplj+i, t,£,r 0 ,d). 

For the difference dj — dj , we use a representation of the form (14.2) with Zj 
instead of Yj-i- Then, taking into account conditions (12.2), (13.13), and (15.5), 
we deduce from (15.10) the following inequality: 



\\Zj + i(f,T,£,T 0 ,d) - Yj(ip,T,e) 



<2di£QKe 7< - r r °) + K f e ^ T {md\ + 3nd\ + l)n<ri£o 



+ sup 

1p,T 



da{x{r),tl), t ) 
dx 



\Zj-Yjl 



+ £%(m + n(m + n)d 1 )ai\\(p t Tj+l - ^tj+tll}^ 

r-q 

+ 5Z[ | / Q^^)a k (x(t),t){e^p{i(k,6 t T ,i+i )} 

k ^ i 



0*0+1)}) ex p {^(*3 f u>(r)dr)}dt\ 



T 
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°o T 

+ J]|| / Q(r,*)a fc (z(t),i)(exp{i(M r,j+l)} 



^){i(k, 9l J+ f}) exp{ ^k, f (jj{r)dr^dt 



(15.11) 



where q is the integer part of the number r — tq and 



Tt _ ^ 1 



0 Tj+ i = <P Tj+1 - - / w(r)dr. 



Denote 



Mj = sup [e^ T T °^pj(T,e)], 1 = 

tS[to,oo) 



o-q = 0, 



(l + t 2<T ° ) 2 , o- 0 > 0, 

V 1 - an/ 



Pj(r , e) = sup || Zj{ip, t, e, r 0 , d ) - r, e) 
ipeR m 



It is clear that 



Pj(r,e) < Mje^^ T r °^ Vt > tq, 



J e-'yMp j (t,e)dt < Mje~ T^. 



(15.12) 



To estimate II 



L — - +1 || = we use Lemma 12.5. As a result, we 

A(^ i+ i < u 8 e 2 Vl*~ r l max Pj(£,s) 

Z£N{r,t) 



7 (/ — r 

for cig£o < — ^ — - and = cismaxjl 



4/ 

7 (( - 1 ) 



j. If t < t, then 



max m(£, e) < e T °' max [e T °^Pi(£, e)l < M 7 -e T °); 



if f > r, then 



max »,■((, e) < M,-e T °^. 
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Taking this arguments into account, we obtain 



l/’rj+l 



Wj+i I 



< a$e 2 L r 3 i*-' r l-?( min { T ;*}-' r o) j 



f A1 2 

J 1155^+1 - ^j+lll* < g8 7(j2 _ 1) M J e-?< T - T »> 

"TO 

Then it follows from (15.12) and (15.13) that 



(15.13) 



OO 

7|T_,| !I Zj (J pIj+i , t , e, TO, d) - Yj (<4j+ 1 , t , e) || dt 

TO 




9/2 

< (z2 _ 1) (l + 2dsd 2 £^)M j e-T^- T °\ (15.14) 

According to (1.20) and (14.8), each of the integrals over the segments [r + s, r + 
s + 1] and [ro, t — q] on the right-hand side of (15.11) can be estimated from 
above by the value 



0-3/1 (1 + wti + oq + mo i)£q rnaxe 7 ^ ^ 

I 9 a k 



x < 11*11 sup ||a fc || +sup 
L G G 

I T^t , A 



8t 



+ sup 
G 



da k 



dx 



max y Tj+1 - <p rJ+1 1|(1 + d 2 £o ) + maxp(t, e) 



(15.15) 



where a k = a k (x,r ) and the maximum with respect to t is taken over all t £ 
[r + s, r + s + 1] or £ E [ro, t — q], depending on which integral is considered. 
Therefore, taking into account conditions (12.2) for the Fourier coefficients of the 
function a(x, <p, r) and inequalities (15.12), (15.13) and (15.15), we can estimate 
the last of the three terms on the right-hand side of (15. 1 1) by the value 



where 



0-33 = 4e 7 



■yO-i) 
1 - e 2 1 



K 0-3(2 + d 2 E%)(l + os) (1 + 0"i(l + n + m))cri. 



Thus, with regal'd for inequalities (15.13) and (15.14), inequality (15.11) takes the 
form 



Mj . |_i < 2Kd\£Q + 



0 14 £o + °0 



l 2 1 
l 2 - 1. 



Mj, 



j> 0. 



(15.16) 
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Here, 



014 = <713 + 



2 1 2 

7(i 2 - 1) 



K[2(m + (n + m)n)a\a^ 



+ mri(l + md\ + 3ndi)(l + 2 ( 78 ^ 2 )] + 7 A' 1 <78^200- 



Since j < — - — - and Mq = 0, for au£o < — - relation 

(15.16) yields 

Mj < - — - — Kd^Q Vj > 0, 

1 — 00 

or 



\\Z j {'f,T,s,To,d) — Yj('f,T,£)\\ < - - — Kdie^e 1 (r w) (15.17) 

l-0o 

for all (ip, r, e, d) G G '2 and j > 0. Passing to the limit as j — > 00 in (15.17), 
we get 



\\Z(ip, r,£,To,d) — Y(ip,T,£)\\ < - — — Kdie%e * (r To) 

1-00 

for ip G i? m , r > ro, £ G (0,£o]i and d G L. Hence, as r — > 00 , the 
slow variables xf Q (ip , £ , d) = x(r) + Z(Jp$ X) (ip,£,d),T,£,To,d) of the solution 
( 3 % (ip, £, d); TpP Q (ip, £, d)) of system (12.1) tend exponentially to the curve x = 
x(t) + Y (tpP Q (ip , £, d),r , e), which lies on the integral manifold x = X (ip, r, e). 

By analogy, one can establish that, as r — > — 00 , the slow variables of every 
solution of system (12.1) with initial data from the set S. x R m tend exponen- 
tially to the integral manifold. Theorem 15.1 is proved. 



Remark 2. Inequality (15.8) can be regarded as an error estimate of the aver- 
aging method on the semiaxis [t 0 , 00 ) under the condition xf^ip, e, d) G S+. 



Remark 3. Theorem 15.1 remains true for no = 0. In this case, the integral 
manifold x = X(ip, r, e) of system (12.1) is asymptotically stable for all initial 
values of the slow variable x from a certain small neighborhood of the point 

X(lp,T 0 ,£). 
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16. Smoothness of Integral Manifold 



In Sections 12-15, we have proved the existence of the integral manifold x = 
X(if, t, e) of the system of n + m differential equations 



dx 

dr 



a(x , r) + a(x , p, t) + eA(x, p, r, e), 



dp 

dr 



u{t) 

£ 



+ b(x,p,T,e). 



(16.1) 



In the present section, we study the problem of the smoothness of the function 
X(if, t, e). Assume that the following conditions arc satisfied: 



(a) the functions a , a, A, to. and b arc l > 2 times continuously differen- 
tiable with respect to ( x , p,r) € V x R m x R = G 3 for every e £ (0, eo] , 
and all their partial derivatives arc uniformly bounded in G = G : > x (0. eo] 
by a constant c\ independent of e ; 



(b) the following relation is true: 



IWlWlWI + ll fc ll* 1 ( sl A> 

kp 0 G G 



dc k 

dr 



+ sup 
G 




< Cl, 



(16.2) 



where c k = c k (x. r.e) arc the Fourier coefficients of the function 

[d{x,p,T)-,b{x,p,T, e)]. 



Theorem 16.1. Suppose that conditions ( a ) and ( b ) are satisfied and relations 
(12.1), (13.2), and (13.3) are true. Then there exist constants £\ > 0 and C 2 > 0 
such that, for all e) G G\ = R m x R x (0,eo], eo < ei, the function 
X(ip,T,e) is l — l times continuously differentiable with respect to if and t for 
every fixed e, 



D ^ X ^,e) 



< c 2 e c 



vyip,r, E) 



and the derivatives of the (l — 1 )th order satisfy the Lipschitz condition with 
respect to the variables if and r. Here, Df is an arbitrary partial derivative of 
order s with respect to if. 



It follows from Theorem 16.1 that the smoothness of the function X(if, r, e) 
decreases as compared with the smoothness of the right-hand side of (16.1). Un- 
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der the conditions imposed on system (16.1), this situation is typical of the the- 
ory of integral manifolds, which is confirmed, e.g., by the analysis carried out in 
[Sam4], 

Prior to the proof of Theorem 16.1, we prove the le mm a presented below, 
in which Yjpip,T, e) are the functions defined by (13.7), and pp j +1 (Vh s) is a 
solution of the Cauchy problem 

J t Vr,j+\ = ^+6(x(i)+ij-((Prj + i,t,e), Vrj+l.t.e), <Pr J+l = ( 16 - 4 ) 

Lemma 16.1. If for certain j > 0, the function Yj ftp. r. e) is I > 2 times 
continuously differentiable with respect to (ip,r) £ R m X R for every e £ (0,£o] 
and such that 

- d s,q £a ~ q V(i/),r,e)eGi, 0 <s + q<l, 

then one can find sufficiently large constants d S:q and a sufficiently small constant 
e 0 = £o{d s ,q) > 0 such that the function Yj + \ (if, r, e) is l times continuously 
differentiable with respect to if and t for every fixed e £ (0, £o] and such that 

\D^ q Y j+ ^T,e)\\<ds, q e- q (16.5) 

for all (ip, r, £) £ G i and 0 < s + q < l. 



Proof. For l = 2, the statement of the le mm a follows from Theorem 13.1. 
Therefore, we assume that l > 2. According to the theorems on the existence of 
a solution of the Cauchy problem and its differentiability with respect to initial 
data, for all t £ R the function j+l (pp,£) has l continuous partial derivatives 
with respect to pip. t) £ R m x II for every fixed £ £ (0, £o] - On the basis of 
problem (16.4), we consider the derivatives of the function p t T j + 1 with respect 
to 'ip. According to Lemmas 12.1 and 12.3, we have 
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where 

7 = YV c ° 1) = Cl ( 1 + maxjl; -}, c^=m + c§\ 

4 21 = c 10 (l +m ! *,.)m« I {l; ?}, «rj < min{+; ^ }. 

and ci, C 2 , cio, and cn arc the constants defined in Lemmas 12. 1 and 12.3. 
Assume that, for all p = 2, s — 1, s < l, the following inequalities arc true: 

\\Dy Tj+1 \\<c^e a eP^- T \, (ip,T,e) G Gi, t E R, (16.7) 

where the constants Cg depend on rig.o, r/i o, . . . , ri p o • Then the functions Yj = 
Yjfar j + i,t, e) satisfy the estimate 

ll^ll < E ll» P , ..rjll E +l»*++ill ,9 ‘ ■ ■ ■ \K<p‘r, i+1 \f’ 

v=l J 0 

P 

<e a Y^ <o X] c ^( c o 1} )^ • • • (<# 0 ) A, e^*- T l = e“M p e^l t - T l. 

i/=i 0 

For p > 2, an analogous estimate is also true for u = (u\, ... , u n+m ) = (x(t) + 
Yj^rj+i), namely 

\\D^u\\ <\\D^Yj\\ + ||^* J+ i|| 

< [M p + 4 p) ]e 7p| *- T| = £ Q 4 P)e7pl *' T| • ( 16 - 8 ) 

If p = 1, then 

1IAHI < (ll £) v* li+ i i jll + 1 )H- D V>^r ,7+1 II 

< (md 1)0 + l)cg 1) e^l* _r l = 4 1) e 5?|t “ T| . (16.9) 

Further, differentiating equality (16.4) s = si + . . . + s m times with respect to 
the variables tjj, we obtain 
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d_ dVtj+t 
dt dfl 1 . . . dfm 



db d s u 
du dfl 1 . . . dfnT 



+ E 

pl + ...+p n+ m=S 



d s b 

du p f...dv P X i 




(16.10) 



Here, the symbol i n the third term on the right-hand side denotes summation 
over all that satisfy the conditions 



n+m m 

Y / u = Y =p ^ p = i » m + n > 

(1=1 V=1 

and F S) j satisfies the inequality 

S— 1 

Ill'll < E WDZbWYwWD^f 1 ■ ■ ■ WDf^f- 1 , 

P = 2 0 

where at least one of the numbers . ,Ps- 1 i s not equal to zero. Since the 
partial derivatives of the function b(x, ip, r, e) with respect to all variables xp 
and <p u , k = l,n, v = l. m, up to the order l inclusive arc bounded by a 
constant c\ and inequalities (16.8) and (16.9) arc satisfied, we have 



I F, 



Sjll — 



< e ( 



s— 1 

E 

P = 2 



Cl 



E 1 

0 






(4-y- 



x e 



,7s|t— r| 



= e Q aS s) e 7S l t - T l. 



(16.11) 



We represent the first term on the right-hand side of (16.10) in the form 

db d s u db d s Yj db t 

du dfl 1 . . . diftf™ dx dfl 1 . . . df>?™ ^ dip T 



/ db dYj 
\dx dip 



db 

df 



Li + <$> 



S,J1 



(16.12) 



Y j = Y j( ( P t r,j+ l,t,£), 



Li = 



d s ip f 



T,j + 1 



dlpf . . . dlpr, 



where 
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I'M < 



db 

dx 



E K Sj+1 y jii • ■ ■ norvur- 



p=2 



< nci d p , 0 e a c p^( c o 1) ) /31 • • • ( c o 1) ) /3s " 1 e 7s|< r| 

p=2 v 

= £ a a[ s) e^ s \ t -' r \. 



(16.13) 



Moreover, taking into account that 



dUn 



df’p 



< 



dp j 



d 



dip , 



~^T,j + 1 



< ?7nii i oCQ 1 ' ) e a e 7 ^ T l for /r = 1 ,n 



and 



du 



n+p, 



d 



Si,„ g^,y^-i>,) + ^ for 



where 5 U/J is the Kronecker symbol, p^j+i = (^tj+p • • • > Vr™+ i) 

( Yj 1 ^ , . . . , Y- n) ) , we deduce from condition (a) and inequality (16.6) that 



and 17 = 



m m+n fl (p) 

u ST' TT TT ( dUfj, \ “ v 

fhi Pl flii Pn+rn / -t 11 11 



d s b 



dv Pl dv Pn+ 

pi+...+p n+ m=s a “l • • ' OU n+m 



Li II \ d > tjj 

V=1 11=1 



d s b 



dp { 1 . . . dp'r, 



+ R s ,j. (16.14) 



Here, 
II R 



S,J I 



m m-\-n 



d(m) 



< ^2 ci^nnw+^v^f ^ ^ 

Pl + ...+p n+m = S U= 1 p= 1 

= £ Q 4' ) e 7 'l*- T l. 



(16.15) 



Thus, combining (16.12) and (16.14), we can rewrite Eq. (16.10) in the form 

+ Rs.j + + Rs,j , (16.16) 



l L t = 
dt T 



db dYj db\ . d s b 

L + w~ )Ll + 



dx dp dp) T dp s f...dp s r , 
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where the functions F s j, & S: j, and R s j satisfy inequalities (16.11), (16.13), 
and (16.15), respectively. For s > 2, equation (16.16) yields 



l 

\L\l\ < nmc\d\fi£ a !/ I|4R| 



+ 



d s b 

dtp? ...dtp: 






db 



+ ||/— 4^ +_(aj s) +4 s) +44e^- 1 V. (16.17) 



Since 



d s b 



dp s f ...dp s ff 



= h(x(0 + Y j (<p* J+ 1 , e), £, e)i s A;f . . . exp{i(fc, 4j+i)}> 

A+0 

supUhfc ^ 1 ...k s ™\\ < ||fc|| s sup || 6 fc ||, 

G G 

it follows from the condition for Fourier coefficients (16.2) and the estimate for 
oscillation integrals ( 1 . 20 ) that 



d s b 



dp s f...dp s r , 



-di 



< e"cr 3 ci[l + 3ci + mdi ) 0 ci(l + 2n)](l + \t - r|) 
<£°a A e^ t - T \ (16.18) 



<74 = < 7 3 C 1 [1 + 3ci + rnd\ qCi (1 + 2 n)l max! 1 ; — 1 

1 7 s J 



Then, for t E [r, r + 2), inequality (16.17) yields 



1411 < 4 S)e “ < e“4 S)e7s|t ' r| > 



(16.19) 



4 } = 



=-(< 7 ^ + (7 ^ + cr4) + ex 4 exp{ 2 ( 7 s + (rnndifl + m)c\)}. 
L7S 
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If t > t + 2, then we represent the third term on the right-hand side of inequality 
(16.17) in the form 



t 




T 



rQ — 1 T+q , + 1 



£ 



s££|| / B}.L\ exp{?'(/c, ^rj+t)} ex p{ ^ / (fc,w(»-))dr}d£ 

fc^O g=o T+(J e T 

t 



+ 



B k L% exp {i(k, @T,j+i)}d£ 



, (16.20) 



T+q 



where q is the integer paid of the number t — t — 1, 1 < t — (r + (/) < 2, and 
B k = B k (x(£) + Yj {p^_ - +1 , £, e), £, e) arc the Fourier coefficients of the function 
db 

By analogy with the proof of Lemma 12.1, we estimate each of the integrals 

dp 

over the segments [r + q, r + q + 1] and [t + q, t] with regal'd for inequality 
(1.20). As a result, we establish that the integral over the segment [r+q, r+q+1] 
does not exceed the value 



SUp \\B k \\ + Tryrrfsup 
G W k W V G 



—B k 
Or k 



+ sup 
G 



B k 

dx 



( s ) , 
07 e 



T + 5+1 



x | max 
^[t +q,T +q+l] 



II4II+ J e s ^~ T Ut), (16.21) 



T+q 



where 



(s) 

a 5 =(J 3 



1 



l+(m+l)c 1 +c 1 md 1 n(2+n)+2nc 1 don+ — (o'\ 

7 s 



«* ) +4* , +4‘ l ) 



=27 s 



The integral over the segment [r + q, t] can also be estimated by a value 
of the form (16.21) with the only difference that the maximum of ||L$|| over 
£ G [r + q, r + q + 1] must be replaced by the corresponding maximum over 
£ G [r + q, t] , and the integral of the exponent over the segment [r + q, r + q + 1] 
must be replaced by the corresponding integral over £ G [r + q,t\. 
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We estimate the maximum of the function ||4 || on the segments [r + q,r + 
q + 1 ] and [r + q, t] by analogy with the estimation of the maximum of the 
function \\z l T \\ in the proof of Lemma 12.1, namely 

T+q+l 

max ||if || < / [||L«|| +e -«-)]dC, 

[T+q, T+q+l] J 

T+q 

t 

max ||l£ || < a ( 6 s) f [||4 || + e s ^~ T )]d£, 

[T+q A J _ 

T+q 

ai A> = m 1 + mci(l + ndi i0 ) + ^(cr^ + + cr4) . 

L 7 s 

Thus, using (16.2), (16.18), (16.20), and (16.21), we can rewrite inequality (16.17) 
for t > t + 2 in the form 

t 

11411 <4 S) £ a (/ II 4 R + e^ (t - T) ), 

T 

where 

= max | (mndifi + a^a^)ci; 



i ^ / (5) | (s) . (s) . ( s )/1 I ( s ) 

CT4 + — {a[ + +0-3 + cicrg '(1 + <Jg ' 

I s 



The last inequality, together with inequality (16.19), yields 



_ flf+f <J« 
I dff . . . df s n T ~ 0 



< ck\ s ^ T 4 “, CQ S) =max{cr 



( s ). 2 saff ■ 
4 ’ 2 s - 1 . 



for all t > r and s > 2. By analogy, we establish estimate (16.22) for t < r. 
Hence, by induction, for all +, r, e) G G\, t G R, and s = 2,1 we get 



I44r,i+ t(Vh£)ll < 






(s) 

where the constants Cq ' depend on do, 0 ; • • • , f/.s.o • 

We now prove that inequalities (16.6) and (16.23) yield estimate (16.5) for 
q = 0. If s = 0, 1,2, then relation (16.5) follows from Theorem 13.1. Assume 
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that estimate (16.5) holds for p = 0, s — 1, s > 3, s < l, and q 
s = si + . . . + s m , we consider 



oo 

= f Q(T,t)[D^F(Y j ,t) + D^m + Y J ,ri, J+1 ,t) 

— OO 

+ eD^A(x{t) + Yj, (Prj+i, t, e)]dt, 

where 

QS 

= d'fl 1 . . . ’ Yj = Yj ^ T ' j+1 ,t,£ ^ 

Since 

S 

11^0^)11 < E E c ^H D^Yjf 1 • • • \\D S i% 

v=2 ft 



+ 



d 

dYj 



F(Yj,t ) 



■Ill'll 



and 



WD^Yj || < E a M p e^ t ~ T \ 



Mp — M p (do,o, • ■ • i d p ft), 



d 

dYj 



F(Yj,t) 



< n 2 cid 0t0 £ a , 



the following estimate holds for all (?/), r, s) £ C\ and t £ II : 



J|i^F(Y-, t)|| < e 2a [E ct E ^f 1 • • • M t~i + n 2 cid 0 ,oMs" 

^=2 /3 

= e 2a c ^e^l t_T l, 

(s) 

where the constant c\ ' depends on do, 0 ; • • • , d St o- 

By analogy, using inequalities (16.8) and (16.9), we obtain 

IID^II < E c l E ^(4'V 1 • • • (4* > )' J *e ,s| ‘‘ T| = <4 

v=l /3 



= 0. For 
(16.24) 

da - 1 



,7s|t— r| 

(16.25) 



(16.26) 
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where ctp = ■ ■ ■ , d s% o). Further, we consider the second term in the 

square brackets on the right-hand side of equality (16.24) and represent it in the 
form 



D ^’ a ~du D d’ U+ 

Pi +...+p n+m =s 



d s d 



+ F t 






r)v pl r)u Pn+ 

UU \ • ■ ' uu n+m V=v p 



Here, the symbol denotes summation over all that satisfy the conditions 



m m+n n 0 (m) 

Eri n (du ^ v 



Li ii 

=t /i=t v ' 



(16.27) 



m+n 



^tffl = s v , v = \ ,m, = P,m fi=l,m + n, 

p=i 



v = 1 



and F s j satisfies the inequality 



S— 1 



< e ii^ii E c »/>ii i3 *“ii A •- n D r i »ii' s - 1 



< ^ E E c po(4 1 V‘ • ■ • (4 

P = 2 P 

= e a C j[ s) e^ l *- T| , 



(16.28) 



fs) 

where at least one of the numbers ff, ■ ■ ■ , (3 s -i is n °t equal to zero and oq = 
<j[ s \d 0 fi, • • • ,4-t,o)- 

The second term on the right-hand side of (16.27) (denote it by v) admits a 
representation of the form (16.14), namely 



v = D s a + R s j, 



(16.29) 



where 



jl-Rsjll < £ a cr^e Y ^ t r| , = a ( 3 s \d 0 ,o, ■ ■ ■ ,d s -i,o)- (16.30) 

It remains to transform the first term on the right-hand side of (16.27). It is 
obvious that 
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da dYj da 



t 



da v- 5 S ^ X — ' TT TT / dipfx ^ 



UU, V **\ 

9t l—i 






Enn( 



L11.IV9A 



where the symbol X denotes summation over all flj' 1 that satisfy the conditions 



= s„, v=l ,m, J2^ ) =P», fi = l,m, 

M=1 



v = 1 



and 4> s j satisfies the inequality 

\\$ S J <£ a c ( i ) e^ t ~ T \ 



(16.31) 



s-l 



4 s) = c 3 S \ d o,o, ■ ■ ■, 4-t, o) = nci ^2 dp , 0 ^(^V 1 • • • (4 s 1) ) /3s 

P= 2 /3 



Since 



Oa 

Ox 



E 



9'Fj 



pi + ...+p m =s 



_ e 0^ . . . 



mm o 

Enn(^-w+^ 

^t=i ^=1 v (/ 



/#°- 



t)a 



= df D Vi + N ^ 



where 



\\N S J <£ a 4 s) e^- T| ]T sup 



pi+...+p m =s ^’ r 



d S Yj(ll),T,E ) 



df Pl . . . dt(j?Y 



(16.32) 



» _ 



m m 

c\ ' = nci max „Enn (max{ 1 + c^; mdipCQ 1 ^})^' 

/J,= 1 11=1 

J» — I s ) 



(*0 



c\=c\ ; (d 0 ,o,4,o), 



we get 



Oa 

lTu D >=^ + Yf D >’^ + ^ + ^ + N -^ (1633) 



3a ay, da 



, f, 



da 
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Hence, taking into account equalities (16.27), (16.29), and (16.33) and esti- 
mates (16.25), (16.26), (16.28), and (16.30)-(16.32), for s > 3 we deduce the 
following inequality from (16.24): 



<011 



< e a K c{ s) ^ sup 






d‘Yj(>l>,T,E) (,) 

~v / 7)1 r\ i T)™ I ^ 






oo 

+ c^e 1 -" + <tS s) + 4 s) + 4 s) ] J 



te I 
1 

V 

1 

-to 

1 

Q. 


dYj 


/ 115x11 


dp 



\\ D ^r, j+ i\\dt 



+ K I [sup 

J L (f,T 

— OO 

d _ Q _ 1 

+ ^a(x(r) + ^ a(x(i),< 4 y+i ,£,<0 J dt 

OO 

+ II [ Q{r,t)D s v a(x(t) + Y j ,ip t Td+1 ,t)dt\ 



OO 

/ (9 

+ Y 3iV\,j+\it) D ti> l P t T,j+idt , (16.34) 



where Yj = Yjfp^. - +1 ,t,e), 7 = — , and the constants mf s; , mV'’' 1 , Cg A; , and 

(s) (s') 

C 4 ; arc independent of d S) o- We choose Sq > 0 so small that c\ £q < 1 and 
c { 2 s) e% < 1 and denote 

01 (s) , (s) , (s) , ( S ) 2 (s) 

2 + *1 + *3 + c 3 + c 4 ~ =Vi A = c 5 » 

<4^ = c^(do,o, do,i, • • • , d s -i,o)- 

To estimate the last two terms on the right-hand side of inequality (16.34), we 
represent the corresponding integrals in the form of the infinite sum of integrals 



(s) Hs) J s ) 
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over segments of unit length. Then, using inequalities (1.20), (16.2), and (16.23), 
we establish that the next to the last term on the right-hand side of (16.34) is 
estimated from above by the value 

1 _ 2 e _ 7 ifcio- 3 jl + Cl n + 2 + mdi ) 0 + nd 0fi (l + ^nd 0)0 ^ j £ a = c & £ a , 

and the last term is estimated from above by the value 
2 - r 

l _ e - 7 +7 s Kcia^e ls |2 + (m + n + 2)ci + (m + n)cid 0 ,o 

+ ncidofl (l + ^ nd 0 ,o) £ a = c^e a 

for Cq S ^£q < 1 and (cr^ + cr^ + a^)e q < 1. 

fs) (s) 

Since op < 1 and the constants c~ , cq, and Cg arc independent of d St o, 
s > 3, we conclude that, for 

« ^ .rl-cr 0 It 

e n < mini — „ — ; — — > 

l2n 2 cido,o d S) o J 

relation (16.34) yields 

sup \\DtYj + i(^),T, e)|| 

1p,T 

< 1 \ a ° d s 0 £ a + (1 + m s ) + c 6 + <£> + H ^^Kncidi o £ a 

2 L 7 — sj J 

< d s> 0 £ a , 

2 2 

d s o = <4^(1 + m *) + c 6 + Cg s) H —Kncidi o , (16.35) 

1 - u 0 L 7 - S7 J 

for all (-0, r, e) G Gi and s = 3,1. 

It follows from the smoothness conditions for the right-hand side of system 

(16.1) and the functions Yj(ijj,T ,£ ) and tp^ j +1 (ip,e) that estimate (16.35) re- 
mains true if we change the order of the differentiation of the function Yj(ip, r, e) 
with respect to the variables 7 ] .... , 'ij) m . Also note that inequalities (16.23) and 

(13.2) guarantee the uniform convergence of the improper integral (16.24) on the 
set (ft, t, e) G R m x [— T, T] x (0, eo] (T > 0 is arbitrary). Therefore, the 
functions D^Yj + i(ip,T,s) arc continuous in (A, r) G R m x [— T,T ]. Taking 




Section 16 



Smoothness of Integral Manifold 



187 



into account that T is arbitrary, we conclude that, for every fixed e £ (0, sf . the 
functions D^Yj + i(ip,T,£), s = 0,1, are continuous for all (ip,r) £ R m x R. 
Thus, Lemma 16.1 is proved for q = 0 and s = 0, l. 

Let us prove the statement of the lemma for q > 1. Using Lemmas 12.2 and 
12.4, we get 



d 

Y 



Vrj+1 



< 4 0 ) £ - 1 e 7|t - T| , 



d_dt . 

dr dip TJ+1 



< 4 1 ) e“ _ 1 e 27|t_T| , 



(16.36) 



where 



r 1 1 


r 1 


1 i 


{!; = }, 


£ 0 < 7 maxi — 


— } 


t 7 J 


lc 8 


Cn J 



and C 7 , eg, c io, and cn arc the constants defined by Lemmas 12.2 and 12.4. 
Following the proof of inequality (16.23), one can easily show that 



— n s 

Q T L> i’^T,j+i 



< 4 S ^ a_ 1 e^ +1 ^ t_r ' 



(16.37) 



for all s = 1,1 — 1, (ip,r,£) £ G i, and t £ R. Inequalities (16.23), (16.36), 
and (16.37) yield the uniform convergence of the integral obtained from (16.24) 
by differentiation with respect to r under the integral sign on the set 



£ R m , t £ [— T,T\, e £ [e 0 ,£o]) 



(T > 0 and e 0 £ (0, £o) are arbitrary). The smoothness conditions for the 
right-hand side of system (16.1) and the functions Yj(ip, t,e) and J+ 1 (V’, £) 

d 

guarantee the continuity of the functions —D^Yj + i(ip,r,£), s = 0,1 — 1, in 
{ip,r) £ R' n x [— T, T]. This yields 

€ C^.t, (16.38) 

where Cy, ;T denotes the set of vector functions f(ip, t, e) continuous in {ip, r) £ 
R m x R for every fixed £ £ (0, cq] . Let us write Eq. (13.9) for the function 
Yj + 1 = Y j+1 {ip,r, £). We have 



9Y j+ 1 

dr 



dY, 



J ± i 
dip 



w(r) -e 



dY j+ 1 

dip 



b(x(r) + Yj,ip,r,£ ) 



+ £H(T)Y j+1 +£P(Yj,1p,T, £). 



(16.39) 
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P(Yj,f>, t, e) = F(Yj,T ) + a(x(r) + Yj,ip, r) + eA(x(t) + Yj ,ip, r, e); 



furthermore, this function has l — 1 continuous partial derivatives with respect to 
(-0,r) £ i? m x R for every e £ (0, £q]- Since 



Dp Y j+ i(^, G <0 C C^ )T , s = 0, l, 



Eq. (16.39) yields 



e ^ )T , /o = 0, Z — l. 

Conditions (16.38) for s = 1 and (16.41) for p = 1 yield 



(16.40) 



(16.41) 



a 2 yj + i(^,r,£) _ d' 2 Y j+ 1 (f,T,£) 



df) v dr drdf v ’ ' 11 

Further, we consider the chain of equalities 

d 3 Yj + 1 (1041) 3 3 y j+ i (1042) 9 3 Yj + i 

df^difjdr 

(1038) d 3 Yj + i (1040) d 3 Yj + 1 

(16.41) drdfvdfn ' 



r, e) £ G i, u = l ,m. (16.42) 



p, v = 1, m. 



Here, the marks above and below the equality signs indicate the relations used. 
By analogy, one can establish the continuity and, hence, the equality of all partial 
derivatives of the (p + 1) th order: 

(f) 

To estimate D^—Yj + 1 , p = 0, l — 1, we note that the right-hand side 

of Eq. (16.39) and the right-hand sides of the equations obtained from (16.39) 

d 

by p-fold differentiation with respect to f arc independent of D^—Yj. It 
is also clear that the main contribution to the estimates is made by the term 
/T'. ( — — Y :j + 1 cc ( r ) j because the other terms in (16.39) and in the equations differ- 
entiated p times with respect to ip have a higher order of smallness with respect 
to e as £ — * 0. Consequently, 

L) ^ y i+i(^’ r ’ e ) •||w(r)|| +ea P) i , 
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where <j p j is a constant that depends on do,o> di,o> • • • , dp+ 1,0 but does not de- 
pend on dp, 1 , p = 0, l — 1. For <t P) i£q < 1, the last inequality yields 









< 



(mc\dp + ifl + l)s a 1 < d P}1 £ a 1 



for all (V’, r, e) G Gi and p = 0, l — 1. 

Now assume that all partial derivatives of the ( p + p ) th order (pth order with 
respect to ip and // th order with respect to r) of the function Yj + \ (T>, r, e) are 
continuous in r) G R rn x R for every fixed e G (0, £q] and such that 



f ) M 
Dj.-f—Yj 






3 + 1 



£) 



< M V(t/),r,e) G Gi 



(16.43) 



for 0 < p < q < l and 0 < p < l — p. Differentiating equality (16.39) q times 
with respect to r and p times with respect to one can easily verify that all 
partial derivatives of the (p+ (q + l))th order of the function Yj+i (w. r, £) arc 

continuous with respect to -0,r G x /( for every fixed e G (0,£o]. More- 
f)q+l f) a q 

over ' D i>Qf~q Ti Y i+ l de P ends on D iXR K~Qf Y R • • • ’ D ^j)fP Y i but does not 
d q+1 

depend on D r l — q+ 1 Yj. The smoothness conditions for the right-hand side of 
system (16.1), inequalities (16.43), and analogous inequalities for Yj imply that 
the differentiation of the right-hand side of Eq. (16.39) with respect to ip does 
not worsen its order estimates with respect to s, and each time it is differentiated 
with respect to r this order decreases by one. Thus, 



d q+1 

D ^ Y 3 + ^Ye) 



1 

< - 
£ 



D p . 



d d q 



Y j+ i(ip,T,£) • ||o^(r ) || + e 1 q a p>q+ i 



^ dip dri 

< [mcidp + p q + l]£ a_9_1 < d p , q+l £ a ~ q ~ l t, e) G Gi 



for a Pt q. |_i£o < 1 an d 0 < p < l — (q + 1). Here, (J p , q + 1 is a constant that 
depends on d S)U , s = 0, p + 1, v = 0, q but does not depend on d P)9 +i. 

Thus, according to the principle of mathematical induction, estimate (16.5) 
holds for all s and q that satisfy the condition 0 < s + q < l. Lemma 16.1 is 
proved. 
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Proof of Theorem 16.1. We consider iterations (13.7) and fix the constants 
d S) q and £o f° r which inequalities (16.5) arc satisfied. For d s%q and eq thus 
chosen, the 27r -periodic (in ip u , u = 1 ,m) function Y] (ip, r, z) defined by 
formula (13.7) for j = 1 satisfies the estimate 






< d S:q £ 



a—q 



V (tp, t , e) G Gi 



for 0 < s + q < l. Using the function Y\(ip, r, e) and formula (13.7) for j = 
2, we obtain a 27r-periodic (in ip v , v = 1 ,m) function Yi (ip,T,e), which, 
according to Lemma 16.1, satisfies inequality (16.5), and so on. Thus, relation 
(13.7) defines a sequence of iterations e), j > 1, 27r-periodic in 

v = 1, m, l times continuously differentiable with respect to (U, r) G R rn x R 
for every fixed e G (0, £q], and satisfying the inequalities 






L d St qi 



. a—q 



V(^,T,£) G G l, 



j > 1, 0 < s + q < /. (16.44) 

Inequality (16.44) implies that the functions D^-^—^Yjfy, r, e), j > 1, arc uni- 
formly bounded in (ip, r) G R m x 7?. According to the theorem on compactness 
in the space of continuous functions [KoF], this is sufficient in order that, for every 
£ G (0, £q] , the function 



Y(ip,T,s) = lim Yj(ip,T,e) 

J *oo 



have continuous derivatives with respect to ip and r up to the order l — 1 that sat- 
isfy the Lipschitz condition with respect to ip and r from the set R m x [—T,T] 
(T > 0 is arbitrary). Moreover, inequalities (16.44) yield 






< C 2 £ a q , 0 < s + q < l — 1, 



(16.45) 



for all ( ip,r,£ ) G R' n x [— T, T] x (0,£o] and C 2 = max d s%q . Taking 

0<s+q<l ’ 

into account that T is arbitrary, we conclude that estimates (16.45) hold for any 
(ip,r,s) G G\. Since X(ip,r,£ ) =x(t) + Y(iP,t,e), inequalities (16.3) follow 
from (16.45) and condition (a). Theorem 16.1 is proved. 



Corollary 3. If the condition of the boundedness of ||w(r)||, — c o(t) 

dr 



d l 



is omitted from the conditions of Theorem 16.1, then the function 
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X(ip,T,e) satisfies inequalities (16.3) only for q = 0, i.e., 



D^X(i/},t,£)\\ < c 2 £ a , (fi>,T,£)eG i, l<s<l-l. 



The results of the present section remain true for a system of a more general 
form, namely 

^ = a(x, t) + a(x, p, t) + e^Bifx, ip, t, e), 

(16.46) 

dp uj(t) . . . j „ , . 

— = h b(x, p, t, e) +£ B 2 (x,p,t,e). 

dr £ 

Here, rnin{/3; <5} > a, a, a, to, and b satisfy the conditions of Theorem 16.1, 
and B\ and B> arc 27r -periodic (in p v , u = l,m) functions that, for every 
£ G (0, So], have continuous and bounded (by a constant ci) partial derivatives 
with respect to x and p up to an order l > 2, i.e., 

[B 1 -,B 2 ]€C l Xtip (G,c 1 ) t (16.47) 



and continuous partial derivatives with respect to x, p, and r up to the order 
l — 1 that satisfy the inequalities 






< C\£ 



-i -q 



M(x,p,t,e) G G, 



q > 1, s + q < l — 1. 



(16.48) 



Indeed, in this case, iterations (13.7) for the construction of the integral manifold 
of system (16.46) arc determined by the relations 

OO 

Yj(i’,r,e) = J Q(r,t)[F(Yj-i,t) + a(x(t) + Y j -i,p t Tj ,t) 

— OO 



d <i 

dt 



u(t) 

£ 



+ £ f3 B 1 (x(t) + Yj^p^jfi^fdt, Y 0 = 0, 

+ b(x(t) + Y j _i,p t Tj ,t,£) +£ 1 B 2 (x(t) + Y j -i,p t Tj ,t,£), 



<pIj = Ys 

where Yj_i = Yj^p^j, t, e) and p\ - = p^ -ffi,^. Since (3 > a, 6 > a, 

and conditions (16.47) arc satisfied, following the scheme of the proof of Lemmas 
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12.1-12.5 and inequalities (16.23) one can easily verify that these statements and 
inequalities are true for the functions Yj and ■ constructed above. In this case, 
only the constants in the corresponding inequalities do change. Therefore, for the 
functions Yj and their derivatives with respect to w. the following estimate of 
the form (16.35) is true: 

\\D^Yj(ip,T,£)\\ < dsfl£ a V(V>,T,£) G Gi, j> 1, 0 <s<l. (16.49) 

Using the equality 

d h±f = 1 \_ d Xl±f (u( T ) + eb(x(r) + Y j} il),T,e) 

OT EL Oip 

+ £ 1+5 B 2 (x(t) + Yj,ip,T, e)) + eH{r)Yj + i + £F(Yj,r) 

+ ed(x(T) + Yj,iJj,t) + e 1+i3 Bi(x(t) + Yj,f,T,s) , (16.50) 

where Yj. = Yjf/ip, r, e). k = j. j + 1, we study the character of the estimates 
for the derivatives of the functions Yj(ijj,T,£), j > 1 , with respect to r. The 
smoothness conditions for the right-hand side of (16.50) enable one to differ- 
entiate this equality l — 1 times with respect to f. and condition (16.47) and 
inequality (16.49) yield 

|^^(^,r,e)|<d S) ie Q - 1 (16.51) 

y(ip, t,e) g Gi, j > 1, 0 < s < l — 1 

where d s , i is a certain constant dependent on d u , o, v = 0, s + 1. Let us differ- 
entiate equality (16.50) with respect to r and use inequalities (16.48) for q = 1 
and (16.51). Then, taking into account that, on the right-hand side of equality 
(16.50), the coefficients of the functions B\ and 1I> and their derivatives con- 
tain, respectively, the factors e 1+/i and £ 1 +< \ min{/7; 4} > a, we get 

■^2 Y e) < d 0)2 £ a ~ 2 - 

According to (16.48) and (16.51), subsequent differentiation with respect to ip 
does not worsen the order estimates with respect to e. Therefore, 

< ds,2£ a ~ 2 V(V’,r,£) G G\, 

j> 1 , 0 < s < l - 2. 
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Here, d s , 2 is a constant that depends on d IA \ , u = 0. s + 1 but does not depend 
on j. By analogy, one can establish the estimates 






< d s , q £ 



oc—q 



for all (ip, r, e) G G\, q = 3, l, and s = 0, l — q. 

Thus, the following statement is true for Y (ip, r, e) = lim Yj(ip, r, z ) : 

j^oo 



Theorem 16.2. Suppose that the conditions of Theorem 16.1 for ,4 = 0 and 
conditions (16.47) and (16.48) are satisfied. Then, for sufficiently small £0 > 0, 
there exists the integral manifold x = X(ip, r, e) = x(r) + Y (ip, r, e) of system 
(16.46) for which the function Y(ip,r,e ) is 2n -periodic in ip v , v = l,m, l — l 
times continuously differentiable with respect to (ip, r) 6 R m X R for every 
£ G (0, £ 0 ]) an d such that 

< d s ,q£ a ~ q y(lp, T, e) G Gi, 0<s + q<l — l, 

and its partial derivatives of the (l — 1 )th order satisfy the Lipschitz condition 
with respect to the variables ip and r. 



D *£-,nvr,s) 



Corollary 4. The function Y(ip,r,s ) constructed in the proof of Theorem 
16.2 defines the integral manifold y = Y (ip, r, e) of the system 

j- = H(r)y + F(y, r) + d(x(r) + y, ip, r) + e^B^t) + y, <p, r, s), 

dffi = + + y ; ¥ , ) T) e ) + z s B 2 (x(t) + y, <p, t, e). (16.52) 

dr £ 

The statement below solves the problem of the smoothness of the integral 
manifold of system (16.1) with respect to the parameter e. 



Theorem 16.3. If the conditions of Theorem 16.1 are satisfied and the func- 
tions A(x, p, t, £) and b(x, <p, r, e) have l > 2 continuous and uniformly 
bounded (by a certain constant) partial derivatives with respect to all variables 
(x, ip, t, e) G G, then the integral manifold x = X(ip, r, e) = x(r) + Y (ip, t, e) 
of system (16.1) is l — l times continuously differentiable with respect to 
(lp,T,£) G G\, 
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s d^<r_ 

de r 



T , e) 



< ce 



a—q—2r 



V(^,r,e) e Gi, 



(16.53) 



0 < s + q + r < l — 1, and the derivatives of the ( l — 1) th order satisfy the 
Lipschitz condition with respect to the variables f>, r, and e on the set G R m , 
r £ R, £ £ [eo,£o]) where £q is an arbitrary value from the interval (0,£o). 



In view of technical difficulties, we do not prove Theorem 16.3 here. We 
only note that the iterations Yj(f, r, s'), j > 1, defined by equality (13.7) arc l 
times continuously differentiable with respect to ( ip,T,E ) £ G\. and their partial 
derivatives satisfy the inequalities [SPe6] 



d q d r 

r.e) 



< d w £ a q 2r V(y), T,e) € Gi, j> 1, (16.54) 



for 0 < s + g + r < l. To establish (16.54), one should use the methods proposed 
in the proof of Lemma 16.1 and the estimates obtained in [Sam2] for oscillation 
systems with constant frequency vector. In the case of multifrequency systems 
(16.1) with lo = lo(t), it is necessary to carefully take into account the measure 
of the set of points of a time interval of unit length for which the scalar product 
(k,u(r)) is sufficiently small (k is an integer-valued vector), which substantially 
affects the character of estimates of oscillation integrals. 



17. Asymptotic Expansion of Integral Manifold 



Consider a system of ordinary differential equations of the form 



dx 

dr 



a(x,r ) + a(x,(p,r) + eA(x, p, r, e), 



dp 

dr 



£ 



+ b(x,ip,T,£), 



(17.1) 



where the functions a, a, A, uj, and b arc defined on the set (x. p. r, e) £ 
V x R m x R x (0, £o] = G , 27T -periodic in p u , v = 1, rri. and l > 2 times con- 
tinuously differentiable with respect to x , p, and r for every fixed e £ (0. cq] , 
and all their partial derivatives arc uniformly bounded in G by a constant ci. 
We also assume that the function a(x, p, r) averaged with respect to p over the 
cube of periods is identically equal to zero and conditions (12.3), (13.2), (13.3), 
and (16.2) arc satisfied. Under these restrictions, in Sections 12-16 we have estab- 
lished the existence of the integral manifold x = X(ip, r, s) = x(t) + Y ( i/j , r, s) 
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l — l times continuously differentiable with respect to (ip, r) <E R m x R for every 
e G (0, £o] and such that the function Y (ip, r, e) satisfies inequalities (16.45). 

In the present section, we study the problem of the asymptotic expansion of 
Y(ip, t, e) as a function of the parameter e in the form of a functional sum, 
namely 

r— 1 

Y(ip,r, e) = ^u u (ip,T,£) + v(ip,T,e), (17.2) 

v=0 

where u u and v arc defined on the set G \ = R m x II x (0, sq] and satisfy the 
estimates 



\\u u (ip,T,£)\\ < (T U £P , a = 0, r — 1, \\v(ip,T,e)\\ < a r £r (17.3) 

for all (ip, t, e) G G\ and 2 < r <1 — 2. Here, the integer p = — is determined 

a 

by condition (12.3), and <r /t = const, p = 0, r. 



Lemma 17.1. Suppose that the conditions formulated above are satisfied and 
a function f(ip,r,£ ) is 2 tt - periodic in p v , v = 1 ,m, r times continuously 
differentiable with respect to (p, r) G R m x R for every e G (0, £o]> 1 < r < l, 
and such that 






< ere 



a—q 



V(<y9, r, s) G Gi, 0 < s + q < r. (17.4) 



Then, for sufficiently small > 0, there exists the integral manifold y = 
Y(ip,r,e ) of the system 



dy 

dr 



H(f)y + 



da(x(T),p,T) 

dx 



y + I(t,t, s), 



dp 

dr 



u(t) 

£ 



+ b(x(r),p,r, £) 



(17.5) 



for which the function Y(ip,r ,£ ) is 2n -periodic in ip u ,v = 1 ,m, r times 
continuously differentiable with respect to ip and t for every fixed £ G (0,£o], 
and such that 



DS ^ Y (^G£) 



< o£ a q V(ip,T,£) £ G\, 0 <s + q<r. (17.6) 
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Proof. To construct the function Y(f,T,e), we consider the iterations 






Q(r,t) t,e) 



dt, (17.7) 



where fj = <pJ(ij;,E) is a solution of the second equation of system (17.5) that 
takes the value ip for r = t, and Yq = 0. It follows from Theorem 16.2 that 
each function Yj(ip,T,e), j > 1, is r times continuously differentiable with 
respect to (ip, r) G R m x R for every fixed value of e G (0, Sq] . and 

<d s , q e a ~ q V(V’, r, e) G Gi, (17.8) 






j > 0, 0 < s + q < r. 



Note that condition (17.8) is also satisfied for r = l because the function 

9 ~ _ 

— a(x(r), p, t) ij is l — 1 times continuously differentiable with respect to y, 
tp, and r and, according to (16.2), has I continuous derivatives with respect to 
y and cp. Denote 



Zj + l{f>,T,£) = Y j+1 (lp,T,s) ~ Yj(lp,T, e). 



Then it follows from (17.7) that 



sup \\Zj + i(i/j,T, e)|| 
G i 



< / Ke sup 

J 



d„_ 

—a(x(r),f,T) dt sup \\Zj(ip, r, e) 
dx Gi 



= cr 0 sup||Z J -(^,r,£)||. 
Gi 



According to condition (13.3), the constant op is less than 1; therefore, the last 
relation guarantees the convergence of the numerical series 
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and, hence, the uniform convergence of the sequence r, e)} on the set 

G\ . Further, we assume that each numerical series 



Vsup||mZ,(^r ! ,)||, ^ = 1, s — 1, s <r, 

U Gl 

is also convergent. Consider the equality 



(17.9) 



OO 

/ d 

Q(r, t)D ^ — a(x(t), £ ) 



dt. 



To estimate the last integral, we differentiate the product in the square brackets 
and use the following inequalities of the form (16.6) and (16.23): 

d 



^(¥>rfoM)-V0 



< cjjVe 7 l t " T l, 






— C 0 e 5 






s>2, 7 =^. (17.10) 



9 



Taking into account that —a(x(r),p,f) has r bounded derivatives with respect 

UX 

to p, we get 



s-1 



D^ +1 (^r,£)||<iT / e-^l £ sup \\D^Z^, r, £ )||e^l 



,r 0 Gi 



+ sup 

(f,T 



d 



—o,{x{t),p,t) r[\D^Zj(p T ,t,e)\\ 



dt. (17.11) 



Here, a ^ is a constant independent of e and j. Applying the scheme of the 
proof of Lemma 16.1, we obtain 

S— 1 



“o G 1 



+ 



E 



d 



dp p f ...dp 

pi+...+Pm=S ri 



Pm 

m 



d , * /#*> 



Enrh^+sr^F-w) 

/ 1=1 v=l ^ u 
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where pi- = (yv 1 , . . . , is the Kroncckcr symbol, the symbol ^2 

means summation over all fllf ' 1 satisfying the conditions 

m m 

= s v , = p„, v,n = lfm, 

n = i 



i/=t 



and 



d s 

^ ~ dfl 1 . . . <9V4r 



Taking inequalities (17.10) into account, we get 

\\D^Z j ((p t T ,t,£)\\ 

< sup \\D^Zj(lj},T,£)\\ 

G 1 

s — 1 



+ ^)[^sup|| J D^(^r,e)||+ £ %-( S )je^l, (17.12) 

u=l Gl 



Lj{s) = sup 

pi + ...+Pm=S Gl 

Inequalities (17.11) and (17.12) yield 



d S Zj(f,T, e) 



dlfi 1 . . . df P r,T 



Lj+i(s) < 



o 0 



7 — sy 
2 

7 — S7 



-KW^i 



Lj{s) 



H — —Ks m (c^ + cr^ sup -^-a(x(r),p,T) ) 

7 - S 7 V <^, T ax / 



s-1 

X £sup||£>£Z i (^,T,e)||. (17.13) 

!/=l Gl 

Since, for sufficiently small sq > 0, the constant in the square brackets on the 
right-hand side of (17. 13) is less than 1 and series (17.9) arc convergent, it follows 
from (17.13) that each series 



^2 sup WD^Zjif, t, e) || 



(17.14) 
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is convergent. Thus, according to the principle of mathematical induction, each 
numerical series (17.14) is convergent for 0 < s < r. We now write a partial 
differential equation for the function Yj + 1 = r, e) : 



dY, 



7+ 1 



dY, 



3 + 1 



8t 



df> 



w(r) 



+ b(x(T),i/>,T,E) +H(r)Y j+ 1 

+ ^a(^(+),Yh+)*7 + 



This yields 



dZ 



7+1 



az,- 



7+1 



dr 



df> 



(j(r) 



+ 6(x(r),^,r,e) +i7(r)Z i+ i 



a 






(17.15) 



where Z v = Z u ('ip,T,s) for zr = j, j + 1. Let us fix an arbitrary e G (0, ed- 
it follows from Eq. (17.15) and the condition of the boundedness of the functions 
da 

uj, b. and — and their derivatives that the series 

dx 

d 



E SUP Qf Z 3^’ T Y) 



7=1 T 



is convergent. Differentiating equality (17.15) v times, 1 < v < r — 1, with re- 
spect to and using the convergence of series (17.14) for s = 0, r, we establish 
the convergence of each series 



7=1 ^ 



d 



5>P 

ib.T OT 



0 < s < r — 1 . 



Further, differentiating equality (17.15) with respect to t and u times with re- 
spect to 'if 0 < v < r — 2, we establish the convergence of the series 



& 2 



E SUP D 'l Q T 2 Z 3 ( '’ l P,' r ,£) 



7=1 

and so on. Thus, all numerical series 



0 < s < r — 2, 



d q 



E SUP D 4’gfq Z 3^i T ' £ ) 



7=1 ^’ T 



0 < s + q < r, 
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arc convergent for any value of the small parameter e G (0, £o] • This is sufficient 
for the limit function 



Y(ip,T,e) = lim Yj(ip,T,£) 

J^o o 

to have r continuous derivatives with respect to (ip, r) G R m x R for every 
fixed e G (0, £o] • Passing to the limit as j — ► oo in inequalities (17.8), we obtain 
estimates (17.6). Lemma 17.1 is proved. 



Remark 4. System (17.5) satisfies all conditions of Theorem 16.2, which 
guarantees that the function Y(ip,r,e) is smooth with respect to ip and r up 
to the order r — 1, r > 2, and the derivatives of the (r — l)th order satisfy 
the Lipschitz condition. Since system (17.5) is linear with respect to y and the 
equations for p arc independent of y. Lemma 17.1 establishes the smoothness 
of the function Y(ip, r, £) with respect to ip and r up to the order r, which can 
be equal to 1 . 



By analogy, using estimate (1.20) for oscillation integrals, one can prove the 
following statement: 



Lemma 17.2. Under the conditions imposed on system (17.1), there exists the 
integral manifold y = Y (ip, r, e) of the equations 



dy 

dr 



~ _ d ~ _ 

H(r)y + a(x(r),tp, r) + —a(x(r),tp, r)y, 



dp t o(t) 

dr £ 



+ £), 



where Y(ip,r,£) is 2n -periodic in ip v , v = l,m, and l times continuously 
differentiable with respect to ip and t for every value of £ G (0, £o] , £o > 0 is 
sufficiently small, and 

|oj|^r ( V..T. E ) 



< C£ Q ~ q 



\/(ip,r,£)eG i, 0 <s + q<l. 
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To establish relations (17.2) and (17.3), we rewrite Eq. (14.13) for the function 

X (ip, r, e) = x(t) + Y(ip,r,e ) in the form 



dY dY 
dr ^ dip 



u(t) 






= H(t)Y + F(Y,t ) + a(x(r) + Y,ip,r) + £A(x(t) + Y,ip,T,e) 
dY 



+ 



dip L 



b(x(r) , ip, t, e) - b(x(r) + Y, ip, r, e) 



(17.16) 



where 



d 



H(t) = — o(x(r),r), F[Y,t) = a(x(r) + Y,t) - o(x(r),r) - H(t)Y. 

We now substitute the value of Y" from (17.2) into (17.16) and then expand 

1/ 

the right-hand side into the sum over values of the same order e p , assuming that 

du 

u v and its derivatives (/ , ti = 1, m. arc values of order sp . Equating the 

of,, 

expression on the left-hand side of (17.16) for Y = u v to the term of order £>‘ 
of the indicated expansion of the right-hand side of (17.16), we obtain a partial 
differential equation for the determination of the function u„ = u v {ip,T,e). It 
follows from estimate (16.45) for s = q = 0 that uo(ip. t, e) = 0 for any 

{ip,T,e) G G\. 

Now consider the following equation for the determination of up. 



du\ du\ 
dr dip 



'w(r) 



+ b{x{r),ip,T, e) 



= H(r)u\ + a{x{r),ip,T ) 



da(x(T),ip ,T) 
dx 



u 1 . 



It is clear that the solution of this equation is the integral manifold y = u\{ip, t, e) 
of the system 



dy 

dr 



H(r)y + a(x(r), p, r ) 



da(x(r), (p, t) 

— h y-> 

dx 



dp 

dr 



u(t) 

£ 



+ b(x(r), (p,r, e). 



According to Lemma 17.2, the integral manifold y = iq (ip, r, s') of this system 
exists; moreover, the function ui(ip,T,s) is 27r-periodic in ip v , v = l,m, and 
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l times continuously differentiable with respect to (ip, t) g R m x R for every 
fixed e, and its derivatives satisfy the estimates 



d q 



< d S: g tl £P q 



(17.17) 



\/(ip, t, e) G G i, 0 < s + q < l. 



Further, we write an equation for the determination of u y (ip, r, e) for u > 2 : 



du u du u rtu(r) 

dr dip . e 



+ b(x(T),1p,T, £) 



tt / \ , da{x{r),ip,r) 

— HyTjUif + U V 



+ fv O, T,e) , . . . , U u - 1 (^, T, e) , 

r > e )> • • • » 1(^> r > £ ) ) • 



It follows from the smoothness conditions for the right-hand side of system (17.1) 
that jP is a polynomial of at most z/th degree with respect to u\, . . . ,u u - 1 , 
d d 

— — m , . . . , ——u u - 1 whose coefficients arc l — u times continuously differen- 
ce^ dip 

tiable with respect to ip and r for fixed e 6 (0, Eq] ■ and all their partial deriva- 
tives arc uniformly bounded in G Moreover, if the functions U/fip, r, e), // = 
l,i/ — 1, are 27r -periodic in ip^, k = 1 ,m, and l — p, times continuously dif- 
ferentiable with respect to ip and r, and their derivatives satisfy the inequalities 



D: 



d q 






<d s , q ^£p q \/(ip,T,e) G G\ 



(17.19) 



for 0 < s + q < l — n, then f u , as a function of ip, r, and e, is obviously l — v 
times continuously differentiable with respect to ip and r for every e G (0, ero] , 
27T -periodic in ?/>/,-, k = 1, m, and such that 

<d s ^ v £p~ q V(ip, r, e) G Gi, 0<s + q<l — a, 



d q 



where d Stq>v is a certain constant independent of e. We set 

1S-1 

Uy = £ P Uy{lp,T,£). 
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Then it follows from (17.18) that y = u,Apf t, e) is the integral manifold of the 
system 



dy_ 

dr 



H(r)y + 



da{x{T),<p,T } 
dx 



y + fv(v,T,£), 



dp 

dr 



£ 



+ b{x(r), ip,r, e), 



where 



fv(<P,T,e) = £ 



1 - 1 / 

p 



fv ( <p, T, £, Ul(<p, T, £),..., T, £ 



Taking into account that 



Kj 



ft pQi Q ry — — 

— u s,q,i/ c ' i ex — , 

P 



V(<^, t,e) £ G i, 0 <s + q<l — v, 



we conclude that, according to Lemma 17.1, the function u u (f,T,£) is 27T- 
periodic in tpki k = 1 ,m, has continuous partial derivatives with respect to 
ip and r for every e £ (0, £ q ] up to the order l — is, and satisfies the estimates 



d q _ 



< d 



— Uj s,q,i/ C 



„a—q 



V(V’, t,£) £ G i, 0 < s + q < l — is. 



This yields estimate (17.19) with p = is for the function u v = u u £~ . Thus, 
according to the principle of mathematical induction, every function u^lpip, r, £), 
p = l,r — 1, is 27T -periodic in ip v , is = 1 ,m, has continuous (in (ip,T) £ 
R m x R for every e £ (0, £o]) partial derivatives to within the order l — p, and 
satisfies estimates (17.19). 

Let us determine the asymptotic character of expansion (17.2). For this pur- 
pose, we denote 

r— 1 

t,e) = ^2 U„(lp, T, £) (17.20) 

v=\ 

and change the variables in Eq. (17.16) as follows: 

r— 1 

Y = u(lp,T,£) +£ z(lp,T, £). 



(17.21) 
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For z, we obtain the following equation: 



dz dz rt o(t) „ , , ' 

of. + \_-fr- + b{x{r),ip, T, e) + £ B 2 (z, ip, t, e) 



= sa«r)^ 2 + £ „ B (1722) 

ox 



where 



r C i — 1 

Bi(z, if), r, e) = e i a(x(r ) + u + £ ~p~ z, ip, r) 



~,-t x , x 5a(x(r),^,r) 

- a{x{T), 1 p,T) — (u + £ r z) 



du 

dip 



b{x(r),ip,T,e) -b(x(r) +u + e p z,ip,r,e) 



+ F(u + £ p Z,t) + eA(x(t) + U + £ P Z,1p,T,e) 

r— 1 q 

Mi>,F£,ui('ip,T,e), ■ ■ . , d^u v -i(ip,T,s)}, fi = 0, 



u=l 



r — l 

B 2 (z, Ip, T, e) = £ P \P(x(t) + U + £ P Z, 1 p,T,£) — b(x(r), 1 p,T,£) . 



Using properties of the functions u u (ip, t,e), a = 1, r — 1, and the smoothness 
conditions for the right-hand side of system (17.1), we establish that, for suffi- 
ciently small £o > 0, the functions Bj(z,ip,T,e), j = 1,2, arc defined on the 
set 

||z|| < A, ip G R m , t G R, £G(0,£o] 

(A > 0 is fixed) and 27r-periodic in ipf., k = l,m, and, for every fixed £ e 
(0, £o] , they have continuous partial derivatives with respect to z, ip, and t up 
to the order I — r inclusive that satisfy an inequality of the form 



d q 



< C£~ q , 



0 <s + q<l — r, j = 1,2. (17.23) 



A function z(ip, r, e) that is a solution of Eq. (17.22) defines the integral manifold 

y = z(ip, t , e) of the system 
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dy 

dr 



H{r)y + 



da(x(r), p, t } 
dx 



y + £ a B 1 (y,ip,T,£), 



d<p 

dr 



w(r) 

£ 



+ b(x(r),ip,T, e) + £ a B 2 {y,p,r, e), 



(17.24) 



which has the same form as system (16.52) for F = 0, a(x(r) + y,<p,r) = 

d ~ _ 

—a(x(r),p,T)y, and /3 = 5 = a. Therefore, according to Theorem 16.2, for 
l — r >2 there exists the integral manifold y = z('iP, r, e) of system (17.24) that 
satisfies the estimates 



8<i 






T ds,q‘ 



^a—q 



V(V>, r,e) G G\, 0<s + q<l — r — 1. 



It follows from the change of variables (17.21) that the function 



X(f, r, e) = x(t) + u(ip, r, e) + v(ip, r, e), 



where 



1 — 1 

V = £ r z(ll>,T,E), 






f ds,q 



— 0 
£P * 



(17.25) 



(17.26) 



for all ('ip. r, e) € G \ . 0 < s + q < l — r — 1. determines the integral manifold 
of system (17.1). Thus, the following statement is true: 



Theorem 17.1. Suppose that the conditions imposed above on system (17.1) 
are satisfied for l > r + 2, r > 2. Then, for sufficiently small cq > 0, 
the function X(if,T,£) that defines the integral manifold of system (17.1) for 
('ip, r, e) E G i admits the asymptotic decomposition (17.25) in which the func- 
tions u(ip,T,£) and v(i p,T,e) satisfy conditions (17.19), (17.20), and (17.26). 



Corollary 5. If 



da(x(r), p,r) 



= 0 



\/(p, t) &R m x R, 



dx 
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then, according to Lemmas 17.1 and 17.2, the functions u v are determined in 
explicit form by the following formulas: 

OO 



ui(ip,r,£) 




t, t)a(x(t),<p i T (ip,£),t)dt, 



— OO 



u u (f,T,e) 

OO 

= J <20, 0/OOrOh 00, £ , Uiivliip, e),t, e),..., Uv-iivKi/t, e)0, 0, 

— OO 



d_ 

dp 



'«i(o000o,0,-- 




^-i(0(Of),u))o, 



2 < v < r - 1. 



18. Decomposition of Equations in a Neighborhood 
of Asymptotically Stable Integral Manifold 



Consider the system of ordinary differential equations 

dx dp cu(r) 

— = a(x,p,T,e), — = h b{x,p,r,£), (18.1) 

ar ar e 

where x G D C R n , p € R m , m > 2, r£R, e e (0, £o] is a small parame- 
ter, the vector functions a and b are defined on the set G = DxR m xRx( 0,£o], 
27T -periodic in p u , a = 1 ,m, and thrice continuously differentiable with respect 
to x , p, and r for every fixed £ £ (0, sq] , and all their partial derivatives arc 
uniformly bounded in G by a constant c\ independent of e. Assume that 



a( x, p, t, e) = a(x, r) + a(x, p, r) + eA(x, p, r, e), 



where the function a(x,p,r ) averaged with respect to p over the cube of periods 
is identically equal to zero, and the Fourier coefficients Ck(x, r, e) of the function 

c(x, p, r, e) = [a(x, </?, r); b(x, p, r, £■)] satisfy the inequality 



^ ||fc|| 3 sup ||Cfc|| + I|fc|| 2 (sup 
kp 0 G G 



3c fc 

<9r 



+ sup 
G 




< Cl. 



(18.2) 



Consider the system of equations of the first approximation for slow variables 
averaged with respect to all angular variables p : 



dx 

~dh 



a(x, t). 
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Assume that there exists a solution x = x(t) of this system defined on the entire 
axis that lies, together with a certain p-neighborhood of it, in the domain D and 
for which the normal fundamental matrix Q(t. t ) of solutions of the variational 
equation 

dz 9a(x(r),r) 

dr dx 

satisfies the estimate 

\\Q(T,t)\\ < Ke-^-V \/T>teR, (18.3) 

where 7 > 0 and K > 1 are certain constants. Let 

2 d „ 

a 0 = -K sup — a(x(r),<p,r) <1. (18.4) 

'y lf,T ox 

We also impose certain restrictions on the components uj u (t), v = 1, m, of 
the frequency vector oj(t). Assume that the functions 

qn 

= -^u v (t), 0=1,171, p, = 0 ,p-l, p > m, 

arc uniformly continuous on the entire axis, and 

||(W p T (r)lL p (r))- 1 Hf(r)|| <ci Vr G R, (18.5) 

where 

W p (t) = (w^ _1) (r))^f = 1 

and Wp (r) is the ttansposed matrix. As proved above, under these conditions 
there exists an asymptotically stable integral manifold x = X('if r, z) = x(t) + 
Y(ip,T,£) of system (18.1) for which the function Y(ip,T,£) is 27r -periodic 
in ip v , v = l. m. twice continuously differentiable with respect to ip and r 

for every value of e, and such that its second derivatives satisfy the Lipschitz 

condition and 

IIW, D e) I! + || W, r, e) I + Xj r ’ £ ) || ^ 5l£ “’ 

£ n£) ~ wt 1 ' 1 * T - £) ll - ~ CiE ° u ~ ?I1 <18 ' 6) 

V(^r,£)eGi, PpeR m , G\ = R m x K x (0, e 0 ], a = ^. 
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Performing the change of variables y = x — X(p,r, e) in (18.1), we obtain 
the system 

dy 

— = a{y + X(ip,T,s),(p,T,e) - a(X(p, r, e), p, r, e) 

~ dX( 'g , J' ^ i b (v + r,e),(p,T, g) - b(X((p,T,e),<p,T,e)], 

^ = < ^-^ + b{ y + x ( ( P, T ,£), l P, T ,£)- (18.7) 

dr e 

For every value of the small parameter e. the right-hand side of this system has 
continuous partial derivatives of the first order with respect to y, p, and r, and 
the derivatives with respect to y and p satisfy the Lipschitz condition with re- 
spect to y and p with a Lipschitz constant independent of e. 

In the present section, we decompose Eqs. (18.7) in a neighborhood of the 
integral manifold y = 0 by introducing new variables according to the formula 

p = ip + <b(y, V’, t, e) ($(0,ip,T,e) = 0), (18.8) 



which reduces system (18.7) to the form 



dy 

dr 



a(y + X{ip + s),ip + $,r,e) - a{X(ip + r, e), ip + <b, r,e) 
dX(ll> + $>,T,£), 



dp 



[b(y + X{ip + <f>, r, e),ip + r, e) 



- b(X(ip + <f>, t, e),f> + <f>, r, e)] 
dip w(r) 



dr e 



+ b(X(lp,T,£),lp,T,£), 



(18.9) 



For oj = const, results concerning the canonical form of a dynamical sys- 
tem in a neighborhood of an invariant torus are presented in Chapter 4. One 
should also note the work [SaS], where the decomposition of equations was car- 
ried out for systems with slowly varying phase, and the monograph [StS] , where 
the decomposition of singularly perturbed equations was carried out. We write 
the following partial differential equation for the determination of the function 
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<9$ <9<b r uj(t) 

8S + dip[— + bix ^ T ' e) - AT - e) 



<9$ 
+ 9y 



a(y + X('f + ^,T,£),f + ^,T, s) 



- a{X(pf + <b, r, s),tjj + <b,r, e) 
<99f(?/> + $,r, e) 



dip 



(b(yX(ip + $,t,£),'i/) + $, t, e) 



- b(X(f> + <b, r, e),V’ + < J > ,r, e)J 

= 6(y + ^(^ + $,r,e),V’ + $,r,e) - b(X(i/;,T,e),i}),T,£). (18.10) 



We construct a solution of Eq. (18.10) by the method of successive approxima- 
tions, defining these approximations by the formula 

OO 

& + Hv^,T,e) = - J[V -b]d£, (b 0 = 0, (18.11) 

T 



where 



if = b(y^ 3 + X{ij}\ + <f> 3 (yt’ 3 , 'ft, £,£),£,£), ipf + $ J (yf J , i/tf, £,£),£,£), 



b = b(X(^,^£),^,^,£). 



Here, (yr J , V4) = (yr J '(y, f>,£), V4(V’) e )) is a solution of the Cauchy problem 

rl ft ~ 

= a 3 - a 3 - — (V - V), yf 3 = y, (18.12) 

^T = -^~ + b, = (18.13) 

where a 3 = a(yf ,3 j\- X 3 , 'tpf + <b J , £,s), a 3 = a(X 3 , ipf + £, e), X 3 = 

X(f>i + &,£,£), b 3 = b(X 3 , 4 + &,{,£), and = ^(yf’ j ,V4,e,£)- 

If the order of differentiation and integration can be changed, then one can 
easily verify that the function <\> J f 1 = < I >J i 1 (y, ip, t. £) defined by equality (18.11) 
satisfies the partial differential equation 
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d& +1 d& +1 \ u(t) u/v/ . . . ; 

— s — + —rr, L + T > e), A A «0 

or dtp L e 



+ 



<9 ^ +1 r 

dy 



a(y + X (fit + & , r, e) , ip + ^ , r, e) 



- a(X(ip + r, e ),t/> + r, e) 



- dX ^ + d ^ ' T,£ \ b(y + X(V , + ^ >J ,r,£),V , + ^ >J ,r,£) 

- 6(X(^ + fh 7 , r, e),V ; + 

= 6 (y + X(V’ + $ J ,r,e),V’ + ^ >: ',r,£) - b(X(ip,T,e),ip,T,£). (18.14) 



db 

Assuming that the norm of the matrix — — is sufficiently small, i.e., 

dp 



sup 

G 



db{x,ip,T , g) 
dip 



1_ 

K 



< ^ min {2 : 7t}- 



(18.15) 



we prove that the sequence {&(y, ip, r, e)} converges uniformly to a certain 
function <h(y, ip, r, e) on the set y € Ph = {y- y € i? n , ||y|| < /i}, ip 6 i? m , 
t € R, s G ( 0 . cq] , provided that £q > 0 and h > 0 are sufficiently small. 



Moreover, we establish the convergence of the sequences 




r 9 ,.i 0 9 0 

and — > to — $ . 7 —$, and — $ . respectively. Then, passing to the 
1 or J dy dip dr 

limit as j — ► 00 in Eq. (18.14), we obtain equality (18.10) for the function 
4>(y, ip, r, e) constructed above. 



Theorem 18.1. Suppose that the conditions imposed on system (18.1) and 
conditions (18.2)— (18.5) and (18.15) are satisfied. Then, for sufficiently small 
h > 0 and £0 > 0, there exists a change of variables (18.8) that reduces system 
(18.1) to the decomposed form (18.9), where the function &(y,ip,r, e) is 2ir- 
periodic in ip v , a = l,m, continuously differentiable with respect to y, ip, and 
t for every fixed £ £ (0,£o]> an d suc h that 



$11 < di\\y\l 



<9$ 

dy 



< d,2, 



<9$ 

dip 



< d 3 ||y|| 



(18.16) 
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\/(y,fi>,T, e) £ Ph x R m x R x (0, eo] = and its partial derivatives with 
respect to y and f satisfy the Lipschitz condition: 

d d 

—$>(y,ilj,T,£) - —$(y,if>,T,£) < n{\\y-y\\ + \\fi - V’ll), 

r\ r\ 

— ^(y,f>, T ,£)-—^(y,'f, T ,£) < u\\y — y\\, (18.17) 

d d 

—^(y,ip,T,e) - —^(y,^,T,e) < v\\y\\ ■ \\rf - f ||. 

Here, d\ — d^, p, and v are constants independent of £ and h. 

We prove Theorem 18.1 in the next section. Here, we establish certain prop- 
erties of a solution of the Cauchy problem (18.12). 

Lemma 18.1. Suppose that the conditions of Theorem 18.1 are satisfied and, 
for every e £ (0,£o] and certain j > 0, the function ip, t, e) is contin- 

uously differentiable with respect to y, ip, and r. Then one can find constants 
eo > 0, hi > 0, and 71 £ such that, for all (y,ip,T,e) £ G, h < hi, 

£0 < £o> an d f > r, the solution y\^ = y\'\y, ip,e) of the Cauchy problem 
(18.12) satisfies the inequality 

Ill'll < K\\y\\e-^- T \ 





212 



Integral Manifolds 



Chapter 3 



For the function yf J , we can write the representation 



d 



i ir = Qi^ r )y + / Q(^J)[-Q^ a (x(i),tP- 



+ l, e),l)y l S + F^,^, l, e), l, e) 



dl, 



whence 



^|| < K\\y\\e-^- T) + / e~^~ l) 



K sup 

lf,T 



^a(x(r),<p,T) 



+ Kc 2 (\\y l S\\+e%)]\\y l S\\dl. 

Assume that | yf J | < 2 A' | y 1 on the maximum half-interval £ G [r, T). Then, 
denoting 



4 = ||y^||e^- T) , 



we obtain the inequality 

S 



4 < K \\y\\ + 



K sup 

( p,T 



d 

dx 



a{x(t), <p,t) + Kc 2 (£q + 2/i||y||) z l T dl, 



whose solution (according to the Gronwall-Bellman lemma) satisfies the estimate 

d 



4< 



A'||y|| e xp| K sup —a{x{t),<p,f) + Kc 2 {e% + 2K\\y\\) (£-r)j. 



Taking into account that, according to (18.4), we have op < 1. and assuming that 



1 



1 



2 K c 2 h < - 7(1 - op), Kc 2 £q < - 7(1 - a 0 ), 

we deduce from the last estimate that 

Ill'll < K\\y\\e-^- T \ 7! = ^°, 

for all y G G R m , £ G [r, T), and e G (0, £o]- It is obvious that 

Hyp'll <iC||y|| <2K\\y\\ G [r,T ). 

Therefore, relation (18.19) holds for all £ G [r, 00). Lemma 18.1 is proved. 



(18.19) 
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Lemma 18.2. If the conditions of Lemma 18.1 are satisfied and the function 

Li,, 

By 

h > 0 and eg > 0, the following estimate is true: 



ip, t, e) satisfies the inequality 



< do , then, for sufficiently small 



d 



S-jA’ 3 (y,ip,£) < Ke 7l($ t) V(y, ip,T,e) G G, £ > r. (18.20) 
dy 



Proof. Differentiating Eq. (18.12) with respect to y and using the equality 



—yf 3 {y, ip, e) = E n , where E n is the n-dimensional identity matrix, we get 
dy 



ffyVT 1 = Q(^ t ) + J Q (£,0 ^a(x(Z),V , r + $J 0 /r J ,ip l T ,l,e),l) 



r\ r\ 

— &(yy,f> l T ,l,e),l,e)]— y l f 3 dl, (18.21) 



where 



\\m <c 3 (e% + \\y\\), 

C 3 = nciKTfn + nc\ + c\ + d 2 (nc\ + nc^ + m + 2mci)]. 

Equality (18.21) yields 



d 

dy 3 



£ 






e 7(«-r) < K + / e 70-r) 



L ^cr 0 + /7C 3 (^ + /l) 



9 



fj 



dl, 



Solving this inequality, we obtain estimate (18.20) under the conditions /i C 3 EQ < 
- 7(1 — cxq) and Kc^h < g 7 (l — op). Lemma 18.2 is proved. 



Lemma 12.1-12.3 yield the following estimates for a solution ipr = ipi(ip, E ) 
of the Cauchy problem (18.13): 



WSL ~ t) 



<c A £ 0 (l + \i-T\)e c ^- T \ 
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-V 

dr T 



<C4 0Hr)|| + l) e C4£ “l«-"l, 



(18.22) 



E 

v = 1 



a 2 

dipdip r 



-<Pr 



<c 4 £ a (l + |(-r| 2 )e C4£a|H . 



Here, ip £ R m , £ G (0,eo], r E R. £ £ R,, and c 4 is the constant equal to 
the greatest constant in the corresponding estimates in Lemmas 12.1-12.3. Us- 
ing (18.22) and repeating the scheme of the proof of Lemmas 18.1 and 18.2, we 
establish the following statements: 



Lemma 18.3. Let 

d 



dy 



$ 3 (y,ip,T,£) 



< d 2 , 



d 



dip 

V(y,ip,T,e) € G. 



&(y,ip,T,£) <d 3 ||y|| 



Then, for sufficiently small h > 0 and £q > 0 and all (y, ip, r, e) £ G and 
p > t. the following inequalities are true: 



d_ 

dip i 



fid 



< C 5 ||y||(l + ||y||d 3 )e 72(? r) , 72 = 5 o °~ 0 7> (18.23) 



d 



fid 



< C5 ||y||(i|| w (r)|| +d 3 ||y||) (18.24) 



where the constant depends on d ,2 and does not depend on d 3 and £. 



Lemma 18.4. If the conditions of Lemma 18.3 are satisfied and the function 
d 

— (y, ip, t, e) satisfies the Lipschitz condition 

dy 



^-&(y,ip,T,£) - ~^&(y,ip,T,£) 



Vy,y G P h , ip,ip £ R n 

then the following estimate is true: 



< di\\y - y\\ + \\ip - ip\\) 
T £ R, e £ ( 0 , £q] j 



(18.25) 



d_ 

dy 



y^{y,ip,£) 



^-yG\y,ip,£) 

dy 



<c 6 (i+hp)e 73(? r) (lly-y|| + IIV , -V’ll), 



where p > r. 73 = pg(9 — 00 ) 7 , £o > 0 and h > 0 are sufficiently small, and 
cq is a constant independent of p, h, and e. 
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Lemma 18.5. Suppose that the conditions of Lemma 18.4 are satisfied and 
the following estimates are true: 



d d 

— < v\\y - y\\, v = const, 



f — d- 



(18.26) 



Then one can find a constant c 7 independent of v, h, and e and such that the 
following inequalities hold for all £ > r: 

r\ r\ 

— yl'\y,f,£) - —y^ J (y,ip,£) < c 7 (l + /iz/)e _74(?_r) \\y - y\\ , 

II w-yi’ J (y , - -w-yr^y^i^W < 07(1 + Mlly|l e_ 74 (? “ r) IIV’ - V’ll, 



where 74 = —(17 - 0 - 0 ) 7 . 



Further, we denote 

\\^ + 1 (y,fj,T,£) - &(y,il>,T,£) || = \\y\\v 3 (y,il),T,£), 

d 

_(^ +1 (y,'0,T,e) - &(y,ip,T,e)) = \\y\\vj(y,ip,T, e), 

v J (0,'f,T,£) = 0, Vj(0,ip,T,e) = 0. 

We use the following le mm a for the investigation of the convergence of the 
iterations defined by (18. 1 1): 



Lemma 18.6. Suppose that, for all (y, f. r, e) <E G and j > 0, the inequal- 
ities 

d d 

—&(y,ip,T,£) <d 2 , — $ J (y,-0,r,£) < d 3 ||y|| 

are true and the Lipschitz conditions (18.25) and (18.26) are satisfied. Then there 

7 

exist constants £ 0 > 0, h 2 > 0, 75 > — , and c$ such that, for j > 0 , 
( y,ip,T,£ ) G G, £q < £ 0 , h < h 2 , and £ > r, the following estimates are 
true: 
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i J+1 — yf’ 3 \\ < C8 1 1 2 / 1 [ 2 supine 75 ^ T \ 

G 



(18.27) 



d_ 

dy 



{Vr J+ 1 - yf J ) 



< Csl 



sup V J 
G 



+ sup 
G 



A(^ + 1 (y ; ^ T) e ) _ $J(y, T, £)) 



3 -75 (S-t) 



(18.28) 



^’ i+1 - ^2 



< csllyll 



sup 
L G 



^-($ J+1 (y,V’,r,e) - $ J (y, f, r, e)) 



+ || y || (sup v 3 + supuj 
G G 

w/rere 2 /$ ,s = y^’ s (y,^,£) for s = j,j + 1. 



= - 75 (£-t) 



(18.29) 



Proof. Rewriting Eq. (18. 12) in the form 

i 



d 



d 



—yf’J = H(^)yf’ 3 + J a(tyf’ J + X 3 , ^ + $0 £, e) - #(£) (%f J 



dX 3 f d 



dp J dx 



b{tyl’ 3 + , ip* + , £, e)dtyf 3 , 



one can easily obtain the estimate 

£ 

7+1 - vi’ j \\ < / Ke-^~ l) 



J Ke~^~ l) { 



'0a J+1 
. Ox 



-77(() 



(if 



ir J+1 - 



+ 



rOa J+1 da 3 ! 



L dx dx J 



cif 



-,hii 



+ 



+ 



<9Xi +1 dX 3 



dp dp 
t 



nci\\y‘, 



1 , 3 + 1 1 



dX 3 



dp 



\ a Xd v w _ a Xj,i 

L dx 9 r to " T 



dt. 



| dl. (18.30) 
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We now use Lemma 18.1 and inequalities (18.6). Since 



<9a J+1 

dx 



-mi) 



dai +1 


dai 


dx 


dx 



< sup 

c p,r 



d_ 

dx 



a(x(r), ip, r) + nci(l + nc\ + Kn)(e a + 



WVt 3 II < Knc\{n + m)(l + c±) ||y||e - 7 l ^ -T ^(||y ^ +1 - y l ’ j I 



dXi +l dXi 
dp dp 



+ ||^ +1 (^ J+1 , 4, h £) - ^(y l r j m l r, l, e)||, 
1 



nci\\y l r +l \\ + 



dX> 


f\ 


dp 


J 



ij+i db> tj 

* - m 



dt 



< Knc\C\(l + nci + n + m)[(e“ + ||y ||)||^ J+1 - y l p j || 

+ e a |bl|e-^ (, - T) ||^' +1 (j4- J ' +1 ,^,Z,e) - rfrM 

estimate (18.30) can be rewritten in the form 



I vf 



U+ 1 — yfd || < / g-7(f-0 



/' 



K sup 

(f,T 



d 

dx 



a{x{r),p,T ) 



+ (\\y\\ + e a ) 3 c 9 K]\\y l S + 1 -y l S\\dl 



+ 2 cgK\\y\\ / e - 7 «- 0 - 7 i 0 - T )||$i + 1 



where eg = I\ uc\ (1 + ci)(l + nc\ + n + m). Taking into account that the 
derivative of each function <b J (y, if r, e), j > 0, with respect to y is bounded 
from above by the constant di , we get 

< ||2/r J+1 || SUpt^ + d 2||l/r J+1 - y l T J \\ 

G 

< K ||y||e _7l(i ~ r) supu- 7 + d 2 \\y l ^ +1 - y^ ||, (18.31) 

G 
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whence 



|| < J 



1^ — (To + K Cg(3 + 2<7 2 )(£q “h M 



H — — K 2 e 7< ^ ^||y|| 2 supiA 

271-7 



# +1 -y l *\\dl 

(18.32) 



G 



We choose h > 0 and sq > 0 so small that 



/ic g (3 + 2d 2 )£o < ^7(! - cro), Kcg ( 3 + 2 d 2 )h < ^ 7(1 - cr 0 ). 



Then, solving inequality (18.32), we obtain the estimate 

HyCi + t _ || < — _f^ 2 g-l( 3 -'To)(?-- r )||y|| 2 supi;J ) 

271-7 G 

the form of which coincides with the form of estimate (18.27). Inequalities (18.28) 
and (18.29) can be established by analogy. 



19. Proof of Theorem 18.1 



Consider iterations (18.11). Since <h° = 0 satisfies all conditions of Lem- 
mas 18.1-18.3, it follows from (18.11) for j = 0 that 



|$ 1 (y,V’,T,e)|| < sup 
G 



db 



dx 



\yr 0 \\ d t < —ciK\\y\\ < di\\y\\, 
7i 



d 

- r &-(y,rl),T,e) 

dy 



< sup 
G 



db 



dx 



d_ 

dy 






n 



d £ < — c\K < d 2 . 
7i 



To estimate 
yields 






d_ 

df> 






< rri + 



, we use inequalities (18.22), the first of which 
d 



df 



- VO 



< m + C4£ a (l + £ — r ) e C4£ “^ r ) 

< m + e 2c4£ ^~ r ' ) < ( m + l)e4 7 ^~ r ) 
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for £ > r and 2 c 4 £q < - 71. Then 



e) < 2nc\cs— + n 2 c\C\K— + mnc\(rn+l)K-^— . 
dtp L 72 71 371 1 



provided that hds < 1. The constants d \ , d-i. and r/3 in the inequalities pre- 
sented above will be fixed in what follows. Consider the integral obtained from 
(18.11) for j = 0 by differentiation with respect to t under the integral sign. 
Estimates (18.22) and (18.24) yield 



OO 







T 



b) 






< c 5 ||y| 




OO 




g— 72 «-r)^ 



T 



OO 

+ (nci£g + m)nciC4K\\y\\ + 1 ^ J e~i 11 ^~ r) ci£. 

T 

The estimates presented above guarantee the uniform convergence of the im- 
proper integrals 

OOOO OO OO 

J d- ( f -~ m , Jfy-m 

T T T T 

on the set 

yeP h , f€R m , t € [— T, T], £ 6 [A,£ 0 ], (19.1) 

where T > 0 and A > 0 (A < £0) arc arbitrary. Then, for every e £ [A. £0] , 
the function $ 1 (y, f>, r, e) is continuously differentiable with respect to y, 7 , 
and t from set (19.1) and satisfies Eq. (18.14) with j = 0 for these values of 
y, r, and s. Since A and T are arbitrary, we obtain relation (18.14) for all 

(y, T, e) £ G. 

Now assume that, for all j = l,s, s > 1, the functions &(y,ip,T,£) are 
continuously differentiable with respect to (y. 7 , r) £ f), x i? m x /? for every 
value of the parameter e and satisfy the inequalities 
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Ill'll <di||y||, 



dy 



< 0?2, 



dtp 



< 



(19.2) 



and Eq. (18.14) V(y, tp, r, e) 6 G. Using Lemmas 18.1-18.3 for j = s and 
estimates (18.15) and (18.22), we deduce from (18.11) that 

db 



|4> s+1 (y, ip, r, e) || < nci— K (1 + cieg^i) + —Ksnp 
L 7t 7t g 

7 



dp 



di 



llyll 



Since 71 > — and 



for di£-Q < 1 we get 



K 


db 


2 ^ 


db 


— sup 
71 G 


dp 


< — A sup 
7 G 


dp 



= cr 0 < 1 , 



1 



|<f> s+ 1 (y,'i/>,T,e)|| < nc\ — K(1 + c\) + cr 0 di 
1 7l 



< d i\\y\\, 



where 



di = 



nci(l + d)K 



7l(l - cr 0 ) 

By analogy, for < 1 we obtain 

2 nci(l + ci) 



^-$ s+1 (y,ip,T, e) 

d 



< 



7i (1 - o'o) 



K = d 2 . 



We now represent -jj— 4 >A+I (y, tp, r, s) in the form 
^<f> s+ 1 (y,iP,T,e) 



OO 



T 

OO 



T 

OO 



T 



~db s 



+ 



db s dX s db s \ 



+ 



dy V dy dp dp J dy J dtp 



dy' 



4,® 



dP 



~d{b s - b) dX s + db (dX s dX^ + d{b s - b) j dtpf 



dy dp dy V dp dp J 



dp J dtp 



~db s dX s <9<b s dtpr | db s <9<f> s d(tpf — tp) ^ db s ^ 



. dy dp dp dtp dp dp dtp 



dp dp J 
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and use the inequalities 

< d 3 -^||l/||e -7l(?_r) , £>t. 

Then, for ci£q < 1, ci3£g < U and hd$ < 1, we get 

Sj® s+1 {y,$,T,e) < (cio + aod 3 )||y|| < .. Cl0 _ ||y|| = 

Olp 1 — Co 

where 

2 4 

cio = — (n + (n + m)7 2 )cic 5 + - — ciK(m + l)[(n + ?n) 2 (l + 2d\) + ndf 
72 371 

4 4 

+ - — n(m + llciCiiT + —^(4 + 37i)mcic 4 A. 

37i 97f 

Thus, by the method of mathematical induction, we establish that, for suffi- 
ciently small h > 0 and £0 > 0, inequalities (19.2) with the constants d\ . 7 2) 
and 7 3 defined above hold for all j > 0 and (y, ip, r, £) £ G. Moreover, the 
fact that the norms of the matrices 



Vr\ 



d_ 

dy 



Vr\ 



d 



Vt\ 



d 



,U 



df aT ’ dr T 

tend exponentially to zero as £ — > oc guarantees the uniform convergence [on 
set (19.1)] of the improper integral (18.11) and the integrals obtained from it by 
differentiation with respect to y, 7, and r under the integral sign. Therefore, 
the functions <h J (y, ip, r, s), j > 0. arc continuously differentiable with respect 
to y, ip, and r for every fixed e from set (19.1) and satisfy Eq. (18.14). Since 
A and T are arbitrary, equality (18.14) holds for all (y, ip, r, e) £ G, and the 
functions < l ,J (y, ip , r, e) have continuous partial derivatives of the first order with 
respect to (y,ip,r) £ Py x R m x R for every £ £ (0, £0] - 

d ■ d 

We now prove that the matrices — (y, ip, t, e) and - ( h J (y, ip, r, £) saf- 
ety dip 

isfy the Lipschitz condition with respect to the variables y and ip. Using Lem- 
ma 18.4 for j = 0 and the inequalities 

-ii(ip,£) || < [1 + c 4 £ a (l + C - r)e C4£a ^~ T) ]\\ip - ip\\, 

II yT 3 (y,il>,£) - II 

< Ke^^-^jWy - y|| + c 5 h(l + hdf)e~ l2 ^~ T \\ip - ip\\, £ > r, (19.3) 
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which follow from relations (18.22) and (18.23) and Lemma 18.2, we deduce the 
following estimate from (18. 1 1): 

d d — 



< Knc\ 



— + ^~K + nc 5 h y (1 + h,d 3 ) 

L 73 2 7 i 71+72 



1 4 

+ ( m + uci£q) ( h 



72 472 - 71 



(\\y-y\\ 



< K\\y - y\\ + H - 



Here, // > 0 is a constant, which will be fixed in what follows. Assume that 
inequalities (18.25) are satisfied for all j = 1, s, s > 1. Then 

^$ s+1 (y,ip,T,£) - J^$ s+1 (y,^,r,e) 



—y^ s (y,fj,£) - —y^ s (y,fj,£) 



dt, 



+ 



jci(l + d -2 + d 3 h)K[(l + d 2 )(u + m) 2 + ndf\ 

OO 

db 



+ ( ncicieg + sup 
G 



dip 




K d\ I {hr s {yA,£) -yr s {y,^,£ 



+ IIV’fC^M) - il4(ip,e)\\)e 7l(c T) d£. 

Choosing h > 0 and £q > 0 so small that hy < 1 and £^y < 1 and using 
Lemma 18.4 and estimates (19.3), we get 

^4> s+1 (y,V>,T,£) - ^$ s+1 (y,ip,T,£) 

< cn(||y-y|| + \\i/j- V’ID + sup — — K 2 y\\y-y\\ 

G di P 2 7 i 



+ sup 
G 



db 



dip 



—Ky \\f - ^||, 

7t 



(19.4) 
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where 



cii = ci [n + d 2 (n + m)] — C6 

73 



+ Ci/i[(2 + d 2 )(nd 2 + (1 + d 2 )(n + m) 2 + nci)] 



2 c 5 



+ 



K 



L (71 +72)^3 271 J 



+ mciK 



— 77 (T~2 C4 ( 4 + 37i) 

71 + 72 9qf 



Since 71 > -7 and, according to condition (18.15), the constant 



K 

g_ 0 = — sup 

7 g 



db 



dip 



max{2; IT} 



is less than 1, it follows from inequality (19.4) that 

^ s+1 (y^,r,e) - ^\y^,r,e) 



< (cn + pa 0 )(\\ y - y || + \\ip - f\\) < y(\\y - y || + \\-ip - 



c 11 

P = 7 • 

1 -<Io 

Thus, we have established inequalities (18.25) for all j > 0. 

By analogy, using Lemma 18.5, for sufficiently small h > 0 and £o > 0 one 
can prove inequalities (18.26) for all j > 0 with the constant u independent of 
e and h. 

Consider the problem of the convergence of the sequence {&(y, ip, r, e)} on 
the set G. In view of inequalities (18.27) and (18.31), relation (18.11) yields 

W +l (y,$,T,e) - &{y,il>,T,£) II 



< 




db_ 

dip 



-Hv\\ 

71 



7 — 1 

sup v J 
G 



or 



supv J < 
G 



<y 0 + ci(n + m)d 2 



— h supu J 1 
75 - 1 G 



(19.5) 



For small h > 0, the expression in the square brackets on the right-hand side of 
inequality (19.5) can be estimated by a constant c\ 2 less than 1. Consequently, 
the inequalities 
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suptP < C 12 sup v j 1 , C 12 < 1, supn 0 < d\ 

G G G 



oo 

imply that the numerical series SU P t)J i s convergent, and, hence, the func- 

j=o G 

tional sequence {<b J (y, ip, r, e)} converges uniformly on the set G to the limit 
function 

$(y,-0,r,e) = lim &(y,ip,T,e) 

3 



continuous in y, ip, and r. 

By analogy, using estimates (18.28) and (18.29) we prove the uniform con- 

, " : ti 

I dip 



vergence of the sequences 
set G. 



ldy < ^( y ’^’ T,£ 



on the 



f *9 

Consider the sequence j — 4^ (y, ip, r, e 



each element of which is deter- 



mined by equality (18.14). The smoothness conditions for the right-hand side of 

/ 8 



and | — | on the set G yield the uniform convergence of the sequence 



system (18.1) and the uniform convergence of the sequences { p/ } , 
d 



l dtp 



I 



d 



l dr 



4> J | on set (19. 1). Therefore, the limit function ( l>(y, tp. r. e) is continu- 



ous in y, ip, and r for every fixed £ from set (19.1). Passing to the limit as 
j — ► oo in Eq. (18.4), we obtain Eq. (18.10) for all y, ip, r, and e from set 
(19.1). Since T and A are arbitrary, we get Eq. (18.10) for any (y,tp,T,e) £ G. 
The Lipschitz conditions (18.17) follow from inequalities (18.25) and (18.26). 
Theorem 18.1 is proved. 



20. Investigation of Second-Order Oscillation Systems 

Consider a system of weakly connected oscillators with slowly varying pa- 
rameters of the form 

d 2 x u . / d/x \ 

-pppr +UJ l( T ) x v = efu[x, C 20 - 1 ) 

where u = l,m, m > 2, r = et is “slow” time, f v ai - e polynomials in x = 

of degree not higher than N > 0 
with coefficients l > 1 times continuously differentiable with respect to r £ 
[0,L], u> u (t) > 0 for any r £ [0,L] and v = 1 ,m, and e is a small positive 



dx fdx i dx rn \ 

, Im ) and - = 



dx i 



dx r , 
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parameter. Systems of the form (20.1) are encountered in numerous problems of 
nonlinear mechanics [Mit3, Mit4], 

In the present section, we apply the results obtained above to the investiga- 
tion of properties of solutions of Eqs. (20.1). For this purpose, we rewrite these 
equations in the form of a system: 



dy v 

dt 



dx v 

dt 



= Dvi 



-ul{r)x v + Ef v (x,y,T), v = l,m. 



( 20 . 2 ) 



Using the general scheme of the investigation of oscillations [BoM2, Mit2, MiSl- 
MiS 3], we pass to amplitude-phase variables r v and ip v in Eqs. (20.2) according 
to the formulas 



x u = rv sin tp v , y v = ?v^(r) cos <p v . v = 1, m, 



As a result, we obtain the equations 

dry 2 d i , 

—— = —r v cos ip u — In u)u(t 
dr dr 



fu cos <p u 
u v {t) 



v = 1, m, 



where 



difu 

dr 



Vu(t) 

£ 



d 

+ sin p u cos ipu — 
dr 



In L 0 u(r) 



fu sin (pu 
ryLCuir) ’ 



(20.3) 



(20.4) 



fu = fu(r sintp, ruj(r) cos ip,r) 



= fu(n sin r m sin <p m , nu;i(r) cos ipi, . . . , r m w m (r) cos ip m , r). 



We construct the following system averaged over all angular variables p = 

{fPl , . . . , p>m) ■ 

dru r u d dp v u v {t) 1 

dF --2Tr lnu,jT) + 9jr ’ T) ’ -d7 = — + sJr ’ T) K' <20 ' 5) 



where 



9u = 



9u = 



(2vr )-" 

Uu{t) 

(27r)- m 
Vu(t) , 



27 r 2n 

7 -/ 

0 0 

2n 2n 



fu{r sin (p, roj{r) cos ip, r) cos p v dp\ ■ ■ ■ dip r 



fu(r sin ip, ru)(r) cos ip, r) sin p v dp\ . . . dip m . (20.6) 



o 



o 
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Analyzing relations (20.6), we establish that g v and g u arc not identically equal 

/ dx \ 

to zero if and only if f u ( x, — , r ) have terms of the form 



dt 



fdx\ 2 



V dt ) 



dx 



fA x A -Ji) i T )^r + fv ( x > AT > T 



dt 



dx\ 2 



dt 7 



where 



,x 2 = 



*>• (SM*)’ 



In this case, the function fl introduces nonzero terms in g m and the function 
fl 1 introduces nonzero terms in g u . Therefore, 

9u(r,r) = f u a u (r 2 , r), g„(r,T) =r v b v {f 2 ,r), 

where a u (z,r) and b„{z. r) arc polynomials in z of degree not higher than 

E / - A r 1 , and E { k } is the integer part of the number k. Thus, setting f 2 = z v , 



v = 1, m, we can rewrite the averaged system (20.5) in the form 

d 



— In u u (t) + 2 a u (z,T) 

ar 



dz u 
dr 

tip* = vAA 

dr e 

For Eqs. (20.1), we introduce the initial conditions 

, n dx u 

dt 



(20.7) 



+ b l/ (z,r), u=l ,m. 



x u \t=o = x~, -—\t=o = K, ( X M + ( x l,) > 0, v = \ ,m. (20.8) 



Then the coiTesponding initial conditions for the amplitude-phase variables take 
the form 

(20.9) 



z„\ T =o = z°, <p u \ T =o = AA v = \ ,m, 



1 -cC 2 
-x. 



> 0 and Al is one of solutions of the system 



where z® = (x°) 2 + 

of equations 

“ “ ( 20 . 10 ) 

Note that the averaged Cauchy problem (20.7), (20.9) decomposes into the fol- 
lowing two problems: 



^i/(0) ‘ 

X °U = sin At , x u = \fz°u v ( 0) cos ipl 



dz v 

dr 



-tV- lnv(r) + 2 a v (z, r) 
ar 



d(p u = u>v(t) 
dr £ 



v, z v | T=0 = z”, v = 1, m, (20.11) 

+ b u (z,r), <p v \ T =o = ipl, v = l,m. (20.12) 
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If 

z(r, z°) = (zi(t, z 0 ),..., z m (r , z 0 )), z° = ( z °, 

is a solution of the Cauchy problem (20. 11), then a solution of the Cauchy problem 
(20.12) is given by the formula 

T 

¥i ,(r,z°,<pl,£) = + 7 J [u v (t) + eb(z(T,z 0 ),T)\d,T, v = 1 ,m. 

o 



Theorem 20.1. Suppose that the following conditions are satisfied: 

(i) u(t) G p > try, 

(ii) det (Wj (r) Wp(r)) f 0 V r G [0, L \ ; 

(iii) there exists a solution z = z(r,z°) of problem (20. 1 1 ) defined on [0,L], 



Then one can find constants ci and £q > 0 such that a solution x = x(t,e) 
of the Cauchy problem (20.1), (20.8) is defined for all t G [O,!^ 1 ] and e G 
(0, £o] an d 



| X u (t, e) - y/z v {et,z Q ) sin ip v (et, z°, ip° u , e) \ 

+ g ' > - \/z v {et,z 0 )u: v {ef) cos Tp v (et, z °, , e) 



< Cl£P , O = 1,171. 



(20.13) 



Proof. It is obvious that each component z u (t,zq) of the solution z = 
z(t, z°) of the Cauchy problem (20.11) does not vanish on the segment [0, L\. 
Denote 



min min z v (t, z°) = 2p > 0, 
1 <u<m re[0,L] 

max max z v (t,z°) = A. 

l<v<m re[0,L] 



This implies that the curve z = z(r,z°) lies in the cube 



n = {z : z G R rn , p<z u <A + p,o = 1, m) 
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together with its p-neighborhood for any r <G [0, L] . Moreover, the right-hand 
side of system (20.4) satisfies all conditions of Theorem 2.1. Therefore, the so- 
lution (r(r, Vz®, <p°, e); <p(r, Vz®, <p°, e)) of the Cauchy problem (20.4), (20.9) 
is defined for all r £ [0, L\ and e £ (0, £o] Co > 0 is sufficiently small) and 
satisfies the estimates 

| r v (T,VzP,ip°,e) - \/z v (t, z°)| + |<p„(r, Vz°,<p°,£) - Tp v (r, z°, <p°, e)| 

< cep , u = l,m, (20.14) 

where c is a certain constant independent of e. Relations (20.3) and (20. 14) yield 
inequality (20.13) with 

ci = c(l + A)(l + max max u v (r)). 

1 <v<m tS[0,L] 

Theorem 20. 1 is proved. 



For Eqs. (20.1), we now introduce boundary conditions of the form 

x v \ t=u = " = 1 ,m, (20.15) 

where 0 < t\ < < ■ ■ ■ < t m < Le and (x°) 2 + (x°) 2 > 0. Problem 

(20.1), (20.15) may arise in the case where, in the course of the investigation of 

dx 

properties of a system of oscillators, one can determine the values of x and — 

at 

at given time for only one oscillator (e.g., the number of measuring devices is 
insufficient). 

In the variables r and tp, conditions (20.15) can be rewritten as follows: 

r v\r=T V = Vv\t=t v =Vvi V = 1 ,m, (20.16) 



where t v = et„, and and <p° have the same meaning as in (20.9). 

The multipoint problem (20.1), (20.15) generates the averaged problem 



dz v 

dr 



— In uj v {t) + 2 a u (z, r) 
dr 



z v i z v \t=t v — z v 



v = 1, m, (20.17) 



v 

dr 



vJj) 

£ 



+ K(z,t), 



<Pv\ T=T„ — Pvl 



v = 1 , m, 



(20.18) 



which is obviously much simpler than problem (20.4), (20.16). Indeed, if a solu- 
tion z = z(t, y°), z( 0, y°) = y° of problem (20.17) is obtained, then problem 
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(20.18) decomposes into m mutually independent Cauchy problems whose solu- 
tions Tp v = Tp v {r, y°, ip®, e), Tp v ( 0, y°, ip®, e) = ip® are determined as follows: 

T 

<Pv(T,y°,ip°,£) = V>° + ^ J [^(r) -\-£b u (z(T,y°),T)]dT, 

o 



where 

Tv 

V>° = - 7 J [uv(t) + eb u (z(T, y°), r )]dr. 

o 



Theorem 20.2. Suppose that conditions (i) and (ii) of Theorem 20.1 are sat- 
isfied and there exists a solution z = z(r,y®), y° = (y®, . . . , of problem 
(20.17) defined on [0, L\ and such that the matrix 

A = ( dz u (T„,y°) \™ 

V dy 0 )u,n=i 

is nondegenerate. Then, for every e £ (0,£i], where £\ > 0 is sufficiently small, 
there exists a unique solution x = x(t, s) of problem (20.1), (20.15) defined for 
all t G [0, Le _1 ] and such that 

I x u (t,e) - yj z v (et, y°) sin Tp v (et , y° , ip® , e) | 



+ 



dx u (t , s) 
dt 



y/z u (£t,y°)cj u (£t) cos tp v (£t, y°, lift, e) 



1 

< ci£p , i^ = l, m, 



(20.19) 



where c\ is a certain constant independent of £. 



Proof. By analogy with the proof of Theorem 20.1, we establish that the 
curve z = z(t. y°) lies in the cube n together with its p-neighborhood. Further, 
we use Theorem 8.2. The matrix S defined by (8.20) for problem (20. 17), (20.18) 
has the form 



S 



A 0 
B E m 



where E rn is the m-dimensional identity matrix, 0 is the zero matrix, and 



B = 




o 



db u (z(r, y°),r) dz(r, y®) \ m 

dz dy® T )v,n=i 
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Since det S = det^4 f 0, i.e., ||5'^ 1 || < C 2 = const, we conclude that, 
according to Theorem 8.2, for every e G (0,£i], where e\ is sufficiently small, 
there exists a unique solution (r(r, e); ip(r, e)) of problem (20.4), (20.16) that 
satisfies the inequality 

m 

£[Mr, e ) - sjz v {r , y°)| + |^(r,e) - (p„(T,y°,^,e)\\ < c 2 £? 

V=1 

for all r G [0, L\ and e G (0,£i]. Taking into account formulas (20.3) and the 
last inequality, we get estimate (20.19). Theorem 20.2 is proved. 



( dx \ 

x, — , t ) do not contain terms of the 
at J 

if / dx \ ^ \ dx 

form i' e ’’ °r( z > r ) = 0 W = l,m, then problem 

(20.17) decomposes into rri Cauchy problems whose solutions are given by the 

formulas 



z v (r, y) = 



0 _ $u> v ( 0 ) 0 _ z°w v (t v ) 



U v {t) 



Vu = 



w„(0) 



v = 1 , m. 



In this case, we have 



det A = det diag 



uq(0) 



^m(0) 



cui(ri) ’ ' ‘ ‘ ’ c u m (r m ) > ^ cu^(r^) 



ri^Wo. 



We have considered above one of the simplest versions of boundary condi- 
tions. Note that Theorem 8.2 can also be used in the case where conditions (20. 15) 
arc replaced by the more general conditions 



^(x\t= t 1 ,^\i=t 1 ,---, x \t= t k , C ^\t=t k ,s^ = 0 , 



dx , 



where 0 < t\ < t 2 < ■ ■ ■ < tfc < Le -1 , k > 2, and $ is a 2m-dimensional 
vector function. 

Now assume that the following conditions arc satisfied: 

( dx \ 

x, — , t ) arc defined and bounded 
dt / 

together with their derivatives with respect to r up to an order l > 2 for 
all r G R ; 
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( 2 °) the frequencies uj, y ( r ) , v = 1 , m, and their derivatives up to an order 
p > m arc uniformly bounded for all r e R and 

det (Wp (t)W p (t)) > C3 = const > 0, u> u (t) > C4 = const > 0; 



(3°) the averaged equations (20.5) for the slow variables f have a bounded so- 
lution f = £(t) = (£i(t), . . . , S,m{T)) defined on the entire axis and such 
that £„(r) > 2 p = const > 0 , v = 1 , m; 

(4°) the normal fundamental matrix Q(t,t) of the variational system corre- 
sponding to the solution f = £(r) satisfies the estimate 

||<2(t,t)|| < i'Te _7(r ~ T ' ) Vr > r e R, 



where K > 1 and 7 > 0 arc certain constants; 



(5°) the following inequality is true: 



—K sup 

7 <P,T 



d „ 

— a(Z(T),tp,T) 



< 1 , 



where 



a(r,<p,r) = (oi(r, <p, r), , . . , a m (r, <p, r)), 



a„( r ,<p,T) 



-r v \ cos ip v 



1 

2 




+ 



1 

Uv{t) 



f u {rs\xup,rLo{r) cos <p,r) - g v {r,r). 



Under these conditions, in Sections 12-17 we have proved the existence and 
studied properties of the asymptotically stable integral manifold r = R(ip, r, e) = 
r, e), . . . , R m (ip, r, e)) of system (20.4), on which the equations for the 
fast variables tp v , v = l, m, have the form 



d<Pv 1 , x . . rf , , 

— — = - oj v ( t ) -bsmy^cos^j,— lnuMr 
dr e dr 



sin ip u 

Rv(<P,t, £)u> u (t) 



f„(R(ip, r, s) sin <p, #(y>, r, £)tu(r) cos <p, r). 



(20.20) 
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It follows from the definition of integral manifold [MiLy] that if tp = tp x (ip, s), 
= ip G R m , is a solution of Eqs. (20.20), then 

r = R(^ T T0 (ip,e),T,e), <p = <pl 0 (ip,e) (20.21) 

is a solution of system (20.4) for all r £ /?,. In this case, in view of formula 

(20.3) , we have the bounded solution 

x = R{<Pr 0 (Vh £ ) : r > £ ) sin 'Pro (Vh £ ) , 

y = r (Vt 0 (Vh £ ) , X, s)ui(t) cos <p^ (ip, e) 

of system (20.2), which is defined for t £ R, ip G R m , and £ G (0, £ 2 ], where 
£2 > 0 is sufficiently small. Thus, in the (2m+2)-dimensional space of variables 
x, y, t , and £, the relation 

(x; y) = r(V’, t, e) = (R(ip, r, e) sin ip] R(ip, r, s)u(t) cos V’) (20.22) 

is the equation of a surface that possesses the following property: if (x°; x°) G 
T(V’,to,£), then the solution (x| (x°, x°, e); y\ 0 (x° , x°, £)) of the Cauchy prob- 
lem 

dx u dy u 2 / \ | p / \ t 

-^r = Vu, ~^r = -u v (t)x v + ef v (x,y,T), a = l, m, 

x v \t=t 0 = x°, Vv\t=t 0 = x°, t 0 = t 0 £ -1 , (20.23) 

is defined for all t G i? and e G (0, £ 2 ], bounded, and lying on the surface T. 
The asymptotic stability of the integral manifold r = R(ip, r, e) of system 

(20.4) means (see Theorem 15.1) that if r\ T=T0 = r° lies in a certain small 
neighborhood of the point R(ip,To,s), then, as r -> 00, the slow variables 
rf Q (r° , ip°, e) of every solution 

r;«(r°,/,5) = r°-, v ^(r 0 ,^,s) = < € R m , 

of system (20.4) tend exponentially to the curve r = Ri'rf (r°,ip°,e),T, £), 
which lies on the surface r = R(ip, r. e). Taking into account formula (20.3), 
we establish that, as t — > 00, every solution ( x t 0 (x°i i 0 , e); y\ Q (x° , x°, e)) of 
the Cauchy problem (20.23) tends exponentially to the curve 

(x;y) = (R((pP 0 (r° , ip° , e), r, e) sin ^ 0 (r°, V’ 0 , e), 

(f°, e), h £)w(r) cos ^ (r°, i/)°, e) f r = et, 
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which lies on the surface T under the condition that the point (x°,x°) lies in a 
small neighborhood of the point r(if°,ro,£). Here, 

r° = J, = (f 

r° u = \J (x°) 2 + (x^Wi7 1 (to)) 2 , 

and ip® is one of solutions of the system of equations 

= r ° sin = r (r 0 ) cos . 

This reasoning enables us to apply Theorems 15.1 and 16.3 to system (20.2) and 
obtain the following corollary of these statements: 



Theorem 20.3. If conditions (l°)—(5°) are satisfied, then one can find a suf- 
ficiently small £2 > 0 and a sufficiently large constant C5 such that, for all 
(r, e) E R x (0, ef , there exists the asymptotically stable integral manifold 
(x',y) = T(V’,r, e) ofEqs. (20.2) for which the function T is 2n -periodic in ip, 
k = min{p; /} — 1 times continuously differentiable with respect to (ip, t,s) £ 
R m x R x ( 0 , 62 ]) arid such that 






< c 5 e 






where 0<s-\-q + q<k and T(ip, r) = (£(r) sin ip; £(t)w(t) cos ^). 



21. Weakening of Conditions in the Theorem on Integral 
Manifold 



In this section, we return to the problem on the integral manifold of the oscil- 
lation system 



dx 

dr 



a(x, t ) + a(x, p, t ) + eA(x, p, r, e), 



d<p 

dr 



w(r) 

£ 



+ b{x,p,T,£). 



( 21 . 1 ) 



Note that, in Sections 12-14, we have proved the existence and established prop- 
erties of the integral manifold x = X(p, r, e) in the case where the right-hand 
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sides of Eqs. (21.1) arc twice continuously differentiable with respect to x. ip, 

d 

and r and the norm of the matrix P = — a(x,p,r ) is sufficiently small [in- 

ax 

equality (13.3)]. In what follows, we omit the condition that ||P|| is small and 
study analogous problems. Note that the method proposed here requires an in- 
crease in the smoothness order by one and certain additional restrictions on the 
Fourier coefficients of the function a(x, p, r). 

Assume that 



[a,b,A]€Cl(G,<r 1 )nC% iT (G,a 1 ), 



— €C'i(G ) <7 1 ),o€Cj T (G,a 1 ) ) 



J2 [ii fc ii 2sup n^'ii + ii fc ii 


( sup 


db k 

dr 


+ sup 


db k 

dx 








J2 [ 1 ^ 2 sup i afc + \\ k \\( 

kp=0 


sup 


da k 

dr 


+ sup 


da k ' 
dx . 


+ sup 


d 2 a k 

dxdr 


n 

+ ^2 su p 


d 2 a k 

dxdx 



+ 




d 2 a k 

dr 2 



n 

+ ^2 sup 

m 



d 3 a k 

dxdxjdr 



n 

+ ^2 sup 

3 , 8 = 1 



d 3 a k 

dxdxjdx 




< cr i. 



( 21 . 2 ) 



Here, the supremum is taken over all (x, ip, r, s) <G G. Note that the notation used 
in this section is the same as in Sections 12-14. 

Assume that the components v = 1, m. of the frequency vector uj(t) 

and their derivatives with respect to r up to an order p — 1 (p > m) are uni- 
formly continuous on the entire axis and 



II ( w 2( t )W p {t)) 1 W^[t)\\ < cr 2 , ||w(r)|| 



d 

dr 




< 02, 



(21.3) 



/ d s ~ l 
\dr s_1 



w v (t) 



where, as above, W p (t) and W p (r) denote the matrix 
and its transpose, respectively, and <72 is a constant. 



m,p 
v,s = 1 
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Consider the system of equations of the first approximation for slow variables 
averaged over all angular variables tp, namely 



and assume that there exists its solution x = x(t) defined for all r £ R and 
such that x(t) £ V p for certain p > 0 CD f , is the set of points that belong to 
the bounded domain V together with their p-neighborhoods). Assume that the 
variational system 



d z c) 

= h ( t ) z > h ( t ) = ^a(®(r),r), 

is hyperbolic and the Green matrix Q(t. t) satisfies the inequality 

|| Q(t, t) || < Ke~^ T ~ t] Vr, t £ R, (21.4) 



where 7 > 0 and K > 1 arc certain constants. 
In system (21.1), we set 



x = z + Eu(z,<p,T,p), u = ^2~ — a k (z,T)e^ k ’ v \ (21.5) 



- k 

where i is the imaginary unit, k = - — - , 

\M 



MO 



OO 

J V2n(l)Vn(t - l)dl, 

— OO 



U 2 n(l) = 1 for |Z| < 2p, V 2 n(l) = 0 for \l\ > 2p, and t o p {l) is the averaging 
kernel [Mik], namely 



MO 



0 , 

1 

-cr 3 e 






\l\ > 



\l\ < n, 



1 




-1 



We fix the averaging radius p < 1 in what follows. The function /i /( .(f) thus 
constructed is infinitely differentiable for all t £ R and finite, 0 < h^it) < 1 
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for any t £ R, h^(t) = 1 for |t| < p, h qi (t) = 0 for \t\ > 3p, and, for all 
integer g>o, the following estimates arc satisfied: 



d? 

~dtd 



MO 



< C q t 






( 21 . 6 ) 



where c q are constants, h^(t) = 0 for \t\ < p and |f| > 3//, and h^(t) = 1 
for p < \t\ < 3 p. 

If a positive eq is sufficiently small, then, for all e £ (0, eq], the change of 
variables (21.5) reduces system (21.1) to the form 



dz 

dr 



a(z, t ) + S(z, p, t , p) + sv(z, t, p) + eA^z, ip, t, e, p), 



dip 

dr 



v(t) 

£ 



+ b(z,p,r,£,p), 



(21.7) 



where 



~ , , , du 

b=b(z + £U,<p,T,£), V = - — , u = u{z,ip,T,n), 
5 = 






A=B-^ 



/ du \ — i 

\E n -\-£-j— ) (a(z, t) + 5 + ev + eB) , 



dz \~ n ^^dzJ 

B = A(z + eu, ip, r, e) — ——b H — \a{z + £u, t) 

dip £ 



- a(z, t ) + a(z + eu, p, r) - a(z, ip, r)] . 



Taking conditions (21.2), (21.3), and (21.6) into account, one can easily es- 
tablish the existence of a constant 04 such that 



N + 



du 


1 


du 


dz 


T- 


dp 



< 



fJ4 

1 

d 



<f, 

d 



||Ai||<^(l + e|H|) ( 21 . 8 ) 
d 



for all (z, ip, t, e) £ Pi x R m x R x (0, £ol- Note that the restriction z £ Pi 

2 P 2^ 

and the inequality oqe/r -1 < -p guarantee that the point z + eu belongs to the 
domain V. 
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Lemma 21.1. Suppose that f(t) = G V and 0(t) = 

m) ,.. . , 6 m (t)) G R m are arbitrary continuous (for t G R ) functions and 
conditions (21. 2)-(21. 4) are satisfied. Then there exist constants < 7 5 and 0 $ in- 
dependent of p and such that the following estimates hold for all r G R: 



OO 

J Q(T,t)8(f(t),6(t),t,fj,)dt 

— OO 



1 



(21.9) 



OO 

J Q(r,t)v(f(t),0(t),t,p)dt 

— OO 




( 21 . 10 ) 



Proof. According to condition (21.3) and the results of Section 1, for arbitrary 
r G R there exist A > 0 independent of r and k and an integer r = r(r, k) G 
[0, p — 1] such that the following inequality holds for all t G [r — A, r + A] : 



d r 



(k,u(t)) 



> 



1 

2pcr 2 ' 



( 21 . 11 ) 



If r > 1, then the last inequality implies that the functions (k. uj(t)) + c and 

(c = const) can take the zero value on the segment [r— A,r+A] at 

at most 2 P_1 points. Moreover, [r— A,r+A] can be divided into two sets M(r) 
and N(t) of segments such that M(r) consists of l\ < 2 P_1 — 1 segments 
whose lengths do not exceed 2]I = const, and N(t) consists of 1 2 < 2 P_1 
segments on each of which the following inequality is satisfied: 

\&Mt))\ > (21-12) 

2 po -2 

First, we prove estimate (21.9). We have 



OO 



— OO 



Q5dt 



t +2(s+l)A 

£ E E|| / Qakh^fk, uj(t))) dt 

s=-oo fc^O r+ { sA 



< K 



E 



e 2 |s| 7 A ^sup||a fc || 
- 0 G 



hf_i((k, u{t)))dt 



'M(r+(2s+l)A) 



+ 



hfj,((k,io(t)))dt 



(21.13) 



AT(r+(2s+l)A) 
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We set \j? 1 = 7j)a‘2fi- It follows from inequality (21.12) and the definition of the 
function h^(t) that Lo(t))) =0 on the set N(t + (2s + 1)A) ; therefore, 



OO 

f Q5dt 



OO 

< 2 K V ( 



2P +1 a 1 K _ 

1 _ e -2 7 A /i 



This yields estimate (2 1 .9) with the constant 

fr 5 = 2 p+1 K(Ji - — ■ 

Let us prove estimate (21.10). Taking into account the definition of the func- 
tion v and relation (21.6) for q = 1, we get 



OO 

/ 



Qvdt 



OO 

s* E e 

s=— OO 



— 2|s| 7 A ^ 
k^O 



X ( sup 
G 



da k 



r+2(s+l)A 



dr 



+ sup || a k 

G 



g^(k,t)dt, 



where 



9n{k,t) = [1 - h^({k,aj{t)))\ 



1 



+ 



r+2sA 



d 1 






L|(A;,w(t))| \dt(k,u(t)) 

d 1 



I dt (. k,u(t )) 

If inequality (21.11) holds for r = 0, then, obviously. 



T + 2(5 + 1 ) A 

J g/j,(k, t)dt < 4p<r 2 A(l + 2p<r 2 (l + ci)). (21.14) 

r+2sA 



Assume that inequality (21.11) holds for r > 1. According to the arguments 
presented above, the segment [r + 2.sA. r + 2(s + 1) A] can be decomposed into 
finitely many segments [aj,(3j] on each of which the functions // — |(/j,u;(i))| 

and ^(k,u>(t)) do not change their signs. If n — \(k,ui(t))\ > 0 Vi £ [aj,/3j], 

then 
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and if p 



Pi 

J 9n(k, t)dt = 0, 

a i 

\(k,uj(t))\ < 0 for t G [aj,/3j], then 



Pi Pi 

J g^k, t )dt < ^ 0j + (1 + ci) J 



a l 1 _ 

dt [k, u>(t)) 



(21.15) 



fij a j 

P 



+ (1 + ci) 



f d 1 

J dt(k,u{t)) 




oij + 2(1 + ci) 



■ 1 
- P 



(21.16) 



Combining inequalities (21.13), (21.14), and (21.16) and equality (21.15), we 
obtain estimate (21.10). The lemma is proved. 



We now transform system (21.7) using the change of variables z = x(t) + y, 
||y|| < -p as follows: 

dv 

— = H (r)y + F(y , r) + 5(x(t) + y, <p, r , p) 

+ £v(x(t) + y , ip, r , p) + eAi(x{t) + y, ip, t, e, p), (21.17) 



d(p uj(t ) , 

— = h b{x{r) + y, p, t, e, p), 

dr e 

where F(y,r) = a(x(r) + y , r) - a(x(j ) , r) - H (r)y and \\F\\ < ^?x 2 cri ||y|| 2 . 

We define the integral manifold of Eqs. (21.17) as the limit of the following 
iterations as j — oo: 



Yj(ip,T,£,p) = / Q(T,t)[F(Yj-i,t) + S(x(t) + Y)-i,¥>t j,t,p) 



+ ev(x(t) + Yj_ 1 , Prj’t, P) 

+ £Ai(x{t) + Y j _ 1 ,p t Tj ,t,£,p)]dt, j> 0, (21.18) 
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where Y 0 = 0, Y,-_ i = t, s, p), and (p l Tj = e, p) is a solu- 

tion of the Cauchy problem 



d_ 

dt 




v(t) 

£ 



+ b(x(t) + Y j - 1 ,<p t Tj ,t,E,fj,), 



<p T rj = -f£R m . 



Theorem 21.1. If conditions (21.2)— (21.4) are satisfied, then one can find 
constants d s , s = 1,6, independent of e and p = d( £ ) and such that, for 
sufficiently small £q, the functions Yj = Yj(f>, r, e, p(e)) are 2ir -periodic in 
each component v = 1 ,m, of the vector if, twice continuously differen- 
tiable with respect to and t, and such that the following inequalities hold for 
all (fi, t, e) g R m x R x (0, gp] = Gu : 



m 


1 

< di£p, 


dYj 


m 

<d 2 £r , 

y=i 


CD 

to 


1 

< d3£ p , 


(21.19) 


dfi 


1 


dYj 

dr 


< dz£r~ l , 


d 2y j , , i-t 


3 2 W 

dr 2 


< dQ£p~ 2 . 


(21.20) 



Proof. Consider iterations (21.18). The fact that the functions Yj are smooth 
with respect to if and r and periodic in if> v , v = l,m, can be established 
by analogy with Section 13. Let us prove the first inequality in (21.19). Using 
Lemma 21.1 and estimates (21.8), we get 

sup \\Yj(fi,T,£, p)\\ < —Kn 2 sup r , e, p )\\ 2 

4>,T 7 ljj,T 



1 ( 2 \ £ £ 2 
+ CT5//P- 1 + u 6 + -Ki 74 - + cr 4 (j 6 — . 

V 7 Ip p z 



For £ < p, this yields 

sup || Yy || < — Kn 2 sup || Yj_i || 2 +a^pY^ + ( o- 6 -f -K<J 4 + <t 4 <T6 ) — . (21.21) 



ll > ,T 



7 p, 



7 






1 £ fci 

We set /xp - 1 = — , i.e., p = p(£) = £ '» . Taking into account that Yq = 0 and 
using (21.21), for 



£0 < min ■ 






d\ = 2 ( -Ka 4 + <75 + cr 4 crg + a 6 

7 
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we get 

\\Yj(f,T,£,n(£))\\ < di£p V(^,r,e) G G u j > 0. 

Note that, for the value of p = jiie) chosen above, the last estimate is the best 
order estimate with respect to e. 

By analogy, using Lemmas 12.1 and 12.2, we can establish the last two es- 
timates in (21.19). Note that, in this case, we essentially use the restrictions im- 
posed on the Fourier coefficients of the functions d(x,(p,r) and b(x,ip,T,e). 
Estimates (21.20) follow from conditions (21.2), (21.3), (21.8), and (21.19) and 
the identity 



dYj dYj ru;(r) 

d t dip I s 



~ P~ 1 

+ b(x(r) + Yj-1, 1p,T,£,£ r ) 



= H(r)Yj + F(Yj_i,T) + 6 (x(t) + Y j - 1 ,ip,T,£ p ) 

p — 1 p — 1 

+ £v(x(t) + Yj_ l ,1p,T,£ — ) +£Ai(x(t) + Yj_l, Ip, T, £, £~ ), 



p — 1 

where Y) = Y/(L, r, e, e p ) for l = j — 1 ,j. Theorem 21.1 is proved. 



The theorem presented below solves the problem of the existence and smooth- 
ness of the integral manifold of system (21.1). Note that, in its proof, we use The- 
orem 21.1 and the scheme of the proof of Theorem 14.1. The only difference lies 



in the fact that the proof of the convergence of the sequences 




is based not on the smallness of the norm of the matrix P. but on properties of 
the functions h^fk, oj(t))). According to Lemma 21.1, the measure of the set of 
points of a time interval of length 2A for which h^((k,iu(t))) f 0 tends to zero 



p-i 



as /u = s p — > 0. 



Theorem 21.2. Suppose that conditions (21.2)-(21.4) are satisfied. Then, for 
sufficiently small £o > 0, the following assertions are true: 

i 

(i) in the a\£p -neighborhood of the curve x = x(r), there exists the integral 
manifold x = X(ip,r,£) of system (21.1), where ( ip,T,£ ) G G \ , 

P~ 1 

X(lp,T,£) = x{t) + Y(lp,T,£) + £u(x{t) + Y(lp,T,£),1p,T,£ P ), 

P~ 1 

Y(ip,T,£) = lim Yj(ip,T,£,£ p ); 

J^OG 
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(ii) the function X(ip,T,e) is 2ir -periodic in ip l/ , v = 1 ,m, continuously 
differentiable with respect to f and r, and such that 

ii ax ii ii ax || _ i , _ 

ITT + e hr - ^ a2£P V(^,r,e)€Gi, 



dx dx 

and — — and — — satisfy the Lipschitz condition: 
dip or 



d X(ip,r,£) dXff,T,e) 

df df> 

dX(lp,T,£) dX(tp,T,£) 
dr dr 



_ i _ i _ 1 

< a 3 £p \\f> - ip\\ + a 3 £p ||r-r||, 



^ ±_ ^ 

<a 3 £p \\f> - ip\\ + ( t 3 £ j > ||t — t ||; 



(Hi) on the integral manifold, system (21.1) takes the form 



dip cj ( t ) 

dr £ 



+ b(X(<p,T,e),(p,T, £). 



Here, a\, <J 2 , and a 3 are constants independent of £. 




4. INVESTIGATION OF A DYNAMICAL 
SYSTEM IN A NEIGHBORHOOD OF A 
QUASIPERIODIC TRAJECTORY 



22. Statement and General Description of the Problem 

Let C r (T m ) be the space of 27r -periodic functions / = (fi, ... , f n ) of a 
variable <p = , ip m ) of smoothness r > 0, and let A = (Ai, . . . , A m ) 

be the frequency vector, i.e., a collection of m positive numbers that satisfy the 
condition of linear independence over the field of integer numbers Z m , namely 

m 

(k, A ) = J2 k " X " + 0 yk€ Z m \{0}- 

v=l 

A function 

F(t) = f(Xt), t€R, (22.1) 

where f(ip) e C(T m ) and C(T m ) = C°(T m ), is called a quasiperiodic function, 
A is called its frequency basis, and rn is the dimension of the frequency basis. 

By C r (A), we denote the collection of all quasiperiodic functions (22.1) with 
frequency basis A for which / E C r ( T w ) . 

The true dimension of a frequency basis of the quasiperiodic function (22.1) 
is defined as the number m such that F(t) G C'(A) for a certain basis A = 
(Ai,...,A m ) and F(t) 0 C(ui) for an arbitrary basis uj = (uq, . . . , cj s ) for 
which s < m. Denote by x(t, x°) a solution of the system of equations 

% = X(x) (22.2) 

at 

such that x(0,x°) = x°, where x = (xi , . . . , x n ) and x° = (x°, . . . , x°) 

arc points of the n-dimensional Euclidean space II" . Assume that the function 
X = X(x) is r times continuously differentiable in R n . 
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For a set M C R"\ we denote by x(t,M ) solutions x(t,x°) for an arbitrary 
fixed x° G M. 

Assume that system (22.1) has a quasiperiodic solution x = x(t,x°). By 
definition, we have 

x(t, x°) = f(Xt + f>°) (22.3) 

for a certain function / G C(T m ) and a certain basis A = (Ai, . . . , A m ). As- 
sume that m is the true dimension of the frequency basis. The closure of the 
trajectory that passes through the point x° consists of points M £ R defined by 
the equation 

x = f{p), <P£%n, (22.4) 

where T m denotes an m-dimensional torus. The set M is invariant because it is 
the closure of the trajectory of a dynamical system. 

According to the equation of motion (22.2), we have 

t 

/(At + V>°) = /(V>°) + J X(f(Xr + ip°))dT, t G R. 

o 

Hence, passing to the limit in the sequence of functions /(At + Xt n ) , lim A t n = 

71— XX) 

tp mod 27T, we obtain the identity 

t. 

/(At + ip) = f{<p) + J X(f(Xr + <p))dr. , 

o 

which proves that 

x(t, = f (cut + <p) Vt G R, p G T m . 

Thus, the set M is filled with quasiperiodic trajectories of the dynamical 
system (22.2) with the same frequency basis. The geometric structure of the set 
M in the space R n is described by the following statement [Sam4]: 

Theorem 22.1. If x(t,x°) G C s ( A), where s < r, then the set M is C s - 
homeomorphic to an m-dimensional torus. 

In what follows, a set M C R n C^-homeomorphic to an m-dimensional 
torus is called an m-dimensional toroidal manifold of smoothness s, or, briefly, 
an m-dimensional torus of smoothness s. 
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It follows from the arguments presented above that the system of equations 
(22.2) on M reduces to a dynamical system on T m of the form 

t = A (22 - 5) 

We pose the problem of the investigation of the behavior of solutions of sys- 
tem (22.2) that originate in a small neighborhood of manifold (22.4). For this 
purpose, it is natural to represent the neighborhood of the manifold M in the 
form of a product % n x Kg , where Kg is the (n — m) -dimensional cube with 
side 5 , and introduce the local coordinates ip = (p\ . . . . , (p rn ) on T m and h = 
(h\, . . . , h n - m ) in K$ instead of the Euclidean coordinates x = (aq, . . . ,x n ). 
In the coordinates p, h, the equation of the manifold M takes the form 

h = 0, p € T m , (22.6) 



and the system of equations (22.2) takes the form (22.5). 

Assume that x(t, xq) e (A) and s > 1. According to [Sam4], we have 

, 9f(p) 

rank — - — =m Vo? G T m , 
op 

where f(p) is a function from (22.4). 

The problem of the introduction of local coordinates ( h , ip) reduces in this 
case to the following algebraic problem: Find a matrix B(p) whose columns 

r\ n / \ 

belong to the space C s {T m ) and for which the n x n matrix 

=• m™) 



is nondegenerate for all ip e T rn ; here, 



dp 

denotes the matrix m 



columns of which arc the columns of the matrix 



df{p) 

dp 



and n — m columns 



arc the columns of the matrix B(p). This problem is called the problem of the 

dfip) 

complementation of the m - frame — - — to a 27r-periodic basis in R n , and it 

dp 

has a solution [Sam4] for n = rn + 1 or n > 2 m + 1. Assume that the matrix 

can be complemented to a 27r-periodic basis in R n , and B(p) is the 

dp 

complementing matrix. 

Under the assumptions imposed above on the manifold M, the local coordi- 
nates (p. h ) of a point x from the neighborhood of M arc determined by the 
equality 



x = f(p) + B(p)h. 



(22.7) 
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Consider the matrix 



r 0 (v?) = B T (p)B(p ), p E T m , (22.8) 

where B r (p) is the transpose of B(p). The matrix To(<y?) is the Gram matrix of 
the linearly independent columns of the matrix B(p ) ; therefore, the eigenvalues 
of this matrix are positive for all p E T m . The periodicity of the matrix To(<£>) 
in p enables one to estimate these eigenvalues from below and from above by 
positive constants 70 and 7 0 independent of p. In this case, the quadratic form 
(To(p)h, h) satisfies the inequalities 

7olN| 2 < {r 0 {<p)h, h) < 7°||/r|| 2 \/p E % n , h E R n ~ m , (22.9) 

where \\h \\ 2 = (h,h). Inequalities (22.9) yield 

7o|H| 2 < Ik - f{p)\\ 2 < 7°lkH 2 - (22.10) 



In view of these estimates, under the transformation x — ► (p. h) defined by 
equality (22.7) a small neighborhood of the set M C R" turns into the small 
neighborhood 

II h\\<5, p E T,„ (22.11) 

of the set h = 0, p E T m in the space R n - m x T m . Using this fact, we rewrite 
the equations of motion of system (22.2) (originating in a neighborhood of the 
manifold M ) in the local coordinates. To do this, we differentiate relation (22.7) 
as a formula of a change of variables in system (22.2). As a result, instead of 
(22.2), we obtain the system of equations 



-^ = L 1 (p 1 h)X(f(p) + B(p)h), 
dh 

- = L 2 (p,h)X(f(p) + B(p)h), 



(22.12) 



where Li(p,h) and L 2 (p,h) arc blocks of the matrix inverse to the matrix 
( df{p) + dB(p)h 
dp 



V 



dp 



-,B(p)^j, and (p, h) are points of domain (22.11) with suf- 



ficiently small positive 5. Note that expressions for the matrices Li(p,h) and 

df 

L‘>(p, h) in terms of the matrices — — and B can be obtained using the Frobe- 

dp 

nius formula [Lan] for the construction of the inverse matrix for the matrix com- 



posed of the following blocks: 
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T \ (9f . dBh Y(F pr- 1 p T Y df I dBh \V l 

»p + w) ( 0 ] \dv + ^f 



^dp dip J 
rdf dBh\ T 



(E - BTpB T ), 






df dBh\ i rdf dBh\T -i •, -t 



r ^ rdf dBh\T ( df dBh\T^ 

+ r d(^ + ^7) }• (22 ' 13) 



where To = r o (v?) is matrix (22.8), E is the identity matrix, and 



df dBh\ T rdf dBh 



Fr = T 1 (p,h) = hf- + 



dip dip J \dip dp 



T, h 



(22.14) 



Taking into account that manifold (22.6) is invariant for the system of equations 
(22.12) with the flow of trajectories on it defined by system (22.5), we rewrite 
(22.12) in the form 



Y = A + L\(p, h) 



tt= L ^ 



[f{p) + B(p)h) - X(f(p)) - A h , 

+ B(p)h)-X(f(p))-^^\h\, (22.15) 



where 



dB _ V' dB 
dp dp v 

Parallel with system (22.15), we write the following auxiliary system of equa- 
tions obtained from (22.15) by omitting the terms of order \\h\\ for p and of 
order ||/i|| 2 for h on the right-hand sides of these equations: 



dp \ dk TDl U 

Tt =K Tt =P(,p)h ' 



(22.16) 



where 

P(p) = L 2 (p, 0) [ dX{ g^ ]) - dI ^- a] . (22.17) 

Denote by Qq(p), Gffp) = E. the normal fundamental matrix of solutions 
of the second equation in (22.16). It is clear that Dq(p) € C s ~ 1 ( T m ) for every 
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t £ II. Moreover, for arbitrary t £ II. 9 £ II. and 99 £ T rn . 
identity is true [Sam4]: 



nliMv)) = ^o +0 (^ 



the following 
(22.18) 



where (pg(<p) = \9 + ip. 

Assume that the condition 






(22.19) 



is satisfied for all t £ R + = [0, oo) and p £ T m and certain positive constants 
C and 7 . We rewrite the system of equations (22.15) in the form 

^ = A + A(tp, h)h, ^ = P(ip, h)h, (22.20) 

where 



A(p,h ) = L^ip^h) 



dX{f{ip) + rg(y)fc) rf _ £ + ^(99) 



9.x 



9</9 



5(99, /i) = ^2(99, fi) 



ax(/( 9 ,) + TB(^ drB(v) + aBM A 



9x 



999 



Aj. 

(22.21) 



It follows from relations (22.13), (22.14), and (22.21) that A and P are s — 1 
times continuously differentiable functions of their variables in their domain of 
definition ( 22 . 11 ). 

Let C p Lip (T m x Kf ) denote the space of functions of (99, h) that arc defined 
in the domain T rn x kf . K /t = {h : \ h \ < // } , have (in this domain) contin- 
uous partial derivatives up to the order p inclusive, and arc such that their pth 
derivatives satisfy the Lipschitz condition with respect to (99, h). The meaning of 
the notation C p (T m x K fl ) is analogous for finite and infinite values of p. 



23. Theorem on Reducibility 

In what follows, we preserve the same notation as in Section 22. The statement 
below is the main result of the present section. 

Theorem 23.1. Suppose that the matrices A(ip, h ) and P(p. h ) belong to 
the space C p (T m X Kf) for p > 1, and the fundamental matrix of solutions 
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S2q(</?) of system (22.16) satisfies inequality (22.19). Then one can find p > 0 
and a matrix <b(p,/i) belonging to the space C v fif^(fF m x K f) such that the 
change of variables 

p = p + 4>(p, h)h (23.1) 

reduces the system of equations (22.20) to the form 

''li A. ^ = P(P + $(P,/i)M) (23.2) 

for (p, h ) G T m x Ap. 



Proof. Let us prove the theorem for p = 1 . We write the following equation 
for the determination of the matrix 4' = 4>(p, h) : 



< 9 $ 

<9p 



A + 



< 9 $ 

<9/r 



P(p + &h, h)h + $P(p + &h, h) 



+ <b/r, h), 



(23.3) 



where 



d<f> d4> 

12=1 



and (Ph u ) is the z/th coordinate of the vector Ph. To solve Eq. (23.3), we use 
the method of passing from (23.3) to an operator equation, which is based on the 
ideas of the method of integral manifolds [Bog, BoMl, MiLy]. Let C(M,I \ ) 
denote the set of matrix functions F = F(p, h) defined for all p G T m and 
h G R n ~ m and satisfying the inequalities 



\\F(fi,h)\\ < M, || Fffifti) - F(fi,h) || < K{ W - p|| + || h! - h ||) 



for any (p, h) G % n x R n ~ m and (p', h!) G T m x R n ~ m . 

We define a scalar function z(t) of a scalar variable r as follows: 



z(t) 



0 


for 


-(r + 2p) 


for 


T 


for 


2 p — T 


for 



M > 2/x, 

r G (-2 p,-p), 

M < Ti 
t G {p,2 p). 



We set g(h) = (z(hi ), . . . , z(h n - m )). It is clear that, for all h' and h from 
. we have 



\\g(h)\\<p(n-m)K \\g(h') - g(h)\\ < \\h' - h\\. 
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Let 



f t = \ t + f, f G % n 



Denote by Xf = Dq(-0, g, F) a solution of the equation 



dX 

dt 



P(f t + F(f t ,Xg)Xg,Xg)X 



(23.4) 



that takes the value of the identity matrix E for t = 0. Here, g = g(h) and 
h G R n ~ m . Since 



t 

X? = tfoW) + j nl(f) [Pty s + F(f s , Xfg)Xfg, X? g) - P(f s , 0)] X? ds, 
o 



we conclude that the following estimate holds for Xf : 



Xf\\ < Ce-^ 



t-ta 



Z 

/' 



,7 s I 



xf II 2 ds 



t. C It . 



(23.5) 



where a = K\(l + M)(n — m) 2 and K \ is a constant independent of the first 
derivatives of the matrix P(My h) for f G T m and h G Ks- 

Assume that \\Xf\\ < C(l+g) for t G [0,T), where [0, T) is the maximum 
half-interval on which Xf satisfies the above inequality. It follows from (23.5) 
that 

t 

Xf\\ ds 

0 

for t G [0,T). Therefore, according to the Gronwall-Bellman inequality, we 
have 

\\Xf || < £e" 7lt Vi G [0, T), (23.6) 

where 

71 = 7 - / ua£ 2 (l + /i) > 1 (23.7) 

for sufficiently small //. It follows from (23.6) that | Xf || < C.{\ + /;) Vi G R+, 
and, hence, 

\\Xf |j < £e" 7lt , fGi?+. (23.8) 



Xf || < Ce~^ 



1 + iiaC( 1 + /x) / e 



,7 s I 
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On the set of functions C(M, K), we define an operator S: F — ► SF = W 
according to the formula 

W($, h) = SF 

OO 

= ~J A[t/> 9 + Fty s ,X?g(h))X?g(h),X?g(h))]X?ds. (23.9) 
o 

Let us prove that, for properly chosen M, K, and //. the operator S maps the 
set C(M, K ) into itself. 

To do this, we estimate the difference 

R t = X t F W,h')-X t F W,h), t € R+, 

where ('<//. /;/) and (ip,h) are arbitrary points from T tn x K /l: . It follows from 
the equation for X[ that 

t 

Rt = J rt s (P')[P's - Ps\X F ds , (23.10) 

o 

where 

nl(P') = X F W,ti)[xfW,ti)]~\ 4 = A t + tf, 

P’t ~Pt = P[4 + F(4,X F W,h')g(h')) 

x.Xfty',h')g(ti),X t F ( 1 l/,ti)g(ti)] 

~P[^t + F^t, X F {i>, h)g(h))X F ( i/j, h)g(h),X[(ip, h)g(h )] , 

X F = x F w,h). 

According to (22.18), we have = Q t 0 ~ s (ip s ). Therefore, for f 2*(P'), the 

following estimate of the form (23.8) is true: 

||n*(P / )|| < £e" 7l(t " s) , t>s> 0. (23.11) 

Let us estimate the quantity 1 = |jP^ — P s \\. Using obvious notation, we get 

I<Ki[5+ \\F'X'g' - FXg\\ + || X'g' - Xg\\] 

<Ki[S+ || X'g' - Xg\\M + ||F - F'|| ||X S || + ||AV - Xg\\] 
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< Ki [(1 + yKC(n - m)*)6 + (1 + M + [iKL{n - m)^)\\X' g - Xg\\\ 

< K\ [(1 + nKC(n — m)2)<5 + (1 + M + gKC(n — m)^)CSi 

+ (1 + M + nKC(n — m)2)/x(n — m)^\\X' — X||] 

< CK X {1 + M + nKC(n - m)s) ^ ~ ^ + ||/i' - /i|| 

+ ^ (n-m) 2 _ X ((#,h) ||], t > 0. (23.12) 

We set 

b = £Ki(l + M + yKC(n — 771)2) 
and rewrite (23.12) in the form 

J < — — — - + || h r — h\\ + g(n — m )^) i > 0. (23.13) 

Taking into account inequality (23.13), we derive from (23.10) the following in- 
equality: 

t 

M y (||V» — V>'l |£” 1 + ||/i' - h\\ 

0 

+ y{n — m)3£ _1 ||.R s ||)ds, t > 0. (23.14) 
Estimate (23.14) has the form of the inequality 

t 

Ut < be~ lxt J [a + n{n — m)^y s )ds, t> 0, (23.15) 

0 

where y t = ||i?t||E _1 and a = \\f> — ip ' ||£ _1 + 1 1 /?/ — /i||. Since y t < y t 
for t € R+, where y t is a solution of the equation obtained from (23.15) by 
replacing the sign < by =, we get 

Vt < &e _7l '(a + /i(n — rnj^cjt, t G c = sup y t . 

t£R+ 



(23.15') 
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Let us determine c. It follows from the equation for y t that the value of c is 

d_ 

attained at the point r € R+, where — y T = 0. Writing the last equality in more 
detail, we get 

— 7ic + 6e~ 7lT (a + n( n — m) 2 c) = 0. 



This implies that, for //6(n — m) 2 <71, the number c can be estimated as 
follows: 



bae 717 



c = 



< 



ba 



71 — n(n — m) 2 be 7lT 71 — /ib(n — m ) 2 



(23.16) 



If we set 

< 7t 
^ ~ 2 b(n — m) 1 / 2 ’ 

then it follows from (23.15') and (23.16) for all t G R + that 



(23.17) 



yt < 2 bate 71 *. 



(23.18) 



In view of the notation used, inequality (23.18) yields 

||i?t|| < 2Cbte~' yit (\\'tp' — + \\h! — h\\), t € R+. (23.19) 

Further, we consider the difference VF(V’ / , h') — W(ip, h). Using (23.9), we 
obtain the following estimate for this difference: 



\\ww,h!)-ww,h)\\ < j [p;miit: s || + p;-2i s ||iixfii]d S , 

0 

where A[ and At arc the expressions obtained from the expressions for P t and 
P t byreplacing P by A. It is clear that the difference A t — A t can be estimated 
by analogy with the difference P t — P t . As a result, we obtain the following 
inequality of the form (23.13): 

\\A' t - A t || < CK X { 1 + M + nKC(n - m)s) 



x (W-ilt' - ip\\£ 1 + \\ti - h\\ + n(n - m) 1/2 C x || t> 0 
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where Bf l is a positive constant that depends on the first derivatives of the matrix 
A(ip, h ) for G T m and h G Kg. This yields 

\\W(iJ>',ti) -W(il>,h)\\ 



OO 

< J [{Mi + ffb(n - m)2)\\R s \\ + b( \\f' - ip\\ + C\\h! - h||)e~ 7is ] ds 



< (Mi + nb(n - m) 2 ) \\R s \\ds -\ £(||t/> / - ip\\ + \\h! - h\\), (23.20) 

J 7i 



where 



Mi = max h) ||, b = Cff i(l + M + nKC{n — m) 2 ). 

ip,h 



Inequality (23.19) yields 

OO 

J ||i2 s ||d« < 2Cbyf\\\f' - n + \\ti - h\\), 

0 

which, together with (23.20), guarantees the validity of the inequality 



< Cyf 1 [2byf l (Mi + ifb(n- m)s) + &]( \\ip' - f\\ + \\ti - h\\). 

It also follows from (23.9) that 

\\wty,h)\\ 

Thus, W G C(M,K), provided that M, K, and // satisfy inequalities (23.7) 
and (23.17) and the inequalities 

CMiyf 1 < M, jC-yf 1 [2byf 1 (M\ + /ib(n — m) 2 ) + 6] < K. 

For [i < 1, the inequalities indicated arc satisfied if 
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H(n - m)5£ 2 A'i(l + M) < 2£M l7 ‘‘ < M, 

fi(n — m) 2 £K\(l + Af + /iCK( n — m) 2 ) < ^ , 

2£ 2 7- 1 {4Ai7“ 1 [Mi + fiK^l + M + fiCK(n - m)3)(n - 

x (l + M + nCK{n — m) 2 ) < AT. (23.21) 

Inequalities (23.21) are satisfied due to the proper choice of Af, AT, and /j. 
Namely, M and A' arc chosen from the conditions 

2C r i~ 1 M\ < Af, 

2£ 2 7" 1 (2 + M){ + K\ (2 + Af)]}< AT, (23.22) 

and /I satisfies the inequalities 

/x(n — m)5£ 2 A'i(l + Af) < /r(n — m)^CK\{2 + Af) < 

fj,(n — m) 2 CK < 1. (23.23) 

We fix Af and K so large that conditions (23.22) arc satisfied. Then, for these 
values of Af and A", one can choose /tq > 0 so that inequalities (23.23) hold 
for any /j e (0, /l*o] - 

Assume that Af, A, and //q arc chosen as indicated above. In this case, 
W = ,S'A <G C(M, K). i.e., the operator S maps the set C(M. K) into itself. 
In C(M. K). we introduce a metric according to the formula 

p(Fi,F 2 ) = sup \\Fi(ip,h) - F 2 (^,h)\\, 

where the supremum is taken over (7, h) G F m x R n ~ m . Thus, C(M , K) be- 
comes a complete metric space. Let us prove that the operator S, which acts from 
C(M , K ) into itself, is a contraction operator. For this purpose, we consider the 
difference 

W F - W F ' = SF- SF\ 

where F and F' are arbitrary functions from C(M,K). Equations (23.4) yield 

t 

X F - X F ' = J nl(F)[P s (F) - P s (F')]X f ' ds, 



0 
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where 

nl(F) = X[(Xfr\P s (F) - P S (F') 

= P [f s + F(f s , Xf <?)Xf g, xf , g\ 

- P(f s + F’tys, Xfg)xfg , xf g)] , g = g(h). (23.24) 

In view of the notation used, we get 

\\P S (F) - P S (F')\\ 

< f ji(n-m)^K 1 ^F( 1 p s ,X[g)X[ 

-F'(f s ,xfg)xf || + ||Xf-Xf||] 

< n(n - m)*Ki [ Cp{F , F')e~^ s 

+ (1 + M + p{n - m)*KC ) ||Xf - xf ||] 

for all s > 0. The last inequality, together with inequality (23.11) for 'ij/ = if) 
and h! = h, yields 

t 

||Xf - xf || < p{n - m^KxL 2 J e -71 ^ [Cp(F, F')e" 7lS 

o 

+ {2 + M)\\Xf -Xf\\\e-^ s ds 
< pK\C 2 {n — m) 2 jCp(F,F')yf 1 

t 

+ (2 + M) J ||Xf - Xf || ds e" 7 f t € R+. (23.25) 
o 

Solving inequality (23.25), we obtain 

||Xf - Xf || < p2C 3 K 1 (n - m)^yf l e~' 1lt p{F, F') (23.26) 

for all t 6 R + and all p that satisfy the inequality 

p(n — m)2 I<iC 2 {2 + M'j'yf 1 < In 2. 



(23.27) 
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For the difference W h — W F ' , the following estimate is true: 

OO 

\\W F -W F '\\ < J [M 1 \\X[-Xf\\ + \\A s (F)-A s (F , )\\\\Xf , \\]ds, 
o 

where A S (F) — A S (F') is the expression obtained from (23.24) by replacing the 
matrix P by the matrix A. 

Since 

P,(F) - A S (F')\\ < p(n - [Cp(F, F')e~^ s + (2 + M) \\X F - X F '\\] 



for all s > 0, we have 

|| W F - W F '\\ < [Ah + p(2 + M)K±C{n - m)3] 



x J \\X?-X?'\\ds + p(n-m)*K 1 £(2'y 1 )- 1 p(F,F') 
o 



< p(n — m) 2 < 2C?K\ Mi + p{2 + M)iF 1 £(n — m) 2 



-2 



7i 



+ K 1 £(2 7l )- 1 |p(F,F / ) 

= pd lP (F,F '), (23.28) 

where d\ denotes the corresponding constant. For sufficiently small // > 0, 
inequality (23.28) yields 

p(SF,SF')<±p(F,F'), (23.29) 

which proves that the operator S is contracting. 

According to the principle of contracting mappings, the operator S has a 
unique fixed point F(-^,h) = in C(M,I\). This means that 

OO 

$(Vh h ) = -J A \^s + &(il>s,X s g)X s g, X s g] X s ds, (23.30) 

0 

where X/ = Xf is a solution of Eq. (23.4) for 



= ®(ip,h), g = g(h). 
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Let us establish a relationship between the matrix <&(?/>, h) and solutions of the 
system of equations (23.4). For this purpose, we substitute the following functions 
for and h in (23.30): 

il>t = i/> + \t, h t = h)h, 
where t £ R + and h £ K^yn-i ■ As a result, we get 



= - j A[f s+t + §(f> s+t ,X s (f t: ht)ht)X s (f>t,ht)h t , 
o 

-As(V’t) ht)ds. 

It follows from the equation for X s (f,h) that, for s > t > 0, the function 
X s (ip t , ht)ht is a solution of the equation 

^ = Pi^s+t + ®(ip s +t, y)y, y)y (23.31) 

that takes the value 

yo = h t = X t (ip, h)h, t £ R + , (23.32) 

for s = 0. According to Eq. (23.4), the function 

y = X s+t (ip, h)h, s>t> 0, 

is also a solution of the Cauchy problem (23.31), (23.32). It follows from the 
uniqueness of a solution of the Cauchy problem (23.31), (23.32) that 

-As(V’t) ht)ht — A s -|_j('f/’, h)h 

for all s > t > 0, f £ T m , and h £ Taking this identity into account, 

we conclude that 

OO 

<F(Vy, ht) = - J A(f T + §(i(> T ,X T h)X T h, X T h)X T Xf l dT (23.33) 

t 

for all t £ R . |_ . 

We set 

u(ip, h ) = 4>('0, h)h 
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for ip E %n and h E Then it follows from (23.33) that 

u(ip t ,h t ) = ®(ipt, ht)ht 

OO 

= — J A(ip T + u(ip T , h T ), h T )h T dr , t E R+. (23.34) 

t 

Differentiating (23.34) with respect to t. we establish that u(ipt, hi ) satisfies the 
equation 

du . , , , . , „ 

— = A(ip t + u,h t )h t , t E Rjf. 

This implies that u(ipt, ht ), ht is a solution of the system of equations 

du , , , , . , dh „ . , , . , „ 

— = A(ip t + u,h)h, — = P(ip t + u,h)h, t E f?+, 

i.e., a solution ip t , ht of system (22.20) whose initial value h is chosen from 
the conditions h E K^rn-i, 

<p = ip + u(tj),h) (23.35) 

is determined by the change of variables (23.1) with <p = ip t and h = ht for all 
t E R+. 

To complete the proof of the theorem for p = 1 , it remains to establish that 
the mapping (ip, h) — > (<p, h ) determined by (23.35) is a Lipschitz homeomor- 
phism of the domain T rn x K fJ onto itself. Since the mapping indicated transforms 
h identically, it remains to prove that, using (23.35), one can find 

ip = <p + v(<p,h), (23.36) 

where the function v = v(cp, h) satisfies the Lipschitz condition with respect to 
(p and h in the domain T m x AT /( . Substituting (23.36) into (23.35), we obtain 
the following equation for v : 

v = -u((p + v, h), (ip, h) E T m X K/J.- 

The function u(ip, h) satisfies the inequalities 

|| u(<p + v, /i)|| < juM, 

|| u(tp' + v' , h') - u(p> + v,h) || 

< nK(\y - <p\\ + || t/ - n||) + (. M + nK)\\ti - h\\ (23.37) 
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for arbitrary ip, h, v and ip' ,h! , v' from the domain T m x hf x R m . In the space 
Cup(%n x ) • we select the subspace of functions v = v(tp, h ) for which 

\\v{<p,h)\\ < pM, 

II v(cp', ti) - v{ip, h ) || < (2 M + 1)(||^ - <p\\ + || ti - /i||). (23.38) 

Here, (ip,h) and ( ip' ,h ! ) arc arbitrary points of' the domain T nl x /\ /( . It follows 
from (23.37) and (23.38) that the operator 



S \ : v — > — u(ip + v , h) 

maps the subspace indicated into itself for / / Ii < - and is a contraction operator: 



p(Siv,S l v l ) < pKp(v,v') < -p(v,v'), 



where 



p(v, v') = max || v(ip, h ) — v'(<p, /i)|| . 

ip,h 



This is sufficient for the equation for v to have a unique solution v = v(p. h) 
defined for (<p,h) G T m x and satisfying inequalities (23.38). For p = 1, 
Theorem 23.1 is proved. 



Remark 1. To prove this theorem for p > 2, it remains to investigate the 
smoothness of the change of variables (23.35) in the domain T m x Kf . The case 
p = 2 is principal for this investigation because, beginning with this case, the 
function 4>(V’, h) becomes continuously differentiable and turns into the classical 
solution of Eq. (23.1) for ip. h from the domain T m x Kf . It is clear that, for p > 
2, it is necessary to take a p times continuously differentiable function g(h). To 
study the smoothness of the function we use the fact that < \i(ip, h) can 

be obtained as the limit (as j — > oo) of the successive approximations ^ji'ip, h), 
j> 1, defined by the equality 

OO 

h) = ~f A [ip s +^ j _ 1 ('f s ,X^g)X^g, X^g] X^ds, 
o 

where 3>o(ip, h) = 0 and xj 3 1 ' ) is a solution of the equation 

(1 § = PblH + Qj- i(ih, Xg)Xg, Xg]X, j = 1 , 2 ,..., 
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that takes the value E for t = 0. One can prove [Sam6] that the functions 
h) and their partial derivatives with respect to V and h up to the order 
p arc continuous on the set T m x A' /( and uniformly bounded for all j > 0, 
A G T m , and h G A /( by a constant cq. Then it follows from the Arzela theo- 
rem [KoF] that the sequence h) is compact in C p ~ 1 ( T m x A' /( ) and the 

(p — 1 ) th derivatives of the limit function satisfy the Lipschitz condition. These 
arguments complete the proof of Theorem 23.1. 



24. Variational Equation and Theorem on Attraction 
to Quasiperiodic Solutions 



Consider the following variational equation for a solution (22.3) of system 

(22.2): 



dy _ dX(f(\t + jfi)) 
dt dx 



(24.1) 



r\ r / \ 

Assume that / £ C l (T m ) and the matrix — - — can be complemented to a 

Op 

27T -periodic basis in R n . It follows from Eq. (24.1) that the system of functions 

df(Xt + V’ 0 ' 1 



dp v 



v = 1 ,m, forms a system of linearly independent solutions of 



Eq. (24.1). We perform a change of variables in (24.1), namely, instead of y. we 
introduce new variables (c, h) = (ci, . . . , c m , hi, , h n - m ) according to the 
formulas 

df(Xt + V’ 0 ' 1 



y = 



dep 



-c + B(Xt + ip u )h, 



(24.2) 



where B(p) is the matrix from formula (22.7). As a result, we obtain the system 
of equations 



^ = Q(Xt + ip°)h, ^ = P(Xt + ip°)h, (24.3) 



where P(p) is matrix (22.17). The relationship between systems (24.3) and 
(22.16) is obvious, namely, the equations for h in system (24.3) arc obtained 
from (22.16) for p = Xt + ip°, and, vice versa, the closure of the second equation 
in system (24.3) with respect to t leads to system (22.16). 

In what follows, the system of equations (22.16) is called the variational sys- 
tem of equations for the invariant torus (22.4) of the dynamical system (22.2) that 
is filled with the quasiperiodic trajectory of this system. The statement below 
describes the dependence of the variational equation (22.16) on the matrix B{p). 
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Theorem 24.1. Under the assumptions made above, two arbitrary equations 
(22.16) are C p ~ l -equivalent. 



Proof. Consider two changes of variables of the form (24.2) defined by matri- 
ces B e C p (T tn ) and If <G C p (T m ), respectively. Denote by P(p) and P\ (p) 
the matrices of Eq. (24.3) obtained as a result of these changes of variables. Since 
both systems of equations arc obtained with the use of changes of variables of the 
form (24.2) on the basis of the same equation (24.1), their fundamental matrices 
of solutions arc related by the identity 



. dp 



, Bii’t) 



E Q \ 

0 %(P) J 



. dp 






where C\ is a nondegenerate constant matrix. 
Let 



/ -MY’t) \ 
V L 2(A) ) 



be the matrix inverse to 



. dp 



B(ft 



i.e.. 



E Q 1 

0 ^o(Pi) 



Ci, (24.4) 



= E, L\(f>t)B(f)t) = O, 
= O, = E, 



where E and O are, respectively, the identity matrix and the zero matrix of 
the corresponding dimensions. Using (24.4), one can easily obtain the following 
identity: 



( E Q W £ Lmpt) u £ Qi V- (ns 

V 0 nuj-’i ) \ 0 l 2 (< p ,) b ,(*) ) v » nhfPO ) 



Analyzing relation (24.5), we conclude that the matrix L 2 (f;t)B\ (P t ) is nonde- 
generate and 



fio (P) = L 2 (f t )B 1 (f t )n t 0 (P 1 )C 2 , 



(24.6) 
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where C 2 is a nondegenerate constant matrix. Identity (24.6) proves that the 
change of variables 

h = L 2 (ip t )B 1 (ip t )hi (24.7) 

transforms system (22.16) with the matrix P(<p) to system (22.16) with the ma- 
trix P\(ip). Since L 2 B\ £ C p ~ 1 ( T m ), the change of variables (24.7) realizes a 
C v 1 -homcomorphism from (tp,h) onto (ip, hi). 

Theorem 24.1 is proved. 

Let us clarify the behavior of solutions originating in a neighborhood of the 
torus M : x = f(ip), ip £ T m . For this purpose, we define the distance from the 
point y° to M by the formula 

p(y°,M)= inf \\y° - x\\. 



Theorem 24.2. Suppose that the smoothness conditions for the function X = 
X (x) presented in Section 22 are satisfied and the system of equations (22.2) has 
a quasiperiodic solution x = f(Xt ) £ C S (A) for r > s > 2. Also assume that 
df(ip) 

the matrix — can be complemented to a 2ir -periodic basis in R" . and the 

op 

variational equation for the invariant torus M satisfies the condition of exponen- 
tial stability (22.19). 

Then one can find a sufficiently small positive S > 0 such that, for every y° 
satisfying the inequality p(y°,M) < 5, there exist ip° £ T. m and fit 0 £ T m such 
that 

I \x(t,y°) - f(<pt ) || < Ke~ llt \\y° - /(/)|| (24.8) 

for all t £ R + and certain K > 0 and 71 > 0, where 71 = 71 (5) — > 0 and 
— ip ° || — > 0 as 5 — ► 0. 

Proof. We choose 6 > 0 so small that the inequality p(y°,M) < 6 yields 
the inequality ||/i°|| < //, where // is the constant from Theorem 23.1 and 
(ip°,h°) arc the local coordinates of the point y°, i.e., 

y° = f(p°) + B(ip°)h°. (24.9) 

The possibility of such a choice of 5 is guaranteed by inequality (22.10). Let 

■0° = ip° + v(<p°,h°), (24.10) 
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where the function v = v(<p,h) is defined by (23.36), and let ip t = \t + L°, 
where is defined by (24.10). 

Let us estimate the difference x(t, y°) — f(ift)- It follows from (24.9) that 

x{t,y°) = f(<p t ) + B(ip t )h u teR + , (24.11) 

where <pt,ht is a solution of system (22.12) that takes the value (p°,h° for t = 0. 
It follows from (24.10) that 

i P 0 = 1 p 0 + u{cp°,h 0 ), 

where u(tp, h) is the function of the change of variables (23.1), which reduces 
system (22.20) to the form (23.2). 

According to Theorem 23.1, the solutions ip t ,h(t) and 'ip t , ht are related as 
follows: 

^t = ft + ht), h(t ) = h t , t, E R + . (24.12) 

Then relations (24. 1 1) and (24. 12) yield the following estimate for all t € [0, oo) : 

I \x(t,y°) - f{ip t ) || < + u(ijjt,ht) - /(V’t)ll + 11^(^)1111^11 

< K\\u(ft,ht)\\ +c 1 \\h t \\ < c 2 \\h t \\ 

where c 2 is a certain positive constant. 

Since ht = XfhP, where Xf is a solution of Eq. (23.4) for F = $(Vhs)* 
g = h, we conclude that h t satisfies the following estimate of the form (23.8): 

INI < Ce-^WhPl 

This yields 

I \x{t,y°) - f(ip t ) || < Cc 2 e _7lf |j/r°||, f G R+. (24.13) 

It follows from (24.9) that 

ll^°ll = IIP o 1 (<p°)B T ( V >°)[y 0 - /(/)] || < c 3 \\y° - ||, (24.14) 

where c 3 is a certain positive constant. Inequalities (24.13) and (24.14) yield 
estimate (24.8). Since 71 = 71 (/r) — > 0 and H?/) 0 — <^o|| — »• 0 as g — > 0, we 
have 71 — > 7 and H^ 0 — ip°\\ — ► 0 as S — > 0, which completes the proof of 
Theorem 24.2. 
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Below, we present two corollaries of Theorem 24.2. 

Corollary 1. Under the conditions of Theorem 24.2, the quasiperiodic solu- 
tions x = /(At + V’), £ T m , are Lyapunov stable. 

Indeed, let y° be an arbitrary point of the ball \\y — x°| < 5, where S 
is a sufficiently small positive number and a;° = /(/). The local coordinates 
(tp°,h°) of the point y° are determined from the equation 

y° - /(/) = /(¥>) - /(/) + B^°)h + [B(<p) - B( /)] h. 

We rewrite this equation in the form 

y 0 ~ /(/) = - /) + B(f°)h + D(<p, h), (24.15) 

where D(ip, h) denotes a value of higher order of smallness as compared with 
\\p — ip°\\ + ||/i||. It follows from the inequality \\y° — x°|| < 5, where 5 is 
small, that the solution tp = <p°, h = h° of Eq. (24.15) satisfies the conditions 

11/ - /II < ||y° - /(/)|| < 

where 4i(5) — + 0 as <5 — ■* 0. 

According to Theorem 24.2, the following inequality holds: 

II -r (/•//’) - /(At + /)|| < A"e _7lt ||y° - /(/) ||, t £ R+, 

where ||/ — /|| — ► 0 as 6 — ► 0. 

This yields the following estimate for t £ 7i + : 

I \x{t,y°) -x(i,x°)|| < || x(t,y°) - /(At + /)|| + ||/(At + /) 

— /(At + /)|| + II / (At + /) — /(At + /)|| 

< K\\y° - /(/) II + iTidl/ - /|| + 11/ - /ID 

< (K + KMS) + Kflf 0 - p°\\, (24.16) 

where K\ is a constant that depends only on the first-order derivatives of the 
function f(tp). Taking into account that ||/ — 1 1 — ^ 0 as A — ► 0 and using 

inequality (24.16), for any e > 0 one can choose S = 5(e) > 0 so small that the 
right-hand side of (24.16) is less than e. Thus, the stability of the quasiperiodic 
solution x(t, x°) = f(Xt + /) is proved. 
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Corollary 2. Under the conditions of Theorem 24.2, for an arbitrary function 
F = F(x) satisfying the Holder condition and an arbitrary solution x = x(t,y°) 
for which p(y°,M) < 6, the following limit relation holds uniformly in t £ 
t-\-T 2n 2n 

j F ( x (^y°)) dt= ( 27r )~ m J ■■■ J F (f(v))d<Pi---dipm- (24.17) 

t o o 

Note that the property of the dynamical system (22.2) expressed by equality 
(24.17) characterizes the ergodicity of semitrajectories in a neighborhood of the 
manifold M. 

To prove relation (24. 17), it is necessary to use estimate (24.8), which implies 

that 

II F(x(t,y 0 )) - F(f(f> t ))\\ < c 4 e -71 ^*, t £ R+, (24.18) 

where (3 is the Holder index of the function F(x). Inequality (24. 18) yields 

t+T t+T 

^ j F(x(t,x°))dt = ^ J F(f(f t ))dt + a(t,T), (24.19) 

t t 

where 

t+T 

\HCT)\\ <!/ e-^dt = (24.20) 

t 

Inequality (24.20) implies that the following relation holds uniformly in t £ /i_ : 

lim a(t, T) = 0. 

T — >oo 

Equality (24.17) can easily be obtained from relations (24.19) and (24.20), and 
the mean-value theorem for a quasiperiodic function. 

25. Behavior of Trajectories under Small Perturbations 
of a Dynamical System 

Let Y = Y(x) be a function of the same smoothness as X(x ) and let e be 
a small positive parameter. Parallel with system (22.2), we consider the system of 
equations 

d ^=X(x) + eY(x), 

which is called perturbed with respect to (22.2). 



(25.1) 




Section 25 



Behavior of Trajectories under Small Perturbations 



267 



We pose the problem of the investigation of the behavior of solutions of system 
(25.1) originating in a small neighborhood of the manifold M: x = f(ip), ! P £ 
T m . This problem includes the investigation of the problem of the existence of an 
invariant torus M(e): x = f(ip,e), <p £ T m , that tends to M as e — > 0, and 
the investigation of the behavior of trajectories of system (25.1) originating in the 
manifold M (e) and in its neighborhood. 

To solve the problem posed, we introduce local coordinates (tp, h) in the 
neighborhood of M according to formula (22.7). As a result, we obtain the 
equations 

^ = \ + A(ip,h)h + sLi(ip,h)Y(f(<p) + B((p)h), 

dpr = h)h + eL 2 {<p, h)Y(f(tp) + B(ip)h), (25.2) 

dt 

where A, P , L\, and L 2 arc the functions that define the system of equations 
(22.20), <p £ T m , and h £ K$. 

For the system of equations (25.2), we study the problem of the existence of 
an invariant manifold 

h = u(<p, e), ipeT m , (25.3) 

that tends to the trivial one h = 0, : p G T m . as e — > 0. 

Theorem 25.1. Suppose that the conditions of Theorem 23.1 are satisfied. 
Then there exists £o = £o(f) > 0 such that , for any e £ [0,£o], the sys- 
tem of equations (25.2) has the invariant torus (25.3) with a function u(<p,e) £ 
Cf ip {%n), where r = p — 1 for finite p and r < p for p = oo, that satisfies 
the condition 

lirn \\u(ip,£)\\ r)Lip = 0. (25.4) 

Here, \\u(<p,£)\\ rt Li P = \\u(<p,s)\\ r + K r , K r = K r (e) is the Lipschitz constant 
of the rth derivatives of the function u(ip,e) with respect to ip, and \\u(ip, s) || r 
is the norm of the function u((p,e) as an element of the space C r (T m ). 

Theorem 25.1 follows from the perturbation theory of invariant manifolds, 
which was constructed in works of numerous authors [BMS, MiR, Sam4, Hall, 
Kup, Sacl]; in particular, it is a direct corollary of Theorem 1 in [Sam4] (Chap- 
ter 4, Section 3). 

Let r > 1. The change of variables 

h = u(cp, e) + z 
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brings system (25.2) to the form 



— = A + F{<p, s) + A(ip, z, e)z, 
f t = P ( V ,Z,E)z, 



(25.5) 



where F(ip, e) denotes the function 

F(lp,e) = A(ip,u{ip,E))u(ip,E) 

+ £L 1 (<p,u(<p,£))Y(f(<p) + B(ip)u(ip,£)), (25.6) 
and A(yp, z, e) and P(ip, z. e) are the matrices defined as follows: 



A((p,z,e) = A(<p,u((p,s) + z) + / — A(<p,u(tp,£) +tz)u(ip,e)dt 



Li(<p, u(<p, e) + tz)Y f(<p) + B(ip)(u(w,£)+tz) left, 



P{tp,z,e) = P{(p,u(p,e) + z) + / — P(tp,u(ip,£) + tz)u{ip,e)dt 



+ £ dh \ L ^V, u {Vi£) + t z . 



+ B(ip)(u(ip,£) + tz) >dt. 



du(ip, s) 



A(<p,z,s). 



(25.7) 



It follows from relations (25.6) and (25.7) that, for every fixed e 6 [0. sf . the 
functions F. A, and P belong to the space CfA ( T nl x K§ 0 ) , where 6q = 
<5o(eo) tends to 6 as £q — > 0. Moreover, relations (25.4), (25.6), and (25.7) yield 



lirn ||F(^,£)|| r = 0, lim \\A((p,z,s) -A(<p,z ) || r _i = 0, 
£ — >0 £ — >0 

lim || P(<p,z,£) - P((p,z)\\ r -i = 0. 

£ — >0 



(25.8) 
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Equalities (25.8) enable one to properly modify the reasoning used in the proof 
of Theorem 23. 1 and obtain an analog of Theorem 23. 1 for the system of equations 
(25.5). 



Theorem 25.2. Suppose that, for every e £ [0. Sq]- the functions F((p,s), 
A(ip,z,e), and P(ip,z,e) belong to the space C r ~ 1 (T m x Ks 0 ) and satisfy 
conditions (25.8) for r > 2, and the fundamental matrix f7g(</?) of solutions of 
system (22.16) satisfies inequality (22.19). 

Then one can find p > 0, £o = £o( r ) > 0, and a matrix $>(ip,z,e) that 
belongs to the space C r jf^(T m x Kf) for every e £ [0,£o] an d satisfies the 
condition 

lim Z,s) - $(<p,Z,0)Hr-2,Lip = 0 

such that the change of variables 

p = ^ + <£(■) p,z,e)z 

reduces the system of equations (25.5) to the form 

^ = \ + ^ = P(fi + <S>{fi,z,e)z,z,s)z. (25.9) 



Theorem 25.2 can be proved by analogy with Theorem 23.1 with the differ- 
ence that one should take into account the dependence (more complicated than in 
the case of Theorem 23.1) of the solution = fitifs s) of the first equation in 
(25.9) on the values of £ T m . This dependence is such that the derivatives 



dfi l f . . . dfim ’ 

of order l < r satisfy the estimate 




l — l\ + . . . + l 



777,5 



ll- D V’V ; t(Y’>£)ll - ce??K ’ t G R + 



(25.10) 



for a certain constant c = c(l,m ) and a certain // = q(e) that depends only 
d „ , || 

and is such that 77 (e) —7 0 as e — > 0. The corresponding 



on 






modification of the proof of Theorem 23.1 caused by estimate (25.10) does not 
lead to substantial difficulties. 

Note that the essential difference of Theorem 25.2 from Theorem 23.1 is the 
fact that so depends on r. This dependence is such that efyi j — > 0 as r — > 00. 
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Therefore, the case r = oo is not solved in Theorem 25.2. The question of 
whether this is caused by a fundamental reason or by the method of the proof of 
Theorems 23.1 and 25.2 remains open. 

It follows from Eqs. (25.9) that the behavior of solutions of system (25.1) in 
the neighborhood of the manifold M depends essentially only on the behavior of 
solutions of this system on the manifold M (e), i.e., on the behavior of solutions 
of the system of equations 



~^ = X + F(p,e). (25.11) 

For 77i = 2, a qualitative description of the trajectories of system (25.1 1) is given 
by the Poincare-Denjoy theory [Poi, Den] and the theorem presented in [Her], 
For 777 > 3, we can apply to system (25.11) the result of [BMS] concerning 
the rectification of the smooth flow of a trajectory on a torus. For system (25. 11), 
this result can be formulated as follows: 

Theorem 25.3. Suppose that lim \\F(p, e)|| r = 0 and A = u + A, where 

uj = (uq, . . . , uj rn ) satisfies the following inequality for all integer-valued vectors 
k f 0 : 

K^)i 

where c > 0 is a certain constant. Then, for integer s > 1, one can find suffi- 
ciently small £o = £o(c, s) > 0 and A = A(£) = (Ai, . . . , A m ) ( || A(e) || —7 0 
as £ — > 0), an integer l = l(s,m), and a function 47 = (T'i, . . . , \P m ) = 
47 ( 99 , e) belonging to the space C s (T m ) for every e = [0, £ 0 ] and satisfying the 
condition 

lim ll^(<P,£)IU = 0 
£— >0 

such that, for l < r, the change of variables 

99 = + 4 '(V’, e ) 

reduces the system of equations (25.11 ) with chosen 2\(e) to the system 

difi 

— = u. 
dt 

In this form. Theorem 25.3 follows from Theorem 12 in [BMS] (Chapter 14, 
Section 17) . 
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In [Mos4], the dependence l = l(s,m) was reduced to the form 

l(s, m) > s + m + 2. 

The method of the proof of Theorem 25.3 is the method with accelerated 
convergence of iterations of Newton type, which was developed in the course of 
the construction of the Kolmogorov-Arnol’d-Moser theory [Arn3, Mos5]. 

Theorem 25.3 specifies conditions under which the perturbed system of equa- 
tions (25.1) has quasiperiodic solutions in the neighborhood of M. These condi- 
tions show that, as a rule, small perturbations destroy quasiperiodic solutions. 

Completing the investigation of the dynamical system (25.1) in the neighbor- 
hood of a quasiperiodic solution of the unperturbed system of equations ( 22 . 2 ), we 
present the result concerning the phenomenon of attraction to solutions on mani- 
fold (25.3) that follows from Theorem 25.2 and is an analog of Theorem 24.2 for 
the case of the perturbed system (25.1). 

Theorem 25.4. If the conditions of Theorem 24.2 are satisfied and Y{x ) is r 
times continuously differentiable in R" . then there exist sufficiently small 5 > 0 
and £o > 0 such that, for every y°, p(y°,M(s )) < 5 , one can find £ T m 

and (/?° £ T m such that the following inequality holds for t £ R + : 

I \x(t,y°,e) - [f(ik) + u(ipt,e)]\\ < ce“ 7 l< ||y° - [f (<p°) + u(ip° , s)] ||, 

where K > 0 and 71 > 0 are certain constants such that 71 = 71 ( 5 , e) — > 7 
as 5 — r 0 and e — r 0, and \\f>° — <^°|| — > 0 as 5 ^ 0. 

Theorem 25.4 yields the principle of reducibility for solutions of system (25.1) 
originating on M (z) . According to this principle, the stability of the solutions 
indicated follows from their stability on M (z) . 

26. The Case of a Toroidal Manifold Filled 
with Trajectories of General Form 

In Sections 22-25, we have studied a dynamical system in the neighborhood 
of an invariant manifold filled with a quasiperiodic trajectory of the system. In 
what follows, we extend the results obtained in Sections 22-25 to the case where 
the invariant toroidal manifold of the system is filled with trajectories of the gen- 
eral form. In particular, we present a theorem on the reducibility of the dynamical 
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system in the neighborhood of the invariant toroidal manifold M and a statement 
on the exponential attraction of solutions from the neighborhood of the manifold 
M to solutions on M and establish conditions for the invariance of the behavior 
of trajectories of the dynamical system in the neighborhood of the manifold M 
under small perturbations. 

Consider the system 

£ = *<*)■ <**> 
where x = ( x i . . . . ,x n ) is a point of the n-dimensional Euclidean space R n 
and X(x) 6 C r ( II" ) . r > 1. Let / = f{p) be a function from the space 
C s (T m ), s < r, of 27r-periodic functions of p = (p\ : . . . , p m ) of smoothness 
s > 2 and with values in R n . Let 



M:x = f(p), 

be the invariant set of system (26.1) and let 

rank = m <p £ T m . 

dtp 

According to [Sam4], the first condition for the set M is satisfied if 

"f^r- 1 (^)( 9 M) r -£]l( / (^)) = 0, if G T m , 



(26.2) 



(26.3) 



O n / \ rjp <V n / \ 

where r(w) = ( — - — ) — - — and the second condition means that M is a 

V dp / dtp 

toroidal manifold. 

The system of equations (26. 1) on M can be reduced to a dynamical system 
on the torus T, n of the form 



dp 

dt 



= a(<p), 



(26.4) 



where, according to [Sam4], the function a(p) has the form 

a (p) = r-\p)( dJ ^yx(f(p)), peT m . 

df(p) 

Assume that the m- frame — - — can be complemented to a 27r-periodic ba- 

op 

sis in R n , and B(p) is a complementing matrix from C s {T m ). If we introduce 
the local coordinates 



x = f{<f) + B(p)h 



(26.5) 
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in the neighborhood of the manifold M, then, taking into account the invariance 
of M and Eq. (26.4) for the flow of trajectories on M, we can rewrite the system 
of equations (26.1) in the neighborhood of M in the local coordinates ip, h as 
follows: 



^ = a(<p) + L\(ip, h) X(f(<p) + B(tp)h) - X(f(<p)) - dB ^ a(tp)h 



^ = L 2 (ip, h) X (f(ip) + B((p)h) - X(f(ip)) - dB ^ a(ip)h 



(26.6) 



Here, L\{ip,h) and L 2 (ip,h) are blocks of the matrix inverse to the matrix 



r dm 

. dip 



dB(ip) 

dip 



h,B(ip) , 



dB(ip) 

dp 



a (v) = 

V=1 



dB{ip) 

dipu 






and ip and h arc points from the domain 



ipFT m , ||/i|| < S, 



(26.7) 



where S > 0 is sufficiently small. 

Consider the variational equation for the manifold M 

d f = a (v). ^ = P(v)h, 

where, by definition [Sam4], 



P(ip) 



L 2 (ip,0) 



- dXjfjip)) 

dx 



dB(ip) 

dip 



a(ip) . 



(26.8) 



(26.9) 



Let 



ip = ft(T), fo (<p)=<pe%n, 



(26.10) 



be a solution of the first equation of system (26.8) and let Hq (P) be the funda- 
mental matrix of solutions of the second equation of system (26.8) for ip = il>t(:-p) ■ 
Using the matrix P(ip), we define a function (3 (ip) as follows: 



inf max 
SeJV||/i||=i 



S(<p)P(<p) + 



1 dS(ip) 

2 dip 



a(ip) h, h 



(S(ip)h,h) 






(26.11) 



where N is the set of (n — m) x (n — m) positive-definite symmetric matrices 
S = S{ip) G C 1 ('T m ) and (■, •) is the scalai - product in R n . 
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Assume that 

Po = inf (3{ip) > 0. (26.12) 

%n 

Condition (26. 12) is sufficient [Sam4] for the following inequality to be satisfied 
for all t e R- 1_ and ip e T m : 



11^)11 < Ce 



(26.13) 



where 7 is an arbitrary positive number satisfying the inequality 7 < /3o, and 
C = 7) is a certain positive constant. 

Further, we define a function 07(0) by the inequality 



inf max 
SieiVi 11-011=1 




da(ip) 

dp 



+ 



1 a5i(y>) 

2 dip 



a(ip) 






(Si(ip)fi,fi) 



< ai(ip), 



(26.14) 



where A' 1 is the set of m-dimcnsional square positive-definite symmetric matri- 
ces Si = Sfp) e C l (% n ). 

Using ai(ip), we can obtain the following estimate for the derivatives of the 
function ftip) with respect to ip [Sam4]: 



d l Mv) 

dip 1 ^ . . . dip\n 



< C\ exp 



la(f>r(ip))dT + pt 



t G R+i 



(26.15) 



where l = l\ + . . . + l m , /i is an arbitrarily small positive number, and £1 = 
Ci(l, p) is a certain positive constant. 

Assume that 

inf [P{ip) — lai{<p)\ > 0 (26.16) 

</2ST m 

for a certain integer l 6 [1, s — 1]. 

The following analog of Theorem 23. 1 for the system of equations (26.6) is 
true: 



Theorem 26.1. Suppose that the right-hand side of system (26.6) satisfies the 
smoothness conditions given above, and inequalities (26.12) and (26.16) are true. 
Then one can find a constant p > 0 and a matrix G C l fip(fT m x K f) 

such that the change of variables 



ip = h)h 



(26.17) 
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reduces the system of equations (26.6) to the form 



df> 

dt 



a(f), 



dh 

dt 



P(ip,h)h, 



(26.18) 



where P(ip, h ) is a matrix that belongs to C l Li £ ( T m X K^f) and coincides with 
P(V’) for h = 0. 



Theorem 26. 1 is proved by analogy with Theorem 23. 1 with the difference that 
one should take into account estimate (26.15) for the derivatives of the function 
iptiT 1 ) and inequality (26.16). 

The verification of conditions (26.12) and (26.16) encounters certain difficul- 
ties. These difficulties can be avoided if, for the fundamental matrices of solutions 

da 

TIq(P) and j of the systems 



dh 



= P{MT))h 



and 



dg _ da(f t (ip)) 



dt dt 

respectively, estimates of the following form are known: 



9 , 



(26.19) 



\\rt 0 (P)\\ <Ce~^, t€R+, 




(26.20) 



where (3q and a\ arc positive constants. In this case, for inequality (26.16) to be 
satisfied, it is sufficient that 

— >l, (26.21) 

Oil 



where l £ [1, s — 1], 



Remark 2. Condition (26.16) can be satisfied for a(tp) f const only for a 
finite value of l. 

In this case, the change of variables (26. 17) has finite smoothness. However, 
if 

a(<p) = const, (26.22) 

then the value of l is equal to s — 1, and, for s = oo, the change of variables 
(26.17) is infinitely differentiable. If condition (26.22) is satisfied, then Theo- 
rem 26.1 coincides with Theorem 23.1. 
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The theorem below enables one to describe the behavior of solutions of system 
(26.1) originating in the neighborhood of M. 

Theorem 26.2. Suppose that X(x) G C r (R n ) and the system of equations 
(26.1) has the invariant toroidal manifold (26.2), where f(p) G C s (T m ) for 
r > s > 2. 

Also assume that the following conditions are satisfied: 
dfUp) 

( i ) the matrix — can be complemented to a 2ir -periodic basis in R " ; 

op 

( ii ) the variational equation for the manifold M satisfies the condition of ex- 
ponential stability (26.12); 

(iii) inequality (26.16) is true. 

Then one can indicate a sufficiently small S > 0 such that, for every y°, 
p(y°,M) < d, one can find 6 T m and p° G T m such that 

II x(t,y°) - < ^e-^W y° - f(p°)\\ (26.23) 

for all t G R+ and certain > 0 and 71 > 0, where 71 = 71 (5) — ► 7 and 
|| V?° — f>°\\ — > 0 as 6 — > 0. 



Inequality (26.23) proves that a solution of system (26.1) originating in a 
small neighborhood of the manifold M is exponentially attracted as t — > +00 to 
the corresponding solution of this system originating on M. The proof of Theo- 
rem 26.2 repeats the proof of Theorem 24.2 word for word. 

Parallel with the system of equations (26. 1), we consider the perturbed system 
of equations 

^ =X(y) + sY(y ), (26.24) 

where Y G C r (R n ) and e is a small positive parameter. Let us clarify the 
behavior of solutions of this system originating in a small neighborhood of the 
manifold M. In the local system of coordinates (<p,h), system (26.24) takes the 
form 



— = a(ip) + A(ip, h)h + eLi(<p, h)Y (f(ip) + B(p)h), 
= P(<P, h)h + eLfip, h)Y (/(</?) + B(p)h), 



(26.25) 



which coincides with (26.6) for s = 0. 
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We define a function a(ip) by the inequality 



sup min 
SieAy 11-011=1 




da(p) 

dp 



i ds 1 (i P ) 

2 dp 



a(p) 






(Siip)^,^) 



> a(p) 



(26.26) 



and require that the following condition be satisfied for a certain integer p E 

[I; s — 1] : 

inf [(3(p) + pa(p)\ > 0. (26.27) 

<p£%n 

According to the perturbation theory of invariant toroidal manifolds, the va- 
lidity of inequalities (26.12) and (26.27) is a sufficient condition [Sam4] for the 
system of equations (26.25) to have the invariant torus 



h = u(p,e), peT m , (26.28) 

for all e E [0,£o]> where £o >0 is sufficiently small, u E (7^7 1 (T m ), and 

lim \\u\\p- ltLip = 0. (26.29) 

Let p > 2. Then the change of variables 



h = u(p,e) + 2 , 



where u is the function from (26.28), reduces the system of equations (26.25) to 
the form 

^ = a(p) + F(p,e) + A(p,z,e)z, ~ = P(p, z, e)z, (26.30) 

where F E C'i~p{T m ), ( A,P ) E C p u ^(T m x K 5q ) for every e E [0,e 0 ], 
S 0 = <5o(To) — > 0 as £q ^ > 0, and 



lim \\F\\ p _i up = 0, lim || A(p,z,e) - A(p, z)\\ p - 2 ,Lip = 0, 

£ — >0 £— >0 

lim || P(p,z,e) - P(p,z)\\p- 2 ,Lip = 0. (26.31) 



For every e E [0. £q] . the system of equations (26.30) has the form (26.25). 
It follows from inequalities (26.11) and (26.14), which determine the functions 

da 

j3{p) and ot\{p), that, for small changes in the values of a, P , and — , the 
changes in the values of (3 and a± arc also small. Therefore, the limit relations 
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(26.31) imply that the functions / 3(ip,e ) and a\ (<p,e) defined with the use of 
a(tp) + F(ip, e) and P(p,e, 0) according to formulas (26. 11) and (26.14) satisfy 
the limit relations 

lim[(3(<p, e) - (3(tp)\ = lim[ai((^, e) - «i (</?)] = 0 (26.32) 

£ — >0 £ — >0 

uniformly in p G T m . Consequently, one can find eo = £q(1) > 0 such that 
inequalities (26.12) and (26.16) yield the following estimates for / G [1, s — 1] : 

inf inf /3(<p,e)>0, (26.33) 

£G[0,£o] 

inf inf \J3(p, e) — la±{p, e)] > 0. (26.34) 

S'GfOjS'o] ty?E'7m 

Since the right-hand side of the system of equations (26.30) belongs to the 
space C p ~ 2 (T m x K, $ 0 ) for every e G [0, eo] . we deduce from (26.34) the fol- 
lowing inequality for p > 3 : 

inf inf [/3(p,e) — liai(p,e)\ > 0, (26.35) 

£E[0,£o] 

where 

l\ = min{j,p — 2} > 1. (26.36) 

For p > 3, these arguments allow us to apply Theorem 26.1 to the system of 
equations (26.30). As a result, we obtain the following statement: 

Theorem 26.3. Suppose that the conditions of Theorem 26.1 are satisfied and 
inequality (26.27) holds for p > 3. Then there exist positive constants p and 
e 0 = £q (p) and a matrix ^(p, z, e) that belongs to the space C l f7 1 ('T m x I<u) 
for every e G [0, eo] an d satisfies the relations 

lini \\<S!{(p,z,e) - '$>{p,z,ti)\\ h -i tLi p = 0 (26.37) 

such that the change of variables 

p = ip + ^(ip, z,e)z (26.38) 

reduces the system of equations (26.30) to the form 



dip 

dt 



a{fi) + F(ip,£) 



dz 

dt 



P{lp + '&{lp,z,£)z,z,£)z. 



(26.39) 
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Condition (26.12) guarantees that 

\\z(t,s)\\ < C 3 e~ l3t \\z(0,£)\\, t <E R +} (26.40) 



for solutions of system (26.39) such that ||z(0,e)|| < // for e e [0,£o]- Here, 
£3 = const and /? = P(p, e) are certain positive quantities and /3(p, e) — A) 
as (p,s) — ► 0. 

As noted above, the verification of inequalities (26.11), (26.14), and (26.26) 
encounters certain difficulties. Therefore, it is natural to express the conditions of 
Theorem 26.3 in terms of inequalities of the form (26.21). For this purpose, we 



assume that the fundamental matrices of solutions O-lfP) and Oj 
corresponding equations of systems (26.19) satisfy the inequalities 



(— ) 
\dip) 



of the 



||^ 0 (P) \\<Ce-^, t G R+, 




(26.41) 



where A) and a?o are positive constants. 

To express the conditions that guarantee the reducibility of the system of equa- 
tions (26.30) to the form (26.39) in terms of the parameters ff and ao, we use 
the following statement: 



Lemma 26.1. If a G C 1 ( T m ) , P G C 1 ( T, a ) , and inequalities (26.41) are 
satisfied, then 



inf max 
SeN ||h||=l 



S(<p)P(<p) + 



1 dS(tp) 

2 dip 



a((p) h, h 



(S(<p)h, h) 



< 



Po 



«o 

T 



(l-£- 2 ) . 



Proof. For p > 0, the fundamental matrix G\f,I > + (To — p)E) of solutions 
of the equation 

(IT 

-^ = [P(M<P)) + (Po-p)E]x 

satisfies the inequality 

|| + (fa - p)E) || < Ce-hteWo-rit = £ e -/^ t G R+ , 

Let 

OO 

S(tp) = j mp + (A) - p)E]) t %[P + (A, - p)E]dr. 

0 



(26.42) 
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It follows from the calculations carried out in [Sam4] (Chapter 3, Section 5) that 

S(<p) = -P T (<p)S(<p) - S(p)P(p) ~ 2(A) - v)S{ip) - E, 

where 

s(<p) = j t s(Mv))\t=o- 



d 

For the matrix Y v (t) = — — fln(P), we have 

0(fu 



I Y v 



Z 

f n* r (P) 



dP(A(<p)) dp T (p) 



Qq (P)dr 



df> dp, 
o 

< (&C.{K !— ^6-^-“°)*, t g R+ 
\ an/ 



where 



max 



dP{p) 



dpj 



<K i, j = I, m. 



Taking this estimate into account, we get 
d 



~{%(P + Wo ~ riEfSlKP + (I3 0 - fj)E)} 



dp, 



< 2C 3 C 1 K 1 — e (ao_2/i)t , teR + . (26.43) 
ot o 



Choosing // from the condition 



one can verify that the integral 



a 0 < 2p, 



(26.44) 



Iu = 



_d_ 

dpi 



{{%{P + (A) - p)E)) T n 0 (P + Wo ~ p)E)}dr 



is majorized by a convergent one and, furthermore. 



|/J <2 C?L X K 



m 



1 a 0 (2p - a 0 ) ' 
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This is sufficient for the matrix S(ip) to belong to the space C 1 ( T, a ) . Then 

A/ \ dS((p) 

and 



A(cp) = max 
\M=i 



s(<p)p(<p) + \ 9S q^ °(y) M 



A) — T + 



1 



2 max < S(<p)h , h >1 
11 * 11=1 



(26.45) 



Since 



max ( S(ip)h , h)= max (Qq(P + (/?o — F)E)h, Gf{P + (/3q — ifE)) dr 



=i 



=i 



<A/e-^r = |, 



it follows from (26.45) that 



A(^)<-[/3o-M1-^ 2 )]- 



Passing to the limit in the last estimate as /_/ 



1 

-a 0 , we get 



inf max 
Setv ||fe||=t 



SYYY) + 



1 a 5 (y>) 

2 



a(</?) h, h 



(S(tp)h, h) 



< - 



Po 



ao 

T 



(1 - £- 2 ) . 



The positive definiteness of the matrix S(f) was proved in [Sam4] (Chapter 3, 
Section 5). 

According to Lemma 26.1, we can take the constant /?o — -ao(l — C~ 2 ) as 
the function P(f) in inequalities (26.27) and (26.34). It is also obvious that the 
values ai(<p) and off ) in these inequalities can be replaced by the constant ao- 
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Thus, in order that the statement of Theorem 26.3 be true, it is sufficient to require 
that the following inequalities be satisfied: 

A) - ^«o(l - £~ 2 ) — Iolq > 0 for l £ [1, s — 1], 

Po — ^«o(l — £~ 2 ) — pcuo > 0 for pG [3, s — 1]. 

In order that both inequalities be satisfied, it suffices to set l = p and require that 

- >P + l -{l-C- 2 ) (26.46) 

a o 2 

for integer p £ [3, s — 1]. 

Corollary 3. Suppose that the smoothness conditions presented in Theo- 
rem 26.3 are satisfied and inequalities (26.41 ) with constants satisfying condition 
(26.46) are true. Then, for any e £ [0,£o], the change of variables (26.38) with 
matrix z, e) £ ('up (Tm X K f) reduces the system of equations (26.30) to 
the form (26.39). 

As in the case of Theorem 26.1, Theorem 26.3 can be formulated in the form 
of a statement related to the system of equations (26.24) and its invariant torus 
M(e), namely 



y = Kt) + <p£%n, £ £ [0, e 0 ]. 

Hence, one can easily establish the principle of reducibility in problems of 
stability of solutions of system (26.24) originating on M(e). According to this 
principle, the stability or the asymptotic stability of these solutions is determined 
by their stability or asymptotic stability on M(s). 

27. Discrete Dynamical System in the Neighborhood 
of a Quasiperiodic Trajectory 

Let x = x(n, x°), x° £ R q , n = 0, ±1, ±2, . . . , denote a solution of the 
system of difference equations 

x(n + 1) — x(n) = X(x(n)), x(0) = x°, 



(27.1) 
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where n = 0, ±1, ... is discrete time, x G R q , and X(x) G C r (R q ). Assume 
that system (27.1) has an invariant surface 



M : x = f(p), p G T m , (27.2) 

where /(y>) G C r (T m ), tilled with quasiperiodic trajectories 

x(n,f(p)) = f(un + p), n = 0,±1,..., pE%n- (27.3) 



Here, cu = (tui , . . . , u> m ) is a frequency basis of the quasiperiodic function 
f(iv't) , and ip is an arbitrary point in T rn . 

Assume that 



rank 



dm 

dp> 



= m, 



P F 



(27.4) 



df((p ) 

and the matrix — - — can be complemented to a 27r-periodic basis, i.e., there 

op 

exists a matrix B(p) G C r (T m ) such that 



det 



\ df{p) 
. dp 



B{p) / 0, p eDm 



(27.5) 



Under the assumptions made above, we investigate the behavior of trajectories 
of system (27.1) originating in a small neighborhood of the manifold M. First, 
note that the invariance of the manifold M and the quasiperiodicity of trajectories 
on it require that the following identity be satisfied: 



f(p + v) = f(p) + X(f(p)), peT m . (27.6) 



Assumptions (27.4) and (27.5) guarantee the introduction of local coordinates 
(p, h) = ((/?!, . . . , p m , hi , ... , h q - m ) in the neighborhood of M according to 
the formula 

x = f(p) + B(p)h (27.7) 

and representation (27.1) in the neighborhood of M in the form 

p(n + 1) — p{n) = u> + A(p(n ), h(n))h(n), 

h{n + 1) — h(n) = P{p{n), h(n))h(n), (27.8) 

where the matrices A(p, h) and P(p, h) of the corresponding dimensions arc 
27T -periodic in p and sufficiently smooth with respect to p and h in the domain 

\\h\\ <6, p G T m . 



(27.9) 
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Here, n = 0, ±1, ±2, . . . and 6 is a sufficiently small positive number. To es- 
tablish this fact, we perform the change of variables (27.7) in (27.1). As a result, 
we obtain the following system of equations for the determination of the matrices 
A = A(ip, h) and P = P(<p, h ) : 

f(<p + u + A(<p, h)h) + B(ip + u> + A(ip, h)h)[h + P(<p, h)h\ 

~ [j f(<p) + B {p)h] 

= X(f(<p) + B(<p)h), 

or, with regal'd for identity (27.6), 

f(ip + to + Ah) — f(ip + uj) + B(ip + to + Ah)(h + Ph ) — B(ip)h 

= X(f(ip) + B(ip)h)-X(f(ip)). 

We represent the last equation in the form 

df(cp + u>) 



dip 



Ah + B(ip + uj + Ah)Ph 



= X(f(ip) + B(ip)h)-X(f(ip)) 



- | f(ip + uj + Ah) - f(ip + u) - Ah 

+ \B(yp + ui + Ah) — B (ip -{- ui)]h \B(ip uS) — . 



This yields 

df(tp + u) 
dip 



A + B(ip + lo + Ah)P 



dX(f(<p) + tB(<p)h) 
dx 



dtB(ip) 



df(ip + u + tAh) df(ip + lo) 



dip 



dip 



dtA 



+ [B(<p + to + Ah) — B(tp + cj)] + [B(ip + cj) — B(ip)] >. (27.10) 
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According to assumption (27.5), for fixed M > 0 there exists 
such that 



det 



- df(ip + uj) 
dp 



,B(p + co + Ah) /0 



5 



S(M) > 0 

(27.11) 



for all (p and h from domain (27.9) and an arbitrary matrix A satisfying the 
condition 



Pll < M, 



(27.12) 



where the norm of the matrix A is consistent with the norm of the vector h. 
Therefore, Eq. (27.10) has a solution of the form 



A = Lip Ah)Q(p, fi, A), P = L 2 (p, Ah)Q(p,h, A), (27.13) 



for all p and fi from domain (27.9) and A from domain (27.12). Here, Q = 
Q(p, fi, A) is the matrix function defined by the right-hand side of Eq. (27.10), 
and Li(tp,Ah) and L 2 (p, Ah) arc the blocks of' the matrix inverse to the matrix 

r mp+A i 

L op J 

The matrix Q admits the following representation: 



Q — B[p + lo ) — B(p) + 



dx(f(p)) 

dx 



B(p) + Qi(p,h, A), 



(27.14) 



where Q i = Q\(p, ft. A) is a matrix defined in the domain \\h\\ < 6. p G T m , 
|| A || < M, r — 1 times continuously differentiable with respect to its variables 
and such that 



Qi(p, 0, A) = 0. 



(27.15) 



The matrices L\(p,Ah) and L 2 (p,Ah) possess properties analogous to prop- 
erties of the matrix Q\ moreover, L \ (p. 0) and l^ip- 0) arc the blocks of the 

~df(p + tv) i 

-,B(p + tv) . 



matrix inverse to the matrix 



dp 



In the space p(T ra x K^), we define the subset C(M,K ) of matrix func- 
tions A = Ap p) that satisfy the conditions 



II Ap PI < M, || Ap,p - A(p,h)\\ < K(\\p' - <p|| + || h' - fi||) 



for any ( p',h ') and (p, h) from T m x K lt . 

Let us prove that the first equation in (27.13) has a solution in C(M, K) for 
the properly chosen constants M, K, and / / . To do this, we define an operator 
S: A — > SA = Li(p,Ah.) x Q(p,h,A) on the set C(M,K). For r > 2, this 
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operator maps C(M,K ) into a subset of the space Ci,i v (T m x kf ) . Further- 
more, SA = (SA)(ip,h) satisfies the follow ing estimates for arbitrary (p. h) 
and (<p',h') from % n x K,: 

\\(SA)(p,h)\\ < ci(l +fi + i-iM 2 ), 
\\(SA)(cp',h')-(SA)(<p,h)\\ 

< c 2 ( 1 + fiMK + M 2 )(y - <p\\ + || h' - h\\), (27.16) 

where ci and c 2 arc positive constants independent of M, K. and p < — . By 

A 

a proper choice of sufficiently large M and K and sufficiently small p , one can 
guarantee that inequality (27.16) implies that S A belongs to the set C(M, K ). 

For a pair of matrix functions A = A(ip,h) and A\ = Ai(ip,h) from the set 
C(M, K ), we have 

HSA-SAiH <C3 /x(1 + M)||A-Ai||, 

where C 3 is a constant independent of M, K, and //. For sufficiently small //. 
this estimate implies that S is a contraction operator on C(M,K). According 
to the principle of contracting mappings, the equation A = SA has a unique 
solution on the set C(M , K). 

The last equation coincides with the first equation in (27.13), and, for suffi- 
ciently small fi > 0 , its solution determines in Cj JV {T n , x Kf) the unique matrix 
A = A(<p, h) of the right-hand side of system (27.8). The implicit-function theo- 
rem guarantees that A(p, h) belongs to the space Cf f ' ( T, n x Kf). 

With the use of the obtained matrix A(tp, h). the second equation in (27.13) 
determines the matrix P = P(p, h) of the right-hand side of system (27.8), 
which also belongs to the space C' f fJ (T m x K,). 

Thus, in the small neighborhood of the manifold M, the dynamical system 
(27.1) reduces to the form (27.8) with the matrices A and P from (7^7 1 (T m x 
K/f). The problem is to find conditions under which there exists a change of 
variables p — ► that transforms system (27.1) into the quasiperiodic system 

ip(n + 1 ) — f(n) = u 

h(n + 1) — h(n) = h(n))h(n). (27 .17) 

Theorem 27.1. Suppose that the conditions presented above are satisfied and 
the matrix P(p. 0) satisfies the inequality 

\\E + P(p,0)\\<d<l, (p £ % n . 



(27.18) 
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Then one can find p > 0 and a matrix U(tp,h ) 6 C r Li ^(fT m X Kfi), 2 < 
r < oo, such that the change of variables 

ip = + U(ip, h)h (27.19) 

reduces system (27.8) to the form (27.17) with the matrix 

h) = Pty + h)h, h). (27.20) 

Proof. We define the required transformation ip —> b y the formula 

= p + V(ip, h)h, (27.21) 

where V = V(ip,h) is a matrix function from C( T m x A' /( ). According to 
Eqs. (27.8) and (28.17) and the change of variables (27.21), we obtain the follow- 
ing relation for the determination of the matrix V : 

V(ip(n) + u> + A(p(n), h(n))h(n), Pi(cp(n),h(n))h(n))Pi(ip(n), 

h(n))h(n) — V(<p{n), h(n))h(n) + A(<p(n), h(n))h(n) = 0. 

Therefore, V satisfies the equation 

V(<p, h) = V(tp + u> + A(tp, h)h, Pi(tp, h)h)Pi(cp, h) + A(tp, h ), (27.22) 

where Pi(ip, h) = E + P(ip, h). We set 

ipi ((p,h) = <p + uj + A(ip,h)h, hi(ip,h) = Pi(ip,h)h (27.23) 

and rewrite (27.21) in the form 

V(ip,h) = V((pi((p, h),hi(<p, h))Pi(<p, h) + A(<p, h). (27.24) 

For sufficiently small // >0, condition (27.18) yields the following inequal- 
ity for all ( ip , h ) e T m x : 

||Pi(</?, /i) || < o?i = const < 1. (27.25) 



This reasoning leads to the successive approximations for a solution of Eq. (27.24) 

Vi(<p,h) = A(ip, h), 

Vi+i(ip, h) = Vi(ipi(ip,h),hi(ip, h))Pi((p, h) + A((p, h), i> 1, (27.26) 
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and the estimates 

IIVlOp./OII < P(<^)ll < max \\A(tp,h) || = M u 

TmXK^ 

i 

\\V i+ i((p,h)\\ < i> 1. 

v = 0 

By virtue of the last estimates, sequence (27.26) converges uniformly in (</?, h) G 
7)„ x A' /; . and its limit function 

V(<p,h) = lim Vi(ip,h) 

i—> oo 

is a solution of Eq. (27.22) that belongs to the space C(T m x K»). 

Let us study the problem of the smoothness of the function V (<p, h) . For this 
purpose, we consider the function W = W(<p,h,n) = V(ip,/j,h) for (<p,h) G 
% n x Kf and sufficiently small // > 0. This function satisfies the equation 

W(ip,h,n) = W(ipi((p,fxh),hi((p,fj,h),fjt)Pi((p,fj,h) + A((p,fj,h) (27.27) 

and is the limit of the successive approximations 

Wi(ip, h, fj,) = A(ip, fj,h), (27.28) 

W i+ i(ip,h,fi) = fj,h) + A(p,fih), i> 1. 

Differentiating expressions (27.28), we obtain the following equalities for deriva- 
tives: 

dWi(<p,h,n) dA(ip,nh) dW\ dA(ip,ph) 

d!-p v dcp u ’ dh v 11 d(ph) u 

dW i+ i(<p,h, (f) _ dWj(pi{<p,ph),hi(p,iih),gL) dpi 

dp v Vj^ dtpij dp v 

+ f 

3=1 J 

+ Wi(ip i(cp, fih), h^ip, nh),n) dPl (v,V h ) 

op>v 



dA(ip, fih) 

dpu 



(27.29) 
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dW i+ i(ip,h,fj,) 
dh,. 



= h 



m 

[T. 

3 = 1 
q—m 



+ E 

i=i 



dcpij d(nh) u 

dWi(<p i (99, /r/i) , /ii (99, tih ) , /i) 3/ri, 



dA{<p, tih) 



d{iih) y \ 

dPi(<p,/j,h) 

d(nh) v 



Pi(<P,V>h) 



+ (J,- 



d(nh) l 



i> 1, 



where (/q j and h\j are the jth coordinates of the vectors <£>1(99, fih) and 
hi((/9, fill) . For /j = 0, equalities (27.29) take the form 

0Wi(p,M) 9A(v>,0) dWi(<p,h,0) 



d’-Pu 

dW i+ i(p,h, 0) 
dpv 

dWi(ip + u,h, 0) 






dh v 



= 0, 



dp v 



P 1 ( v ,0) + w 1 ( v + »,h, 0 ) d A^ + aA{v ’ 0) 



dpv 



dW i+1 (ip,h,0) 

dK 



= 0, i> 1, 



and yield the following estimate: 



max ||W m || < di max || W t || + Mi, * > 1, 



dp>v 

(27.30) 

(27.31) 



where W i is the matrix of derivatives of the iteration W, . and M\ is a certain 
constant. 

It follows from (27.31) that 

Mi 



max ||W i+1 || < 



, i > 1. 



1 — d\ 

For 1 1 / 0. relations (27.29) have the form of the matrix equalities 

W- +1 (<p,h,n) = W-((pi(<p, /ih),hi(cp, /ih), n)P 2 (<p, n,h) 

+ Wi(ipi(ip, nh),hi(ip, nh),fi)P[(ip, h, n) 
+ (ip,h,n), i = 0,1,2 ,..., 



(27.32) 



(27.33) 
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where W' Q and Wo are zero matrices, W'- is the matrix of derivatives of the 
iteration Wi, P { , A v and P 2 arc matrix functions of the variables p, h, and 
1 1 that continuously depend on these variables for p G T m , h G hf, and p G 
[ 0 , p 0 ], and po is a sufficiently small positive number. 

Relations (27.30) are a particular case of relations (27.33) and coincide with 
them for p = 0. Therefore, in the case p = 0. we obtain the following expres- 
sions for the matrices If. P 1 , and A 1 : 

P 2 {ip,h,0) = diag {P\{p, 0), . . . , Pi(p, 0), 0, . . . , 0}, 



Pi 



iO,M) = | 



A.[{p,h, 0 ) = | 



dPi(p,0) 

dpi 

dA{tp,G) 

dpi 



dPijp, 0) 

dpm 

dA(p, 0) 

dpm 



,o,...,o}, 
o, • • • , o|. 



The first of these expressions yields 



P 2 (p,h,0)\\ = \\Pi(p,0)\\ < di, (27.34) 



which guarantees the following estimate for the norm of the matrix P 2 (p, h, p ) : 



\\P 2 (p,h,p)\\ <di(p), (27.35) 

where di(p) — > di as p — > 0 . 

Choosing po > 0 sufficiently small, we get 

di{p) < d 2 < const < 1 (27.36) 



for all p G [0, po\- Then relations (27.33), (27.35), and (27.36) yield 

max \\W- +1 (p,h,p)\\ < d 2 max \\W-(p,h,p)\\+M 2 , i = 0,1,2,.... 
T m xK^ Tm.xK M 

Hence, 

/ M 9 

max ||W i+ 1 (^,/i,/x)|| < - — y, * = 0, 1, 2, . . . , (27.37) 

TmXK M i — (12 

where M 2 is a certain positive constant. 

Inequality (27.37) means that 



f dWj(p,h,p) 
\ dp v 



dWi(p,h,p ) 



dhi 



< 



M 2 



max 



1 — d 2 
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for all i = 1,2,... . Then 



max 

V,j 



f 


dVi(p,h) 




dVi(p,h) 


X 


1 


dp v 


1 


dhj 


i 



M 2 

Mi — M 



Thus, the sequence of the first derivatives of approximations (27.26) is uniformly 
bounded. By analogy, one can establish the uniform boundedness of the sequence 
of arbitrary derivatives of approximations (27.26) up to the order r — 1 inclusive. 
This is sufficient for V = V(<p, h) to belong to the space C[ /r/ f ( T m x M)- 
To complete the proof of the theorem, it remains to solve relations (27.21) 
with respect to p in the form 



p = ip + U(ip,h)h, (27.38) 

where U = U(ip,h) is a function from the space C r L f'f(T m x Kf). Substituting 

(27.38) into (27.21), we obtain the following equation for the matrix U : 

U= -V(i/> + Uh,h). (27.39) 

Equation (27.39) has the form of the first equation in (27.13). Therefore, 
the arguments used in the proof of the solvability of the first equation in (27.13) 
remain true in the case of Eq. (27.39). This yields the solvability of Eq. (27.39) in 
the space C' r i/ f ( T m x Kfy and, hence, the solvability of Eq. (27.21) in the form 

(27.38) . 

In order to obtain expression (27.20) for 7?, it remains to replace p by its 
value (27.38) in the matrix P(p, h), which determines the right-hand side of the 
second equation in system (27.8). Theorem 27.1 is proved. 

The statement below characterizes the behavior of trajectories of the discrete 
dynamical system (27.1) originating in a small neighborhood of M. 

Theorem 27.2. Suppose that the conditions of Theorem 27.1 are satisfied. 
Then there exists a sufficiently small S > 0 such that, for every y° satisfying the 
inequality p(y°,M) < 5, one can find values p° and fi 0 from T m such that 

\\x(n,y°) - f(u;n + fi 0 )\\ <K lC ^\\y 0 - f(p°)\\ (27.40) 

for all n = 0, 1, . . . and certain positive K\ and d%, where d% = ds(5) — > cfo 
and \\p 0 — ■0 O || — » 0 as 5 — > 0. 
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The proof of Theorem 27.2 is analogous to the proof of Theorem 24.2. 



Corollary 4. If the conditions of Theorem 27.1 are satisfied, then a quasiperi- 
odic solution 

x = x(n, f(ip)) = f(um + p) 
of system (27.1) is Lyapunov stable for any cp £ T m . 

The proof of this corollary is analogous to the proof of Corollary 1 in Sec- 
tion 24. 



Corollary 5. Suppose that the conditions of Theorem 27.1 are satisfied and 
( k,u ) f 0 mod 2 tt for every integer-valued vector k = (ki,...,k m ) f 0. 
Then, for an arbitrary function F = F(x) continuous in the neighborhood of M 
and an arbitrary solution x = x(n,y°) of system (27.1) for which p(y°,M) < S, 
the following relation is true: 



io — x 

lim - V F(x(u, y 0 )) = F 0 

n^oo ' 

D=0 



2n 2 tt 

= (27r)" m J ... J F(f(p))dipi . . . dp m 
o o 



(27.41) 



Proof. We represent the function F in the form 



F(x) = P{x, e) + R(x, e), 



where P(x. e) is a polynomial that approximates F in the neighborhood of 
M to within an arbitrary fixed e > 0. i.e., \R(x. e)| < e Vi 6 U$(M) = 
{x: p(x,M ) < e}. This yields 



1 

n 



n— 1 



^[F(x(z/, y 0 )) - P(x(v, y°),e)] 



v = 0 



< £ 



(27.42) 



for arbitrary a = 1,2,... . Using inequality (27.40), we get 
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n— 1 



D=0 



E^*^’ y°),e) - P{f{uv + iJj 0 ), e)] 



n=0 



n 1 — ^3 



, (27.43) 



where A'(e) is the Lipschitz constant of the polynomial P for x G C/5. We 
represent the function P(f(ip),e) in the form 

P(f(v),e) = Q(<P, e) + Pi(<F, e), 

where Q(ip,s) is a trigonometric polynomial that approximates P(f(ip),e) to 
within s, i.e., e)| < e Vy? G . Therefore, the following estimate holds 

for arbitrary n = 1.2 ,...: 

n—1 



1 



n 



^[P(/(wi/ + il>°),s) - Q(u>v + ip°, £)] 



u=0 



< £. 



(27.44) 



By definition, 



q(.vie) y ' Qk' 



0 i(k,tp) 



\\<N 



where N = N(e) is a sufficiently large integer and Qk = Q/,(e) are the Fourier 
coefficients of the function Q(ip,£). This yields the equalities 



.. n—l n—1 

n ^Q(^ + /, £ ) = Q 0 + ^ E 

n=0 n=0 K||fc||<Ar 



n—1 



- Qo+ n E [E 1 

l<||fc||<JV V= 0 






J(k,ip°) 



and estimates 

n—1 



1 



n—1 



1 n 



+ip o ,E) - Q 0 ^2 \Qk\ E 



J(k,u) v 



u=0 



l<||fe||<AT v=0 

n—1 



1 

< max — 
i<||jfc||<iv n 



E ei(fc,a,)i/ E i^fci 



e 

n=0 l<||fe||<JV 

1 n—1 

= M(e) max -iVe^l. 

1 ^11 7\r n Z — / 



i<||fe||<jv n 



(27.45) 



n=0 
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For the last sum in inequality (27.45), the following estimate is true: 



n — 1 



n— 1 



n— 1 



i{k,u)v _ cos -f^y sinz;(fc, 



u 



2i 



u=0 



v = 0 

n(k, u>) 
sin 



u=0 



cosec 



(k,u) 



< 



cosec 



(k,u) 



(k, uj) f 0 mod 27 t. 



This estimate yields 

^ n — 1 



V Q(uv + e) — Qo < —M(e) max 

n KllfciKJV 



u=0 

We also have the inequality 



cosec 



(k,u) 



(27.46) 



Fq - Qo\ < |P 0 - Pol + |Po - Qo\ < 2e (27.47) 



for the averages Po, Qo, and Po of the functions F(f(ip)), Q(ip,s), and 
P(/(<£>), e). Combining inequalities (27.42)-(27.47), we get 



1 n— 1 

-Y.F^y*)') - F o 

n u=0 



< 



n— 1 

^2[F(x(v, y °)) - P(x(v,y°),e)] 

u=0 



1 11 — 

+ -| 5^[P(x(x/,2/°),e) - P(/(wi/ + V’°),e)] 

n i /=0 



1 n— 1 

+ - \^2[ p {f{uv + il) 0 ), e) - Q(uv + V’°),e)] 



^=0 



n— 1 



^=0 



+ ~ Q^ 1 ' + ^)^ £ ) — Qo +IQo — -Pol 

(27.48) 



< 4e 4 — MAe) 
n 



where 



Mt(e) 



^ 2 (£) 

1 - d ?J 



+ M(e) max 
l<||it||<JV 



cosec 



(fcy 

2 
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We choose no = no(e) so large that the inequality M\(e) < e holds for 

n 

all n > no. Then relation (27.48) takes the form 



1 

n 



71—1 

E 

v = 0 



F(x(u,y 0 )) - F 0 



< 5e 



Vn > no, 



which yields the limit relation (27.41). Corollary 2 is proved. 



At the end of the section, we consider the perturbed system of equations 



x(n + 1) — x(n) = X(x(n)) + sY(x(n)), (27.49) 

where Y = Y(x) G C r (R q ) and e is a small positive parameter. Upon the 
change of variables (27.7), this system of equations takes the following form in 
the neighborhood of the manifold M : 

<p(n + 1) — tp(n) = uo + £a(ip(n)) + A((p(n), h(n),£)h(n), 

(27.50) 

h(n + 1) — h(n) = P(<p(n),h(n),£)h(ri) + £b(ip(n)), 

where a = a(ip), A = A(<p,h,£), P = P((p,h,e), and b = b(ip ) are functions 
from the space C r j~^{T m x K tJ ) for all sufficiently small e > 0. 

Applying to system (27.50) the perturbation theory of invariant toroidal man- 
ifolds of discrete dynamical systems [MSM1, Nei] and the method of transfor- 
mation of system (27.8) to the form (27.17) presented above, we establish the 
following statement: 



Theorem 27.3. Suppose that the conditions of Theorem 27.1 are satisfied. 
Then, for sufficiently small positive values of // and s o . there exists a change of 
variables 

tp = if + U(f, z, £)h, h = u((p,e) + z 
that reduces the system of equations (27.50) to the form 

ip(n + 1) — f>(n) = u + F(f>(n),£), 
z(n + 1) — z(n) = R(pf(n), z(n),£)z(n), 

where the functions u((p,s), U(ip,h,£), F(ip,e), and R(p,h,£ ) belong to the 
space C r u ^T m x K t ,) for every e € [0,£o] and 
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